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FUNCTIONS OF LIMITED VARIATION AND LEBESGUE INTEGRALS. 


By Go.pre Printis Horton. 






1. Introduction. A fundamental theorem in the theory of Lebesgue 
integrals is that the four derivates of a function continuous and of limited 
variation are summable and all equal except over a set of measure zero. 
This theorem is proved by Lebesgue* by actually calculating the variation 
of the function and by Vallée Poussin} by using two auxiliary functions, 
called majorating and minorating functions, which, with their derivatives, 
satisfy certain conditions of inequality. 

The purpose of this paper is to show how the proof of this theorem can 
be simplified by the study of a very simple monotone function, which 
we shall name measure function, preliminary to proving directly Lebesgue’s 
theorem that a continuous function with a bounded derivate has a deriva- 
tive except for a set of measure zero, and to the deduction of known 
existence theorems for derivatives independently of the theory of majorat- 
ing functions. - 

2. Definitions and known theorems. For, the spent of the reader 
we state the a definitions; ...2*) 3 3uhtlss * 

DEFINITION L.., Giv ena: set of: Points E bounded _ contained in an 
interval (a, b). Enclose “the points of E£ in a set of intervals. Let La 
denote their sum.’ By definition, the exterior measure of E, denoted by 
m.E, is the lower limit of all the sums Ya possible; the interior measure 
of FE, denoted by m;E, is (b — a) — m.CE;{ and in case m.E = mE, 
the set E is said to be measurable, and its measure, mE, is the common 
value of m.E and m;E.§ 

DeFiniTIon II. A function f(x), one-valued in a measurable set E 
and of determinate sign if infinite, is said to be measurable in E if at least 
one of the sub-sets of E for which f = A, f < A, f > A,f SA is measur- 
able whatever constant A may be.|| It follows then that the other three 


are also measurable. 


* Lecons sur I'Integration, p. 121. 

t Cours d’Analyse, vol. 1, 3d ed., § 261. 

t CE denotes the complement of E with respect to (a, b), that is, the points of (a, b) not in EZ. 

§ If mE = 0, E is called a nul set or a set of measure zero. 

|| Of the properties of measurable functions attention is called to the facts that the limit or 
the limits of indetermination of a sequence of measurable functions is measurable, that any con- 
tinuous function is measurable, and hence the derivates (the right- and left-hand limits of 
indetermination of the incremental ratio) of a continuous function afe measurable. For proofs 
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DEFINITION III. Let the function f(x) be single-valued, measurable, 
and with bounds » and M in a measurable set E. Divide its interval of 
variation (u, M) into consecutive parts by the series of increasing numbers 
lL, = p, lb, Is, «++, Inari = M, and let 7; be a value of f(x) anywhere on the 
interval (J,, J;::). Let e; denote the measure of the sub-set e; of E where 


l; =f(x) < lisa. It can be proved that lim > ne; exists, and by definition 


a=2 i=] 


this limit is the Lebesgue integral of f(r) in the set FE and is written 


Lef(x)dx, or | f(x)de in case there is no confusion with the Riemann 
VE 


integral. 
In case f(x) is not bounded, and not negative in F, let f, = f(x) at 
points of E where f(z) = n, and f, = n where f(r) > n. Then by defini- 


a) 


tion | flax = lim | f,dx, and if this limit is finite f(r) is said to be 
E 


n=a2e/Fk 
summable in E. 

In the general case, a non-bounded function f(z) is the difference of 
two non-negative functions, and f(r) is summable if these two functions 
are summable.* 

DerFINITION IV. Let f(x) be bounded in an interval (a, b), a < b. 
Let (a, 8) be.a sub-interval of (a, b) such that a = a < 8 S Bb, and eall 
f(8) — f(a) the; variation. pf f(r) in (a, 8). Consider a set (a, 8;) of 
distinct (a, 8) intervals-.': Ff fér es’ery -6, however small, an ¢ can be found 
such that for every set (a;, 8;)-6f mtervals-E[-4(3;) ~ f(a;)] < 6 when 
L(ai, Bi) < €, f(x) is said to be absolutely continudus im ta, b).7 

Reference will be made to the following known theorems: 

(A). THEOREM ON CONVERGENCE. If a sequence fi, fo, +--+, fn, °° 
of measurable functions converge toward a finite limit f(z) in a measurable 
set EL, for every « and 6, however small, a value N of n can be found such 
that | f(z) — f,(x) | < € except in a set of measure < 4 for all values of 
a> NJ 
of these properties see Lebesgue’s Legons sur I’Intégration, Vallée Poussin’s Cours d’Analyse, 
Vallée Poussin’s Intégrales de Lebesgue, Bliss’s Integrals of Lebesgue, Bull. Amer. Math. Soc., 
vol. 24 (1917), pp. 1-46. 

* It is to be noted that a set of measure zero can be neglected in the calculation of an integral, 
and that it then follows from the definition that a function summable in a set E can become infinite 
in a sub-set of E of measure zero. It can be proved that a function measurable and bounded is 
summable; and hence if one derivate of a continuous function is bounded all the derivates are 
bounded and summable. It follows from the definition that if a function is summable its absolute 
value is summable and inversely. 

t Vitali, “Sulle funzioni integrali,” in Atti della R. Accademia delle Scienze di Torino, 1905. 
The statement given here is that of M. B. Porter in “Concerning Absolutely Continuous Fune- 
tions,” Bull. Am. Math. Soc., vol. 22 (1915), pp. 109-111. 

{ For a proof of this theorem see Vallée Poussin, Cours d’Analyse, p. 71. 
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(B). DisTRIBUTIVE PROPERTIES OF SUMMABLE FUNCTIONS. 


> [fade = [sade 


E; 


if the FE; have no points in common, and > f fedex = f pac 
1 E Bt 


if the f; are finite in number.* 
(C). THEOREM OF THE MEAN. If f(x) is summable in a set FE, and 


uw = f(x) = M, » and M finite, » meas E = | faz = M meas E£.7 


(D). Lespescure’s Limit Tueorem. If lim fn(z) = f(x) and f,(zx) 


is bounded and measurable in £, lim ]} f,(2)dz = | s@ae. t 


n=m W/E 


(E). Tueorem. A function continuous in an interval cannot have a 
derivate as A negative (positive) only in a set of measure zero and have 
that derivate finite in that set.§ 

For later reference we prove the following 

Lemma. If f(x) is continuous in (a, b) 


i: f(x +h) — S() | 


f(x) — f(a) = V.7f(x) = lim — dx,x <b, 


A=0 


uniformly for all values of x in (a, 6), where f denotes the Riemann integral. || 
Consider the identity 


lim (= = i 


A=0 da 


. fla)dx -{ “f(x)dz f " fizile - f f(a)dz 


lim h iin, 


A=v 


lim 
A=0 





[" sadax [fedex 
7 h = h 


* Ibid., § 249. 

t Ibid., § 246. 

t Ibid., § 250. 

§ The upper and lower right-hand derivates of a function F(x) are denoted by AF and \¥ 
respectively. Vallée Poussin proves (Cours d’Analyse, § 115) by means of elementary properties 
of derivates that if the set E where a derivate of a continuous function has the same sign is of 
measure zero, the derivate becomes infinite in a part of Z. But more follows from Vallée 
Poussin’s proof than his statement implies, and it is this stronger result that is stated in (Z£). 

|| See Lebesgue, Legons sur I’Intégration, p. 120. 
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Applying the mean value theorem to the integrals on the right, we have 


lim [® + ~ ~P) a5 = tm fle + OA) — fle + OA, 


A=0 


where 0 < 3 < 1,0 < *% < 1 in (a, b). Since f(x) is continuous, 


lim [*% + = = (2) dx = f(x) — f(a), 
A=0 a 


uniformly. 

2. The function M(x). Consider a function, which we shall name the 
measure function, defined as follows: 

Let 5; be any set of non-overlapping intervals (and therefore a denumer- 
able set of intervals) in the interval (a, b) and let M(x) denote the sum of 
the intervals 6; or parts thereof to the left of z. We may write 


M(x) = >06;. Important properties of M(x) are included in the following 


THEOREM. The function M(x), defined for all real values of x, is 
absolutely continuous, monotone increasing, and always less than or equal 


to >.5,;. It has a derivative M'(x) for all x’s except for a nul set. 
1 


To show that M(x) is absolutely continuous it need be noted merely 
that its variation over any set of intervals 7; is = Xn;. It is evident that 


M(x) = >-4;, and also that it is monotone increasing, that is, AM and 
1 


\M are always positive or zero. 

Denoting by A the set of points covered by the 4’s and by CA the set 
complementary to A with respect to (a, b), it is evident that M(z) has a 
derivative M’(x) = 1 for inner points of A. Weshall show that M’(r) = 0 
for all points of CA except for a set of measure zero. 

By the preceding lemma and (B), 


M() = im f 24 ~ ») —MO yy im f M(t + D -MO y 
A=0 7A h=0 J Cy 


from which we have 


dt = 0, 


;, f M(t +h) — M(t) 
lim | - a 
Ca 


A=0 


since M’(r) = 1 for any inner point of the 6’s. Since AM and \M are 
always positive or zero, this shows that AM = 0 in CA except for a nul set, 


and therefore M(z) = { AM (t)dt. 
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Similarly, 


— fore — M(t))dt = fa ~ AM)dt 


= fa — AM)dt +f — AM)dt 


(1 — AM)dt 
ca 


meas CA — AMadt. 


Ca 
Thus f AMdt = 0. Hence \M = AM = 0 in CA except for a nul set, 
Ca 


which completes the theorem. 

This theorem is a special case of Lebesgue’s general theorem that any 
continuous function of limited variation in an interval has a derivative at 
all points of that interval except for a nul set, but the proof of the theorem 
for this measure function is much simpler than that for the general func- 
tion of limited variation. It is upon the proof for the special case that 
we shall base a proof for the general case. 

3. THEOREM I. A function f(x) continuous in an interval and with a 
bounded derivate has a derivative almost everywhere in that interval.* 

Let K be the upper bound of | Af| in the interval, and note that if 
one derivate of f(x) is bounded all of them are bounded.j From the 
Theorem on Convergence (A), it follows that if « and 6 are positive 
and arbitrarily small, writing Af = f(z + h) — f(x), Af + € > Af/h except 
for a set E, of measure < 6 and Af/h + € > Af except for a set FE, of 
measure < 6, if A is small enough. Now enclose £; and £, in sets of 
open intervals 6; and 6,’, form the two measure functions M,(z) and 
M,,(x)t and write 


gi(z) = AM,(z), go(x) = KM,,(z). 


Then the functions 


Wiz) = fle) tart ete) — f Paz 


x 


%(z) = = ee told ~ hd 


*“ Almost everywhere in an interval” means “except for a set of measure zero in that 
interval.” 

t This fact is due to Dini. See Vallée Poussin, Cours d’Analyse, § 112, IT. 

t These functions are determinate only when the sets of intervals 6; and 4,’, have been chosen. 
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are each always monotone increasing, since 
, %s 
AVi(xz) = Aftetoa — h > 0, 
Af 
h 


AYV,(2x) = + € + go’ =— f > @. 


So that 
AW, (2x) = Mf +et+ gi’ — > 0, 


Af 
MA(z) =F +et+e'— A> 0. 


Hence 
Af 
h 
Af 
h 


Thus, except for a set E, + FE, of measure < 26, Af and Af differ from 
Af h by a quantity = 2e, which shows that Af = df except for a nul set, 
which proves the theorem. 

THEOREM II. The indefinite integral of a function measurable and 
bounded has that function as a derivative almost everywhere. 


Let f(z) be measurable and bounded in (a, x), and let 


p — , 
- 1 —e<Af<7t+e + €, 


, Af , 
= oy “yea +e + €. 


F(z) — F(a) = [ sxar. (1) 


It is to be noted that F(z) is absolutely continuous and hence measurable. 
Since f(x) is bounded, the Theorem of the Mean (C) is applicable and 
we have ; 


F(z +h) — F(x) | (“< 


min f(z) = h h dx = max f(z). 
That is, AF is bounded, and therefore, by Theorem I, F’(z) exists almost 
everywhere. 

According to the preceding lemma 


F(x) — F(a) = tim [TF OPO) gy 


A=0 


the Riemann integral of the lemma being replaced by a Lebesgue integral 
since the integrand is bounded and measurable. Then by Lebesgue’s 
Theorem (D) relative to the passage to the limit under the integral sign, 
and by Theorem I, 


F(x) — F(a) = [ F'(x)de. (2) 
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From (1) and (2) it follows that f “[P'(2) — fiz)de = 0, and aleo 





{ [F’(x) — f(x)]dz = 0, where 7 is any interval or finite set of inter- 
i 





vals in (a, x). Then F’(xr) = f(x) almost everywhere, for suppose 
F'(x) — f(x) > k, k positive, over a set EF of measure 6. Enclose E in a 
finite number of intervals a; the sum of whose lengths differ from 6 by as 


little as you please. Then fee) — f(x)|dx > ké, which is a contra- 


diction. The supposition f(x) — F’(x) > k leads to a contradiction simi- 
arly, and the theorem is proved. 

The truncation process of Vallée Poussin can be used to deal with the 
case where the integrand is not bounded. We prove 

THEOREM III. Jf a continuous function F(x) is non-decreasing in an 
interval (a, x), any one, as A, of its derivates is summable and 









{ AFdz = F(x) — F(a). 





Let E be the set of points where AF = n, a positive number, and let 
CE denote the set complementary to E with respect to the intervai (a, x). 
Let A, = AF in FE, and A, = nin CE. Then A, is bounded and measur- 





MES 


able in (a, x) and hence summable. Let #,(7) = { A,dx. By Theorem 


e/a 





II, ,’(x) = A, almost everywhere. Then ®,’(7) = AF except for a 
nul set of EF and the set CE. By the Theorem of the Mean (C), for points 


of CE, 





WGKA 






r+h 
A,d: 
os ’, (x + h) - ®,, (x) J —_ <= 
n= a = h = APF, 






that is, AF — ,'(r) =O everywhere in CE. Then AF — ®,'(x) < 0 
only in a nul set of EF. But in £ this difference is always bounded, and 
hence by Theorem (£) it is never negative, and AF = ®,’ always. That is 






[ A,dx = F(x) — F(a). 





PE IE UOT NTE IE I~ Sai —e 


Let n become infinite. Since the left-hand member is bounded by the 
right-hand member, it approaches a finite limit, which by Definition IT is ti, 





{ AFdz. That is, 





{ “AFdx = F(z) — F(a). 
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4. FUNDAMENTAL THEOREM IV. A function F(x) continuous and of 
limited variation in an interval (a, x) has any one of its derivates, as A, 
summable in that interval. 

Since F(z) is continuous and of limited variation F(x) = F,(x) — F2(zx) 
where F,(z) and F.(x) are continuous and non-decreasing. Since 
AF = A(F, — F.) = AF; — AF2, and A(F, + F2) S AF, + AF2, we may 
write 

AF, + AF, = A(F, + F:) = A(F, — F2) = AF; — AF». 
The derivates AF; and AF, are summable (Theorem III) and, in view 
of the remarks on Definitions II and III, it follows that AF = A(F; — F2) 
is summable. 

5. In conclusion, we prove 

THEOREM V. The integral of the derivate of a function absolutely con- 
tinuous in an interval is the variation of the function in that interval. 

Let f(x) be a function absolutely continuous in the interval_(a, x). 
Since f(x) is absolutely continuous, it is of limited variation. Then Af 
is summable (Theorem IV) and hence the measure of the set FE of points 
where Af = M, M a number large at pleasure, is small with 1/M. Let 
the points E be enclosed in a set of non-overlapping intervals 6; where 26; 
is small with 1/M. Let Cé denote the set complementary to 26; with 
respect to (a, 2). 

By the lemma above 


fla) — f(a) = tim fA FOL g 
h=0 a 


l 


=tim f £t% —SO gt tim (| L+H - SO wy 


A=0 vd h A=0 J/J38, h 


Since over C6 we have 


fit th) —f) 
h 





< M, 


the first limit in the last member of the preceding equation is found by 
(D) to be f sae The last integral equals ¥,[f(zi.:) — f(z;)] which, 
Cc 


since f(z) is absolutely continuous, approaches zero with 36;. That is, 
if f(x) is absolutely continuous, 


f(z) - f(a) = f soa. 


Since the integral of any summable function is absolutely continuous, 
we have 
VitaLi’s THEOREM. A necessary and sufficient condition that a function 


be the indefinite integral of a derivate is that it be absolutely continuous. 
University oF Texas. 





ON THE TEIXEIRA CONSTRUCTION OF THE UNICURSAL CUBIC.* 


By NATHAN ALTSHILLER. 


The following is a generalization and a synthetic discussion of the con- 
struction of the unicursal cubic due to Teixeira:t} 

1. Consider a point O, a line s, a conic (C) and two points D and A 
on s and (C) respectively. A variable line through A meets s in P and 
(C) againin B. Let M = (OP, DB). 

The locus of M is, in general, a unicursal cubic having O for its double 
point, passing through D and through the points common to s and (C). 


Let B’ be the second point of intersection of DB with (C), and 
P’ = (AB’,s). The point M’ = (OP’, DB’) is clearly another point of 
the required locus. 

When the line m = DBB’ turns about the point D describing the pencil 
of rays (D), the pairs of points B, B’ describe an involution on (C), which 
involution is projected from the fixed point A by an involution of rays 
(A). The involution of points P, P’ on s perspective to (A) is projected 
from the fixed point O by an involution of rays O(PP’, ---). We thus 
have a projective one-to-two correspondence between the pencil (D) and 
the involution (O). Hence the points M, M’ describe a unicursal cubic 
(C3) with its double point at O and passing through D.{ The construc- 
tion also shows immediately that when m coincides with s, the corre- 
sponding points of the locus are the points common to s and (C). 

1, a. If the line s coincides with the line at infinity, the above con- 
struction is identical with Teixeira’s. 


—_ Read before the American Mathematical Society, Southwestern Section, Dec. 1, 1917. 
t Nouvelles Annales de Mathématiques, vol. (1917), pp. 281-284. 
t Dr. Emil Weyr. Theorie der mehrdeutigen Elementargebilde, etc., p. 13, Leipzig, Teub- 


ner, 1869. 
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cd 


1, b. It is assumed in the above that the three points O, A, D are 
distinct, that neither of the points O, A lies on s, nor does the point D 
lie on (C). Assumptions to the contrary would cause the locus to de- 
generate or would render the construction meaningless. They are ex- 
cluded from what follows. 

2. Let G, G’ be the points of intersection of OD with (C). To the 
line DO of (D) correspond in (Q) the lines projecting from O the traces 
Q, Q’ ons of AG, AG’. Hence: The lines OQ, OQ’ are the tangents to the 
cubic (C3) at the double point O. 

2, a. The cubie will be crunodal if the line OD cuts (C) in two real 
points, and acnodal if these points are conjugate imaginary. If O lies 
on (C) th2 line OA will be one of the tangents to the cubic at O. 

2,b. The cubie will be cuspidal, if and only if OD is tangent to (C). 
The cuspidal tangent joins O to the trace on s of the line AT joining A 
to the point of contact T of OD with (C). If O coincides with 7, the 
cuspidal tangent will be the line OA. 

2,c. One of the tangents OQ, OQ’ will coincide with OD if the point A 
coincides with G or G’, i. e., when the points O, A, D are collinear. The 
line OD becomes a united element of the two forms (D) and (QO), and the 
cubic degenerates. This case is excluded from the following considera- 
tions. 

3. Tothe ray DA of ‘D) correspond in (A) the line AD and the tangent 
a to (C) at A. Let D’ = (as). The point of intersection of DA with 
OD coincides with D, and let C = (DA, OD’). Hence: The line DA is 
the tangent to the cubic at D. The point C is the tangential of D. 

4. The double elements.of the involution (A) are the rays projecting 
from A the points of contact 7, 7’ of the tangents from D to (C). Let 
S = (s, AT), S’ = (s, AT’). The rays OS, OS’ are the double elements 
of the involution (0). The two points of intersection of DT with the 
cubic (C3) thus coincide with R = (DT, OS), and those of DT’ with (C3) 
in R’ = (DT’, OS’). Consequently: The tangents from D to the conic are 
also the tangents from D to the cubic, the points of contact with the latter 
being the points R, R’. 

4, a. If the cubic is cuspidal [2, b]* one of the tangents from D to (C), 
and therefore to (C3), say DT, will coincide with DO, and the point R 
will coincide with the point 0. The two curves will be tangent at 7”, 
if the points O, A, T”’ are collinear. 

4, 6. One of the points R, R’, say R, will coincide with D, if and only 
if the point A coincides with 7. Then D is a point of inflection and DA 
the inflectional tangent. If, in addition, the point O coincides with 7” 
the line T’A is the cuspidal tangent [2, 5]. 


’ 


* A reference of this sort is to § 2, b. 
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5. Let A’ be the second point of intersection of OA with (C). The 
line OA is one of the two elements of the involution (0), which correspond 
to the ray DA’ of (D). Hence: The second point common to OA and (C) 
belongs to the cubic. 

5, a. If O lies on (C), the point A’ coincides with O, and OA is one of 
the tangents to the cubic at O (or the cuspidal tangent). 

If OA is the tangent to (C) at A, the point A’ coincides with A, i. e., 
A is the tangential of D. 

6. We shall now consider the converse proposition. Let (C;’) be a 
given unicursal cubic and let O denote its double point. Let s be an 
arbitrarily chosen straight line, not passing through O, meeting the cubic in 
a real point D, and in a pair of points FE, F, real, or conjugate imaginary, 
or coincident, distinct from D. Let A be an arbitrary point, distinct 
from D, on the tangent at D to the cubic. The points Q, Q’ being the 
traces on s of the tangents to (C;’) at the double point O, let G = (AQ, OD), 
G’ = (AQ’, OD). The five points A, FE, F, G, G’ determine a conic (C). 
This conic, the line s and the points D, O, A, if made to play the same 
parts, as the similarly named elements in construction [1], will generate a 
cubie (C3). The two curves (C3’) and (C3) will have in common: (i) 
The double point O [1]; (ii) the tangents OQ, OQ’ at the double point 
[2]; (iii) the three points D, FE, F [1]; (iiii) the tangent DA at the point 
D [3]. Consequently the two cubies are identical. 

If the cubie (C3’) has a cusp at O, the conic is to be taken tangent to 
the line OD at the trace T on OD of the line joining A to the point of 
intersection of s with the cuspidal tangent. The point 7 may coincide 
with O [2, b]. 

If the trace on s of one of the tangents at the double point is taken for 
the point A, the point O will take the place of one of the two points G, G’ 
in the determination of the conic (C) [5, a]; and if the cubic has a cusp at 
O, the conic is to be taken tangent to OD at O [4, b]. 

The three points D, E, F, will coincide in D, if D is a point of inflection 
of the given cubic (C3’), and if s is taken to coincide with the inflectional 
tangent at D. In the construction [1] the point A is necessarily a point 
on the tangent at D to the cubic [3], i. e., A in this case has to be a point 
of s, hence the given cubic cannot be generated by the above construction 
[1, bd). 

Consequently: With an arbitrarily chosen straight line an infinite number 
of conics may be associated in order to generate a given unicursal cubic by the 
construction [1], provided the line does not pass through the double point of 
the cubic and is not an inflectional tangent. 

6, a. The above discussion solves the problem: Construct a unicursal 
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cubic given: (i) The double point and the two tangents at this point (or the 
cusp and the cuspidal tangent); (ii) a point D and the tangent at that point; 
(iii) two points of the cubic collinear with D (or the point of contact of one of 
the tangents from D to the cubic). 

6, b. If the line s is taken to coincide with the line at infinity, the 
restrictions to which s is subjected preclude the possibility of generating, 
by construction [1], a unicursal cubic having its double point at infinity 
or having the line at infinity for an inflectional tangent. 

7. Given the cubic (C;’) and the line s [6], the conic (C) may also be 
determined in the following way: Let R, R’ be the points of contact of 
the cubic with the tangents from D to the curve, and let S = (s, OR), 
S’ = (s, OR’), T = (AS, DR), T’ = (AS’, DR’). For (C) may be taken 
the conic which passes through A and is tangent to DR, DR’ at the points 
T, T’ respectively [4]. 

The reader may, referring to the remarks of [4], discuss the special 
cases, when: (a) O isa cusp; (b) Disa point of inflection; (c) s is one of 
the tangents from D to the cubic, and the possible combinations of these 
cases. 

The above discussion solves the problem: Construct a unicursal cubic, 
given the double point O, a point D, the tangent at this point, and the points 
of contact R, R’, of the tangents from D to the cubic. (Any line through D 
may be taken for s.) 

8. Let A’ be the point of intersection of (C;’) with OA, and C the 
tangential of D. Let D’ = (s, OC). The conic (C) [6] may be taken to 
pass through A’ and to be tangent to AD’ at A [5]. These two new con- 
ditions may replace in [6] either the two points E, F, or the points G, G’, 
or any two of these four points if they are real. The point A’ and the 
tangent AD’ may also replace one of the points R, R’ in [7], if these points 
are real. Finally the elements determining the conic (C) in [6] may be 
combined with those determining (C) in [7], provided due regard is paid 
to the reality of these elements. We thus obtain a number of properties 
of the unicursal cubic and the solution of many construction problems, 
which properties and problems the reader may find it interesting to 


formulate. 
UNIVERSITY OF OKLAHOMA. 





THE FUNCTIONAL EQUATION f[/(z)] = 9(z). 
By G. A. PFEIFFER.* 


The object of this paper is to establish certain existence theorems 
concerning the solution of the functional equation 


(A) S{f(x)] = g(x), 
where 
giz) =axr+azr?>+.--- 


is a given analytic function defined in the neighborhood of the origin 
and vanishing there and such that a,;| = 1 and a," + 1 for any positive 
integral value of n. It is easily seen that under these restrictions on g(z) 
the equation (A) has two and only two formal solutions. It is here 
shown that functions g(x) exist such that both of the solutions of (A) 
are divergent or one is divergent and the other convergent or both are 
convergent. 

The method of proof used in this paper is the method used by the 
author in a papert dealing with Schroeder’s functional equation 


: ; o[ f(x)] = a(x), 
where the given function 


f(x) = ax +az?>+---, where |a,|=1 and a" +1 


for any positive integral value of n, is analytic about the origin. The 
latter equation and the equation considered in the present paper are 
closely connected. In particular, if the equation (A) has one divergent 
solution, then every formal solution of the equation 


dlg(x)] = ad(z) 
is divergent. For, if the latter had one convergent solution, ¢:(r), then 
fi(z) = dr [ca-¢:(z)] and f.(x) = oi" [di - o:(2)], 


where c, = Va, d; = — Va; and ¢,~'(x) denotes the inverse function of 
¢:(x), would be both convergent solutions of (A) since (symbolically) 


do: eidi b1 id: = b1 digi: or didi = o1'Qigi = 9. 


* Read in part before the American Mathematical Society, October 30, 1915. 
t See Transactions of the Am. Math. Soc., vol. 18 (1917), p. 185. 
t The symbol fg denotes the function fig(z)|. 
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This contradicts the hypothesis that the equation (A) has one divergent 
solution. Thus, Theorem 1 or Theorem 2 of the present paper implies 
the first theorem of the paper mentioned above which states the existence 
of divergent formal solutions of the Schroeder functional equation with 


ay. 1, a* +1, n = 1, 2, 3, ---, 


and a suitably given function. However, it is easily shown that the 
latter theorem implies neither Theorem 1 nor Theorem 2 below. To 
show this let 


f(t) =ar+axr+:--, a, =], l, = 12,3, ---, 


be an analytic function defined about the origin and such that the funce- 


tional equation 
o[ fi(x)] = A,0\7r) 


has no analytic solution ¢(x). Let 

g(x) =filfilr)) = bar + box? + 
Then g;(z) is analytic about the origin and, since b; = a,*, b;! = 1 and 
b," + 1 for any positive integral value of n. Further, the Schroeder 


functional equation 
olgi(x)] = bid(x) 


has no analytic solution. For, if ¢:(r) were such a solution then (sym- 
bolically ) 

Ofifi = bidi or difidi tt difidim = ayay, 
where again ¢,~'(x) denotes the inverse of ¢(r). From the last equation 
it follows by equating coefficients of like powers of z that 


difid:' = a, 


that is, ¢:(z) is a convergent solution of the equation 


ol fi(x)] = ai¢g(z), 
which is in contradiction to the definition of f,(x). Thus, although the 
Schroeder functional equation 


olgi(x)] = bip(x), where |b,!=1 and 6, +1 


for any positive integral value of n, has no convergent solution, the func- 
tional equation 

S{f(z)] = gi(z) 
has a convergent solution, namely f;(z). 
. In the case that the given function g(x) = z, the functional equation 
in question reduces to the equation 








THE FUNCTIONAL EQUATION f[ f(x)] = g(z). 


AL f(z)] = 2, 


and it is well known that the latter equation has an infinite number of 
divergent solutions and an infinite number of convergent solutions. The 
latter equation is a special case of Babbage’s functional equation 


f"(x) = x, where f"(x) = f[ f"—(x)].* 


THEOREM. There exists an analytic function g(x) = qx + aa?+.---, 
defined in the neighborhood of the origin, | a, | = 1, a," +1, n = 1, 2, 3, ---, 
such that the functional equation f{ f(x)] = g(x) has no solution which is 
analytic about the origin, i. e., every formal solution, f(x) = qa + oa? + ---, 
is divergent for all values of x different from zero. 

Proof: Let 
















g(r) = ar + az’? +-:--, lor{ =1, a" +1, n=1,2,->>, 


be any function of z which is analytic about x = 0, and let 





g(x) = yx t+ yor? + --- 





be any formal solution of the equation 


$[¢(x)] = gi(z). 





Then we have 









2 a2 i 
ee = i Ss 
71 ly vw yi(1 + v1)’ Z 
3 

4 





_ yi7(1 + ¥1)*%as - 2y102" 
" y(1 + yi)? + v1") ’ 





mth + oy)?s + (+ mang + Prsilm, a2, +++, @n) 
ica v1 + 7): > (1 + nn? + 1") 






where Pysi(y1, a2, «++, @) is a polynomial in y1, a;, 7 = 2, 3, ---, n, and 


where i, j, ---+ are integers. 
We proceed to prove the theorem by determining a set of values [a;| 







* Cf. the following: A. A. Bennett, Annals of Math., vol. 17 (1915), p. 37; G. A. Pfeiffer, 

Amer. Jour. of Math., vol. 17 (1915), p. 421; J. F. Ritt, Annals of Math., vol. 17 (1916), p. 113. 

(This article is, however, not concerned with analytic solutions.); L. Leau, 8. M. F. Bull., vol. 26 

(1898), p. 5; E. M. Lemeray, 8. M. F. Bull., vol. 26 (1898), p. 10. ii, 
As related to the present subject the reader is referred to the following papers by the writer: 4 

“On the Conformal Mapping of Curvilinear Angles. The Functional Equat ion ¢[f(x)| = ai¢(zx),” 

Trans. Amer. Math. Soc., vol. 18 (1917); “On the Conformal Geometry of Analytic Ares,” Amer. 

Journ. of Math., vol. 17 (1915); also, to the paper by A. A. Bennett entitled “The Iteration of 

Functions of One Variable,” Annals of Math., 2d series, vol. 17 (1915), and to the literature 
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listed in the papers just mentioned. 
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for the a; such that the a; are the coefficients of a convergent power series, 
and | a,| = 1 and a," + 1, n = 1, 2, ---, and such that c,, d; (¢ = 2, 3, 
--+), the corresponding values of y; when y = + va, and — va 
respectively, are the coefficients of two power series each with a zero 
radius of convergence. 

Let Fras (71, 2, ***, @n41) denote the rational integral function 


yii(1 + m)?(1 + vi°)*- (1+ 11" ang + Paslm, Ola, °**, Gn). 


Let a bea primitive m-th root of — 1, where m is even; in particular, let 
(1) — = , ot 
a” = cos—ar +isin—r 
m + m’ 


where | is an odd positive integer < m and where m is a positive integral 
power of 2. Then 


1+ m 
b® = eos rv 


.. bl+m 
m setae ~m ™ 
| is also a primitive m-th root of — 1 and hence the coefficients of a4; in 
Fai (A, ao, +++, Qmar) and Fyii(D™, ae, +++, @msi) do not vanish. 
Therefore there exist definite values of az, --+, Qmsi, SAY do, +++, Amat, 
such that 
(a;—a;| < 6,i = 2,3, ---,m+1, / 


where 6 is an arbitrary positive number and the a,’, i = 2, 3, ---, are the 
coefficients of any convergent power series, and such that 





PFasi(lt, Ga, °*°; Om+41) + 0 






, ) | . - 
for both | t — a” | < eg and|t — b™ | < «, where « is a positive number 













sufficiently small. In particular, a, ---, an, a,’ (¢ = 2, 3, ---) may all 

be taken equal to zero. ‘ 
Let «’ = « be a positive number such that no root of + 1 of order 

< m is in either of the ranges |t — a” | = «’, |t —b™ | = &’. Such ‘I 


a number ¢,’ obviously exists since there is only a finite number of such 
roots of +1. Since 


| Fill, eee Om+1) 
ed + (1+ @)*---(1 +0) F 


has a lower bound puns: > 0 for both | t — a | = e' and [¢—-b | Se’, 
there exists a positive number ¢«,"’ = «,’, such that 


PP malt, day +++) Gm41) | 
Pua! + t)(1 + t?)*. . -(1 + t-—")(1 + t™) > Am+1y 
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where \41 is an arbitrary positive number, for 0 < | t — a™ | < «’’ and 
0<{|t—b® | < &”, |t| = 1, and no root of +1 of order < m is in 
either of the ranges | — a | < 4”, |t —b® | < &”. 

Let p > m be a positive integral power of 2 and let a” be a primi- 


7 


tive p-th root of — 1 such that | a® —a™| < <. Such a number a” 


is easily determined as follows: We have 
a) = ee + isin—r 
m is 


1 = an odd positive integer < m and m = a positive integral power of 2. 


M7 


eile 2 ; 
Let p be a positive integral power of 2 and > m and rid (S$ is here as- 


sumed to be less than unity ) and let k be the odd positive integer which is 


such that 
lp _ lp 
~~ —l<k =>, +1. 


— ; k aie 
Then it is easily shown that the number cos > + ‘sino may be 


taken as the number a”. Also, there exists a primitive p-th root of 


? 


— 1, say b®, such that |b —bM | < <. In particular, 


b® = cos rR, + isin : vk, 
Pp Pp 


is such a number. 
4? 
y ° ° e,° €1 
Now proceeding as above, there exists a positive number e < > 


such that Fyii(t, a2, +++, @psi) $0 for both |t-—a®|<e and 


't—b® | < ©, where the a,, i = 2, ---, m+ 1 are those fixed upon 
above and | a; — a,’| < 6,7 = 2,---,p +1. Again, the a;,7 = m + 2, 
m+ 3, ---, p, may be all taken equal to zero. Then let e’ = & bea 


positive number such that no root of + 1 of order < p is in either of the 


ranges 
It-a®| se’, [t-b| se’ 


Then we have, as above, 





t, Qe, °° *, Ap4t, | 
F y41( » Ar, p+) Bin, 


tL + (1 + @)e--- (1+ t?—)(1 + ¢?) 
where ),4: is an arbitrary positive number, for 


0<|[t-—a®|<e” and O0<|t-—b?%| <6”, |[t| =1, 
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where &” is a positive number = e’, and no root of + 1 of order < pis 
in either of the ranges 
t— a” | «. e”’, | t — b® | < ow. 
Again, let r be an even integer greater than p and let a® and b® 
be two primitive’r-th roots of — 1 such that 


” Ld 


] f 9 ! €2 ! (9 ! €2 
| a®) —-a~i< -— and bh — bh _* »y 


and continue as above. Thus corresponding to the terms of the infinite 
sequence m, p, 7, +++, Where m, p, Tr, «++ are positive integers such that 
m<p<r<_---, we have the inequalities 


Fasilt, Ge, **%, Gera) 
vo. + ted + &@)F-- (1 + te) (1 + tt”) 


for bothO < |t-—a™! <«”’and0< t-—b9 |) < @”, 


> Am+t 


F oailt, my. %% p41) 


m1 +o + e---1 + e714 Pe) 
for bothO < t-—a® <e&” and0< t—b®) < &”, 


> Ap+1 


F sett, Ge, °°°, a,+1) 
PHT + Od +e +t +0) 


for both 0 < |t —a®! < e;’’and0 < |t—b® |) < 3”, 


> Ars 


where the \; are arbitrary positive numbers. 
Now the range 


j¢é—al |< e,”, 
is contained in the range 


\é— al) | < 6-1", 
,? 
”t €i-1 ‘ . . 
where e€;’ < Q~° Consequently, there is just one number common to 
all of the ranges ¢ — a‘? |) < ,”,'t! = 1. No root of + 1 can be com- 
mon to all of these ranges, since any root of + 1 which is contained in 
a certain range is not contained in any of the succeeding ones. Let a 
be the number common to all of these ranges. Then a and a; = a? each 
has unity for its modulus, and a" + + 1 and a," + 1 forn = 1, 2,3, ---. 
Likewise, the ranges | t — b'” | < ¢,’’, |t} = 1, have just one number in 
common, say b. Evidently 


P=a?> =a, and b” + +1, 2 @, - 





THE FUNCTIONAL EQUATION f[ f(x)] = g(z). 


Let the positive numbers 


Am+ty Apt, Artty °° ° 


be taken so that the sequence 


ae sett: claneateen 
Vrm4t) ‘Aptly Vr 41; Bree 
is not bounded, then the sequences 
iT. + ace | : 1 2 3 
V| Cpt |, Vi crar|, -+°3 Vi dus |, Vidsul, Vi dri, --- 


are not bounded, and, consequently, the series 








a 


Dew, Vda 
1 1 

are divergent for all values of x + 0. The function g(x) of the theorem 
is qx + ax? + azz?>+---, QE. D. 

For the function g(x) just determined the two formal solutions of the 
given functional equation are divergent. For some functions g(x) there 
exist one convergent solution and one divergent solution. For others 
both solutions are convergent in the neighborhood of the origin. We 
proceed to prove the 

THEOREM. There exists an analytic function g(x) = ax + amaz?+ ---, 
defined about the origin, |a;| = 1, a" +1, n = 1, 2, 3, ---, such that 


the functional equation f[{ f(x)] = g(x) has one and only one solution which 
is analytic about the origin. 
Proof: Consider the two expressions 


H = yi(yie + yet? +--+ + nt") + velit + yet? + +++ + ye")? 
Hives beynlvit + yet? + +++ + Ynt")", 
= — yl — yt + yet? tb yn't") Hye" nt + 2’? +++ + n't")? 
Hes bn (— nt + ye’? + > + Y0'2")", 


and then consider the set of equations obtained by equating the coefficients 
of like powers of xin H and J. This set of equations is as follows: 


TAMFORD 
LIGRARIES 


NY2 + yey = = 1172" + ¥2'"1", 
vivs + 2yiv2? + yay? = — ns’ — 217” — ¥3'n', 
V1¥4 + 2y17273 + 72° + 3vN173" + yi 


= — ny — 27273) + y2* — Byrys” + v'm'; 
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V1Y2n + P2r(m; hai Yon—1) + Yoni” 
slits NY 20 + PL At v2’; Ve0-1) + a, ae 


n+l 


V1Y2n+1 + Ponailys es *°'% Yon) + Yonui¥1" 


“me NV se + PAV, ¥2', sey Yon) en Vea Vr"*!, 


/? 
where P;, P;’ are polynomials in the indicated arguments. 
Solving this system of equations, we determine y;, and +,,,, as func- 


tions of y1, y2, °°*) Yen-1 and y1, yz, -+*, Yen respectively. We have 
oak en m(1 + v1)% 
pers basa yi(1 — 7) . 
» (1 — 1)? + m?)ys + Palm, 72) 
= te ’ 


— (1 — 1) + 1°) 
nil — wl + PO — ae) + (8 Oo + ae 
a =a a + Panl1i, V2, +5 Y2n-1) 
oo mi(l — y)(1 + y2)F(1 — 3) + on?) yi2"") ’ 

yit(1 — 1)" + 12)" — 13)8e Ln?) +o?) vent 
: + PonsilYiy Yo, ***y Yon) 
= n(1 — 1)'(1 + 1*)"(1 — n*)*--- 1 — nO + on)’ 


"? 


, 
V2n+1 = 


where P; are polynomials in the indicated arguments. 
The preceding method of proof will now be used to show that values 


of ¥1, Y2, °**) Yn, *** can be found, such that Sy;x' is a convergent power 
series for those values of y;, and such that the corresponding values of 
vo’, Ys, +++, Yan) +++ aS determined by the above set of equations are the 


coefficients of a power series with a zero radius of convergence. Thus, 
we consider the set of equations which determine y;,. We write 


Fon = mi"(1 — 1)4(1 + 1?) *CL = 11?) (1 = ys?) (1 + ni?) 28 


+ P2,(%1; yO ey Yon-1): 


In this proof primitive roots of + 1 of odd order are used. If c™ is a 
primitive m-th root of + 1,m = an odd positive integer, then (c)* + +1 
for s a positive integer < m, and therefore the coefficient of ymsi in 
Frit +0 (m+ 1, even) for y, = c™. Following the same line of argu- 
ment as above, we obtain one set of ranges 0 < |t — ce! < &”, 
0<[t—c®|< ae”, O< |t—c®| < ¢”, ---; |t] = 1, where ci, 
7 = 1, 2, 3, ---, are primitive roots of + 1 of odd orders, m, p, r, --: 


’ 
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respectively, and such that the order of c is greater than the order of 
ce” if k > j, which close down on one number c;. Further, these ranges 
are such that | y2;’| > A; for 0 < |t — ce | < e;’’, where X; is an arbi- 
trary positive number and c“” is a certain primitive root of + 1 of order 
2} — 1 chosen in a manner exactly analogous to the method of choice 
used in the preceding proof. For definiteness we take the numbers 
m, p,T, «++ in this case (the notation is that used in the preceding proof) 
to be prime numbers > 2 and such that m < p <r < ---, and let 


l ie 
c” = cos—r +7isin—T 
m ° m’ 
where / is an even positive integer < m, a prime number > 2. Then 
P " __ k 
c“ = cos—-7r+27sSNn—7Z, 
p p 


2r ' . 
where p is a prime number > m and vv and where k is the even integer 


which is such that 


Ip __ lp 
= see te 
47 


° ° ° ° ! 9 €) y 
Then, again, it is readily shown that | c® —c”|<-5-. We proceed 


similarly in the choice of c“, a primitive r-th root of unity. The notation 
used here indicates that y;, is of order index 2j in the sequence [y,’] 
and of order index 7 in the particular sub-sequence of the sequence [7,’] 
used in establishing the inequalities | y;;| > .,;. Then, as above, by 
properly taking the \, the set of values [c:;] of y2; is determined such that 
the corresponding values of y,,, c;; say, thus determined are the coeffi- 
cients of a divergent power series while =c,2" is a convergent power 
series, the c, not among the chosen c; being arbitrary, except that they 
be the coefficients of a convergent power series; in particular, they may 
all be taken equal to zero. 


Let 
fi(x) = Xc,2", 


g(x) = fil fz] 
is analytic about the origin. The other formal solution of the equation 


SI f(@)] = 9@) =Alh@] 


is ¥c,’x", where the c,’ are the values of 7,’ determined by the above set 
of equalities in y’, and y, when 7, are put equal respectively to the cor- 


then 


ES 


Q 
. 
< 


LisiKAi 








22 G. A. PFEIFFER. 


Xc,’x" is divergent for 











responding particular values c, just fixed upon. 
all values of x + 0, and 
g(x) = fil filz)] 


is a function as required by the theorem. Q. E. D. 
To the two theorems just proved we add the following easily proved 
theorem as a natural completion of the above: 
THEOREM. There exists a function 








eee 



















g(x) =axr+arxr?+---, la,| = 1, a," + 1, n= 1,2, 3, -:-, 


which is analytic about the origin and which is such that the functional 
equation f [f(x)] = g(x) has two solutions which are analytic about the origin. 

Proof: The simplest example of a g(x) which proves this theorem is 
the linear function a,x (a; arbitrary, except that the conditions of theorem 
are satisfied); the two solutions are va,r and — va,;r. Non-linear ex- 
amples of a g(x) are easily gotten by taking the transform of the function 
a,x by any analytic function, 


b(x) = bia + box? +--+, b + <O, 


defined about -the origin; i. e., 





g(x) = b{a,(b—(x))], 


where b~'(x) denotes the inverse of b(x), is such a function. In this case 
the two solutions are b[c,(b-(x))] and b[{d,(b—(x))], where 


Ci = Wd), d, =-— Nd 


and both are analytic in the neighborhood of the origin. That either 
solution satisfies the given functional equation is evident. For, we have, 
symbolically, 
be;b'be,b™ = bd,b—'bd,b™ = ba,b-. 
PRINCETON UNIVERSITY. 
January, 1918. 










THE EXISTENCE OF THE FUNCTIONS OF THE ELLIPTIC 
CYLINDER.* 


By Mary F. Curtis. 


1. In‘roduction. The periodic solutions, of period 27, of the differential 


equation 
(1) whe) + 4(F cos 2e +z) Ele) = 0, b +0, 


where 6 and z are real parameters, are known as the functions of the 
elliptic cylinder.t Heine was the first to attempt to establisht the exis- 
tence of these functions. He tried to show that, for a given value of }, 
there exist i finitely many real values of z—the characteristic numbers— 
for each of which (1) has a periodic solution, not identically zero, of period 
2r. The method by which he proposed to prove the existence of the 
characteristic numbers and thus of the functions of the elliptic cylinder 
is the method used in the present paper. It has already been developed 
by Dannacher;§ his proof is, however, involved and not evidently 
rigorous. 

An entirely different method of determining the periodic solutions of 
(1) and establishing their existence was given by Boécher| by means of 
Sturm’s Theorem of Oscillation. The existence of the characteristic 
numbers also follows as a special case of the theory of more general 
differential equations with periodic coefficients as given, for instance, 
by Bécher{ or Mason.** 

Heine’s method is, however, historically the first and it is of interest 
to see how it can be made simple and accurate. Furthermore, this method 
has furnished a feasible means of computing the actual valuestf of the 
characteristic numbers for a given b. 


* Presented to the Society, September 5, 1917. 
t The.equation (1) is fundamental in physical problems dealing with elliptic membranes and 
cylinders; see, for example, Mathieu, Journal de Liouville, 2e Serie, vol. 13 (1868), pp. 187-204; 
Maclaurin, Transactions of the Cambridge Philosophical Society, vol. 17’ (1898), pp. 41-109. 

t Handbuch der Kugel funktionen I (1878/81), pp. 401-413. 

§ Inaugural Dissertation, Zurich, 1906. 

]] Ueber die Reihenentwicklungen der Potentialtheorie (1894), p. 181. 

{ Comptes Rendus, vol. 141 (1906), p. 928. 

** Comptes Rendus, vol. 141 (1906), p. 1086. 

‘ tt Butts, American Journal of Mathematics, vol. 30 (1908), pp. 129-155. 
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CURTIS. 


In discussing (1) we restrict b > 0; the case b < 0 may be transformed 
into the case b > 0 by replacing b by — b and ¢ by ¢ + 7/2. | 

2. The general periodic solution of period 27. Assume that (1) has a 
solution E(¢), periodic of period 27; then E(¢) and its first three deriva- 
tives are continuous. Hence E(¢) may be developed into a Fourier 
Series 
(2) E(¢) = 3a) + > (a; cos ig + ¢; sin ig), 

eae i=l 
which for all values of ¢ converges absolutely and uniformly to E(¢)* 
and which may be differentiated term by term twice. 
ae @E(¢) 
Substituting in (1) the development for d © together with that for 
yg 


E(¢), we have 


x 
> (a; cos ig + ¢; sin ig) 
eo” 9 x 
= 4 (5 cos 2e + z)($a9 + 2d (a, cos ig + c; sin ig) ). 
The series development for E(¢) is absolutely convergent and it remains 
so on multiplication term by term by [(2 6) cos 2¢ + 2]; hence in the 
resulting series we may remove parentheses and rearrange terms at 
pleasure. Thus the right hand side of (2’) may be rewritten as 





ag l< ? . oe 
4 5 cos 2¢ + 5 » 2(a; cos ig cos 2¢ + ¢; sin i¢ cos 2¢) 
¢=] 
209 = — 
+ z >, (a; cos ig + c; sin 1¢) 


t=i 
and again, by the use of trigonometric identities, as 


ba 0 


4 
(2a) 5 | a, + aa + (a3; + (2b + 1)a;) cos ¢ 


+ D(a i-2 + Gis2o + zba;) cos ig + (c3 + (2b — 1)e) sin g 
+ (C4 + zbc2) sin 2¢ — } (C,-2 + Ci+2 4 zbc,) sin ig 


We may also rearrange the terms on the left of (2’): 


D x 
(2b) > a; cos ig + >> ie; sin 1g. 
=] =I 


* Bocher, Introduction to the Theory of Fourier Series, these Annals, Series 2, vol. 7 (1906), 
p. 109. 


t Bécher, Loe. cit., p. 116. 
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The series (2a) converges to the same value as the series (2b); hence 
we may equate corresponding coefficients,* thereby obtaining four groups 
of relations, one involving the a;, one the a2;4;, one the c; and one the 
Coi41- Since further we may write 


E(¢) = = + D0 a; cos Zig + DY ai-1 cos (2i — 1)¢ 
- i=l i=] 


+ Die, sin Zig + Deis sin (27 — 1)¢, 
i=l i=l 
we have 
THEOREM 1. If a periodic solution, of period 2x, of the differential 
equation (1) exists, it is a linear combination of four particular solutions 
of the form: 
Ex(¢) = }a9 + Dia; cos 2ig, Ex(¢) = 1B; sin 2ig, 
i=! 


E;(¢) = doy; cos (2i — 1)¢. E,(¢) = 04; sin (27 — 1)e¢. 
i=l i=! 


We need therefore to consider only the existence of periodic solutions 
of these types and it is sufficient to confine our attention to solutions of 
the first type; the work for the others is quite similar. 

3. The solution E,(¢).—Suppose that E,(¢), a real, even, periodic func- 
tion of period z, is a solution of (1). It possesses then the Fourier 
development 


(3) E\(¢) = }ao + Da; cos Zig. 
i=1 


The formal substitution of this development in (1) yields according to 
the first of the four groups mentioned above the recurrence relations for 
determining the a’s: 


— bz, 
b(1 —_ z)ay _ 1, 


= b(4 — z)a, — a, 


= b((m — 1)? — Z)am1 — Am-2, 


where, remembering that (1) is homogeneous, we have set ao = 


* Bocher, loc. cit., p. 151. 
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If E;(¢) is to be a solution of (1), it is necessary* that a», as determined 
by (4), approach zero as m becomes infinite. To prove this condition 
also sufficient we establish first two theorems which summarize com- 
pletely the behavior of the sequence ao, a1, a2, --~ for a given value of b. 
THEOREM 2. For any particular value of z, a or complex, the sequence 
lao!, jar}, |aa!, «++ is ultimately either continually increasing or 
continually decreasing. 
Given a particular value of z; choose » so that 





(5) bi m?—z)| > 2, ne 










If the terms of the sequence a, |, | a@.41',  @ 42 *** continually 
decrease, our theorem is granted. If not, there exists a first a, call it 
a., k =u, such that | ary = a, | ; then a, +0. From (4) we have 












= b ke =a Msi = | ey 


i 


| ket 











ke —2z -1) a} + an | We—1 | > a . 





In like manner | azsn > Q@isn-1, m > 1, and the sequence of absolute 
values is ultimately a continually increasing sequence. In fact we have 









(6a) |a,|>|apai| > --- > lan) S| ae, < | ong] < | ange | < 


THEOREM 3. For any particular value of z, real or complex, the sequence 
Qo, 1, Q2, +++ either approaches zero or becomes infinite. 
If the a’s remain finite, a, <G for all m, then a, approaches 
zero as m becomes infinite. For, from: 





b(m? — z)am = Ama + Am-] 








it follows that b m?—2z a, < 2G. If the a’s do not remain finite, 
they become infinite. For, the absolute value sequence does not remain 
finite and by theorem 2 it is from a certain term on continually increasing. 
Corouiary. If for a particular value of z, real or complex, liman = 0, 


then a 
(6b) | Ay | > | A+ > |; @+42 | > 


where w is determined as in (5). 
For, if there exists ak = yw such that | ax, | = | a, | , then, as in (6a), 
|an| < | Qu: < +++, and the sequence becomes infinite. 
THEOREM 4. A necessary and sufficient condition that E,(¢) is a solution 
of the differential equation (1) is that 








lima, = 0. 


m=D 








* Bocher, loc. cit., p. 151. 
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The condition has already been proved necessary; to prove it sufficient 
we assume 
lim a, = 0. 
Then from (4) and (6b), we have 
lan| =b| (n+ 1)? —2|{ | angi] — | ans | 


> (b|(n+1)?—2z|—1) [ann], neu. 


From this inequality it can be easily inferred that there exists an 1, such 
that 
| an| > bn? | ans |, n>. 


‘ 


2) 
Hence the series }> a,, where the a, are given by (4), converges abso- 
i=1 


lutely. Therefore the series 
is) 
lag + Da; cos 2ig 
(=) 
converges uniformly and represents a continuous function E;(¢). If we 
differentiate term by term, we have 
@ 


— 2> ia, sin 2i¢g. 


, ; , dE\(¢) , , 
This series converges uniformly to a"? For, in the series of the 
gy 


coefficients the test ratio is 


n+1 a@nai <* +t 


— n>. 
n Qn bn? ’ 


Similarly we may differentiate a second time term by term, and show 
that 
2) 
— 4) ia; cos 2ig 
@E\(¢) 


dy’ 
4. The existence of the p;.—Those values of z for which 


converges uniformly to Hence the condition is sufficient. 


lim Am = Q, b = bo, 
are precisely the characteristic numbers. In order to establish their 
existence, we shall show that a sequence of suitably chosen roots, one 
from each of the equations an, = 0, k = 1, 2, 3, -++, converges to a 
limiting value for z and that for such a value and only for such a value 
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lima, = 0. 


m= 2D 







The a’s as given by (4) are, for a fixed value of 6, polynomials in z 
with the Sturmian properties: 








1) a is a constant different from zero, 

2) a, is of the mth degree in z, m=1,2,---, 
3) Gm, &m41 are relatively prime, m=1,2,:->:, 
3) QAm+1Am—1 a 0), if an = 0. 














Hence the number of real roots of a, = 0 in the interval a =z =c, 
ama) + 0, an(c) + Ois at least | Vic) — Via) , where V(zo) denotes the 
number of variations in sign of the sequence ao, a1, a2, +++, @m for z = 2p. 
Since 






V(x) =m, 





a», = 0 has at least m distinct, real roots and therefore exactly m. For, 
am is of the mth degree; accordingly V(z) must increase by unity each 
time z increasing passes through a root of a,, = 0 and we have the follow- 
ing lemma and theorem: 

Sturmian Lemma. The number of real roots of a, = 0 in the interval 





IIA 


ess se. a,(a) + 0, an(c) +0, 



























is precisely V(c) — V(a). 

THEOREM 5. The m roots of a, = 0 are all real and distinct. 

The m roots of a, = 0, m > 1, are separated by the m — 1 roots of 
Qmn—1 = 0, that is, 

THEOREM 6. Between each two successive roots of an = 0, m> 1, 
Qm—-1 = 0 has one and only one root. 

For, suppose that in the interval z; < z < 2, where 2, z. are two 
successive roots of 
an = 0, m> 1, 





Qm—1 = 0 has no root; then in the interval z,; — e < z*< z, + «, for e 
sufficiently small and positive, a; maintains its sign while a, changes 
sign twice. Thus , 

V (2 + €) “ V (2 a €) = ( 


and a contradiction to the lemma first stated is established. Therefore 


Qm—1 = 0 has at least one root between z, and z, and certainly not more 
than one.* 





* From Dannacher’s work it seems improbable that he knew of Theorem 6. Had he made 
use of it, his proof of the existence of the p; would have been much simplified. 
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If b2=1, V(— 2) = 0; if 0<b <1, v(=") = (0. Hence every 
root of am = 0, m = 1, 2, ---, is greater than — 2, — 2/b, according as 
b2=1,0<6<1. Number the roots of a, = 0 in natural order beginning 
with the smallest and denote the ith root, i = m, of an = 0 by fm, i. 
Since, by Theorem 6, the m + 1 roots of an 1 = 0 are separated by the 
m roots Of am = 0, Tmii,i < tm, ij} Similarly frngi,i <Tmon, i, N > 1. 
Hence 

Tm, i > Tmt, i > Tm42,i > °° > — 2, — 2/b 


and the ith roots of an = 0, ami: = 0, --- form a decreasing sequence 
approaching a limiting value p;. 

THEOREM 7. The ith root, i = m, of ams. = 0 decreases as k increases 
and approaches a limiting value p; as k becomes infinite.* 

5. Heine’s “fundamental error.’’—It is in showing that the p; are the 
characteristic numbers, that is, are the values of z for which lim a,, = 0, 


that Heine makes his “ fundamental error.’’+} He assumes forthwith 
that the p; are identical with the roots of the limiting function of the 
a-sequence. The conditions under which this is true were given later 
by Hurwitzf in the theorem: If the sequence of functions f;(z), fo(z), --- 
converges uniformly in a finite domain C of the complex variable z to the 
function f(z), not identically zero, and f;(z), i = 1, 2, ---, behaves like 
a rational function in the interior of C, then the roots of f(z) in the interior 
of C are identical with the cluster points of the roots of f;(z) in the interior 
of C. We can not apply this theorem directly to the a-sequence, since, 
as a matter of fact, the a-sequence converges only for isolated values of z. 
However, we shall show that, if we set 


(7) a, = bB,, am = b™(m — 1)"8,, m> 1, 


the sequence of #’s thus obtained converges and converges uniformly in 
any finite domain C to a function 8 not identically zero. The p; which 
are obviously the cluster points of the roots of the 8; as well as of the 
roots of the a; will therefore, by Hurwitz’s theorem, be identical with 
the roots of 8. If then we show that lim 8, = 0 when and only when 


lim a, = 0, it will follow that the roots of 8 = 0, the p;, are the char- 


m=@ 


acteristic numbers. 


*It is a simple matter to determine, as, for instance, Dannacher has done, the distribution 
of the p; and to show that for m sufficintly large, 


1 —o 2 
(m “_ 1)? < pm < (m —_ 1)? + bibQm — 3) = 1} < mm. 


+ Dannacher, loc. cit., p. 1. 
t Mathematische Annalen, vol. 33 (1889), pp. 246-249. 
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6. The 8-sequence.—Substituting (7) in (4) we have, as the recurrence 
relations for determining the §’s: 


By 


1 
Bo (1 — 2)B, ~ 2? 


Zz Bans 
Buti = (1 = =, ) bm ~ b2(m — 1)?m?? m > &. 
We first prove: 
THEOREM 8. A necessary and sufficient condition that 


lim 6, = 0 
is that 
lim an = 


Given _ 
lim a, = 0; 
then from (7) 
lim b™(m — 1)"8, = 
and - 
lim 8, = 0, 


m= 


since, even when b < 1, b"™(m — 1)! becomes infinite with m. 
Given 
lim 8, = 0. 
Suppose 
lim a, + 0; 


m=D 


then the a-sequence becomes infinite and, as we saw in the proof of 
Theorem 2, 
! ! 5 1 
long | 2 (b|n? —2z|—-—1) lanl, n=k, 


where the equality sign holds at most for n = k, k determined as in (6a). 
Restrict k further, if necessary, so that 
1 
(9) i> |2| +5; 
then 
| angi | 2 (bn? — b|z| — 1) lanl, 


By (7) this relation yields 
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| Buss | =(1 — 12tt i) ig, F 


| 1/b 
| Ba+e | > (1 aid Veta) last, 


| 1/b , 
| Bere | > (1 or a + 7) | Bi+s—1 | ’ 


whence, on multiplication, 


| beet lz|+1/b\_,..¢ | 
[Bese] > Lee) EE (1 --2LE*) s |, Tt (a - Lt 1e), 
For, by (9) 


/ 


| 2 | / 
p< lelt icy 


r? 
lz! +1/b ° ‘ * 
“+2 converges absolutely, the infinite product converges 

toavaluec > 0. Hence! 6ii,| >c!|8.|,s =1,2,---. But! @| +0, 

for | a, | + 0; therefore lim 8, + 0 and a contradiction is established. 


As a preliminary to the proof that the 8-sequence converges uniformly, 
we prove 

THEOREM 9. In every finite domain C the B-séquence remains uniformly 
finite. 

Without loss of generality we may restrict C to be a circular region, 
'z| < R, with center in the origin. Given a constant R > 0, we have 
to show that a constant M exists, such that | 8, | < M for all|z| <R 
and for all n, or what is sufficient in this case, that a constant M exists, 
such that | 8, | < M forall | z{! < Rand for all n = l, where 1 is an integer 
independent of z. We may take 1 = yu, where yu is determined so that 
(5) holds for allzin C. For this purpose it suffices to take 

2 


(10) w>et kh. 


1) For every value of z in C for which lim am = 0, (6b) holds and by 
(7) - 


|B, | > bu? | Busi | > *u2(u + 1)?| Bae | > °° 
Since by (10) bu? > 2,|8,| > | Buir > «+: and 
(11) | Bm | <|8, | for all m > p. 


* Osgood, Funktiontheorie 1 (1907), p. 459; 2d ed. (1912), p. 528. 
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2) We want a corresponding relation for every value of z in C for 
which the a-sequence becomes infinite. For such a va'ue of z (6b): 


! 


l l 
lar] > faa] > e+. > lan] Slar|<lau|<--- 


holds, where the yu, but not the k, is independent of z. Since 
la, | > lan] > +> > lana, 

it follows as in (11) that 

(a) | Bm| <|8,|,form=ypt+1,---,k-—1. 


To compare | 8,| with | 8, |, we first restrict yu, if actually necessary, 
so that np? > 4; then, on the substitution of (7) in 


| os | = (OE — 1)? +b[2))| ana] + lore, 


we obtain 
1 


sa | 2 | pts , : 
_ s(1 TE- 1) Beal + ise — 1)te — 2yt! Pee 
<(1+R +5) B, | 
Hence 
(b) [Bul << K/86,]|, where K=14+R4+3. 
To compare | 8,,|, m > k, with | 8, |, we compare | 8,, | first with | 8; |. 


From 


Vi 


Ong | = (b(n? + R) +1)! a, |, 


we have by (4) 


where the equality sign holds at most for n = k. By (7) this relation 


yields 
| Bs | =(14+73"") al, 


, R+ 1/b\, ' 
| Bese | < (1 + er ys) | Bas ly 


' R + 1/b ; 
[Borel < (1+ gre ing) | Bete | 
and, by multiplication, 


| Bese! < | Be | i (14 54°") < lol T(1 +242). 


r? 2 
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The infinite product converges to a value L > 1; hence 


(c) |Bm| <L|B.| <G|B,|, m=k+1, G=KL>1. 

The three inequalities (a), (0), (c) may evidently be combined in the one 
inequality 

(12) |Bn| <G@|8,|, forall m> ux. 


Since G > 1, (12) includes (11) and holds for all | z| < R. In C | 8, | 
has an upper limit H and hence there exists a constant M = GH such that 


(13) | Bm | < M for all m = yp and all |z| < R. 


With this inequality established it is a simple matter to prove 

THEOREM 10. In every finite domain C the B sequence converges uni- 
formly to a function B, not identically zero. 

We again take C as the circular region |z| < R. The 6-sequence 
converges uniformly in C if the series 


B: + (Bo — Bi) + (Bs — Be) + -:> 
converges uniformly in C. The general term of this series is by (8) 


a © Bat 5 
Bn—1 _ Bn wm a Bm a b?(n as 1)2n? ’ 


n- 


J = 


hence by (13) 
Bn—1 | M(R + 1/b?) 
[Bust — Bu | < 51 RL Bal + 59 —1if 2} < — 


The series 


2 | 
M(R+%) D055 


forms a majorante for the §-series; therefore the $-sequence converges 
uniformly in C to a function £. 


If 


B = 0, lim an = 0; 

but it is easily shown that for z = n?, n an integer at least as great as uy, 
the a-sequence becomes infinite; thereby a contradiction is established. 

7. Conclusion. According to §5 we may now conclude the existence 
of the characteristic numbers and their identity with the p; and the 
roots of 6 = 0. 

THEOREM 11. For a given value of b there exist infinitely many char- 
acteristic numbers, the cluster points of the roots of the equation an = 0; 
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for each of these infinitely many real values of z, and only for these values, 
(1) possesses a periodic solution, not identically zero, of period w, of the form 


@ 
Ex(¢) = 3a0 + La; cos ig. 
i=l 


A similar theorem holds for periodic solutions of (1) of the forms 
E.(¢), E3(¢), Es(¢). 


WESTERN RESERVE UNIVERSITY, 
November 6, 1917. 
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Introduction. The object of this paper is to give an exposition, as ele- 
mentary as possible, of some of those aspects of the theory of the Gamma 
function which are not dealt with in Jensen’s “‘An elementary exposition 
of the theory of the Gamma function.’’! Chapter I presents briefly 

1 Authorized translation, with additional notes, by T. H. Gronwall. These Annals, ser. 2, 
vol. 17 (1916), pp. 124-166. References to paragraphs and footnotes in this paper will be given 
thus: J § 2 and J?. 
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those definitions and theorems on definite integrals which are indispensable 
in the following. In chapter II, the classical applications of the integral 
calculus to the Gamma function are set forth in a form which adheres 
quite closely to the point of view of Jensen’s paper, while in chapter IIT 
the same body of theorems is derived from the definition of I'(s) as a 
definite integral.* 

While the paper contains little that is new in subject matter, a con- 
siderable number of proofs have been remodeled, or replaced by new ones. 


| 
i 


CHAPTER I. 
Definite Integrals. 


1. Uniform continuity. Let us consider a function f(x, 2, -+-, 2n) 
defined for all values of x, x2, ---, 2, belonging to a pointset P which 
is bounded (i. e., there exists an A such that |2;| < A, || < A, ---, 
\a,| < A forall points of P). The function is continuous on the pointset 
P when, for any point 7, 2, ---, 2, of P and any e (arbitrarily small), 
there exists a 6 = 8(e, 2, 22, ---, 2.) such that for every point 21’, 22’, 

-+, 2,’ of P where 


(1) lay’ — a1| < 6, | a’ —m| < 6, -+-, | an’ —2n| < 5 
we have 
(2) | f(x’, Io’, ai rn’) — J (2, D2, ***y In) | <€. 
The function is uniformly continuous on the pointset P when, for any e, 
a 6 = 6(e) may be chosen independently of 2, 22, --+, Zn Such that the 
inequality (2) holds for any two points x, 22, +--+, Z, and 2’, To’, «++, Xn’ 
of P satisfying (1). The following theorem is of fundamental importance 
for the definition of an integral: 

THEOREM I. When f(a, 2, +--+, Zn) is continuous on a CLOSED? point- 
set P, this function is also uniformly continuous on P. 

Suppose the theorem to be false; then there exist an « > 0, an infinite 
sequence of pairs of points on P: 2,, 2,, +++, Za, aNd 2},’, Do,’, «++, Ln’ 
(vy = 1, 2, 3, ---) such that 


(3) | ai,’ — m,! < 6,, +++, | an’ — an, | < 5, 5, PO as va ow, 

and for which 

(4) | f(a’, Ben's Ans Lae) 77 f(x, Tayy ** *y Lny) | = €. 

Let a limiting point of the sequence 2,, 22,, +++, tn, be X10, X20, +++, Ln0; 


this point belongs to P, since P is closed, and f(x, 22, «++, 2n) being 


* See the note at the end of this paper. 
2 I. e., a pointset containing all its limiting points. 
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continuous on P, there exists a 6 such that for | 2 — 20! < dv, 
| Xe — 20 | < bo, oot, | Zn — Ino | < 5o we have | f(x, To, °° *, Xn) — f(x, 
Tm, ***, Lno)| < €/2. We may now choose » so large that 6, < 6/2 and 
| 21, — Zio | < 9/2, «++, | ny — Xno| < 5/2; hence, by (3), | 21,’ — 210! 
S| a, — to| + | 21’ — r1,| < b9/2 + 6, < do, «++, | tn,’ — tno | < do. We 
have therefore | f(x,, 22, ---, nv) — (X10, Yoo) -**, Lna| < €/2, | f(xy,’, 
Toy’, +++, Ln’) — f(Xi0, 20, +++, Lno) | < €/2, whence by addition | f(x,,’, 
Io, +++, En’) — f(X1,, Lay, +++, Lay) | < €, Which contradicts (4), and this 
contradiction proves our theorem. 

2. Upper and lower integrals of a function. We define the interval (a, b), 
where a < b, as the set of all points x such thata =z =b. This pointset 


is evidently closed; a and b are called the end points, and the points x 


such that a < x < b the interior points of the interval. The length of the 
interval is b — a. 

A set of values of a real variable ¢ is said to be bounded below, when 
there exists a finite A such that — > A for every ¢ in the set, and bounded 
above, when £ < B for every &. It is a well-known theorem that every 
set of ¢’s which is bounded below has a lower bound m such that & = m 
for every but that for any positive e there exists at least one ¢ in the set 
such that § < m+ e; similarly every set which is bounded above has an 
upper bound M such that § = M for every — but § > M — e for at least 
one £ in the set. It is evident that the lower and upper bounds of — £ 
are — M and — m respectively. 

In particular, let & be the set of values assumed by a function f(z) 
when z varies in the interval (a, b); when this set of ¢’s is bounded both 
above and below, f(z) is said to be bounded in the interval (a, 6), and m 
and M are called the lower and upper bounds of f(z) in this interval. 

Now consider a function f(x), bounded in the interval (a, b), and let 
us divide this interval into a number of subintervals (z,1, z,) (of length 
x, — 2,1) by means of the points of division 2, 2, +++, %n, Where 
a= 2% <2 < %2 < +++ <an-1 <2, = b. Denote by M, the upper, 
and by m, the lower bound of f(x) in the interval (2,1, z,), and write 


S = M(x — 2) + M,(x2 _ x1) S ie M,(2n — Xn—-1) = =M,(2, _ Benet) s 


8 = m,(x, — Xo) + mo(t2 — M1) # +++ + Mal(Tn — Tr) = UmM,(x, — 2,1). 
Evidently M = M, = m, = m, and hence 
(5) M(b—a) =S=s=m(b— a). 


If we consider all possible values of S and s corresponding to all possible 
modes of subdivision of (a, b), S and s are bounded above and below by 
(5); hence there exist an upper bound j of s and a lower bound J of S. 


We shall now prove 


"| 


ReBturt we ie 


yi 








ee 


Se ee ae 
























































































































38 T. H. GRONWALL. 


THEOREM II. When the number of subintervals is increased indefinitely 
in such a manner that the length of each tends toward zero, the sums S and s 
tend toward the limits J and j respectively. 

Let us change the sum s into s’ by introducing a new division point 2’ 
between z,-; and z,. Denoting by m,’ and m,”’ the lower bounds of f(z) 
in (z,-1, x’) and (z’, z,), we obviously have 
s' —s =m, (r’ — 2,1) + m,"(x, — 2’) — m,(a, — 2-1) 

= (m,’ — m,)(x’ — 2,-1) + (m,”" — m,)(z, — 2’), 
and since 0 = m,’ — m, = M —m, 0=m,” —m, = M —™, we find 
0=s'’ —s =(M — m)\(z, —2,-1) < (M — m)i if z, — 2,-1 < 6. More 
generally, if s’ is obtained from s by the introduction of k new division 


points, we find by introducing them one at a time and successive appli- 
cation of the above inequality that 


(6) 0=s'’ —s <k(M — m)é, 


if every subinterval corresponding to s is less than 6. Since — J and 
— S stand in the same relation to — f(r) as j and s to f(z), it is sufficient 
to show that for any e > 0 there exists a 6 such that j = s > j — ¢ for 
any s in which the length of each subinterval is less than 6. Since 7 is 
the upper bound of all s, it is clear that 7 = s and that there exists an 8 
such that s) > 7 — e/2. Let the number of subdivisions corresponding to 
S be k, and consider any s in which the length of each subdivision is less 
than 


€ 


7 2k(M — m)° 


Finally let s’ correspond to the subdivision having as division points all 
those occurring in s and in s); then, by (6), 


s>s’ —k(M — m)i =s' — ¢€, 
and applying (6) to so and s’, we find s’ = s», so that 
8 > 8 —¢/2> (j — €/2) —e2 =j —«, 
which proves our theorem. 


The numbers J and j are called the upper and lower integrals of f(z) 
between the limits a and b, and are denoted by 


J = f separ, j= f fede 


Since S = s, it follows from theorem II that J = j or 


(7) ff 1aae = [sade 
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Let a < c < b and consider the sums S and s for which c is a division 
point, it follows immediately from theorem II that 


f S(x)dx f f(x)dx + f f(x)dz, 
ff saaz J soa + f fade, 


and from (5) and (7) it is seen that 
(9) m(b — a) = ff sa)ae = [ sade = M(b — a). 


Furthermore, when k is a constant, the sums S and s for kf(x) equal k 
times those for f(z), whence 


ff y(@ae = kf fla)ar, ff fader = kf sede for k = 0, 


k f f(x)dz, f kf(x)dx = k f f(x)dzx for k = 0. 


Finally, let fi(x), fo(x), ---, fa(xz) all be bounded in (a, b), and let M, and 


(8) 


a, 
=> 
& 
> 

ll 


m,, M,;, and m,, ---, M,, and m,, be the upper and lower bounds of 
(fi(z) + fo(z) + +++ +fn(x)), falz), +++, fa(z) in (2-1, 2,). Evidently rae 
M, = M,, + M2, + --- + M,, and m, = m, + m, + +--+ + m,z,, whence + 
=M,(z, — 2,1) = 2M, (2, — 2-1) + -+* + EMa,(2, — 2-1) 5 
and 
=m,(xz, — 2-1) = Dm,(xz, — T-1) + +++ + Dm, (x, — 2-1). 
Passing to the limit, we obtain 
f Ge) + A@) + + fale))de 
=f pedet f pact --- + f talerer, 
(11) a a a 
[ G@) + fla) +--+ + fal@))az 
| =f fladdr + [plac + + f fuladae. 


3. The definite integral. When the function f(x) is bounded in the 
interval (a, b) and the upper and lower integrals of f(x) between the 
limits a and b are equal, the function is said to be integrable in (a, }), and 
the common value of the upper and lower integrals is called the integral 
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of f(x) between the limits a and b and is denoted by 


f Sadar. 


The necessary and sufficient condition for integrability is obviously that 
the difference (which is = 0 by (5)) 


S—s = 3(M, — m,)(2, — 2-1) 


shall tend toward zero for any one particular mode of subdivision of 
(a, b) when the number of subdivisions is increased indefinitely in such a 
manner that the length of each approaches zero. 

We shall now prove 

Tueorem III. A bounded function f(x) is integrable in the interval 
(a, b) when it is possible to find a finite number of subintervals, the total 
length of which is as small as we please, and such that every point of dis- 
continuity of f(x) is interior to one of these subintervals. 

We may note that the hypothesis of this theorem is fulfilled when 
f(x) has a finite number of points of discontinuity in (a, b). 

To prove our theorem, it suffices, by the remark above, to exhibit a 
subdivision such that the corresponding sums S and s differ by less than 
any assigned e. By hypothesis, we can find a finite number of intervals 


A’, of total length less than XM ape such that every point of dis- 


continuity of f(x) is interior to one of them. Denote by A” the finite 
number of intervals obtained by removing from (a, 6) the interior points 
of all intervals A’, and consider a subdivision of (a, b) in which the end 
points of all intervals A’ are among the division points. Then we may 
write 


S—s = >'(M, — m,)(z, — 2,1) + D’(M, — m,)(z, — z,-1), 


where >’ and >” refer to the intervals belonging to A’ and A” respectively. 
For the former, we have, since M, — m, = M — m, 


2'(M, — m,)(x, — 2,-1) 


= (M — m)='(z, — 4,1) < (M — m)- o(M - a ‘ 


Regarding =”, we observe that A” is a closed pointset on which f(x) is 
continuous, and by theorem I we may assign a 6 so small that 


Ye’) - $00 |< a6 =e 


for any zx’, x” both belonging to A” and such that | 2’ — 2”| < 6. Now 
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make every subdivision in A” so small that z, — z,_1 < 6, and let 2’, x” 
be values of z in the interval (z,_;, z,) for which the continuous function 
f(x) takes its maximum and minimum values M, and m, respectively. 
Then 


€ 
M,-—m™, < 3(b — a) 
for every subinterval belonging to A”, and the total length of these sub- 
intervals not exceeding b — a, we have 


sl € 


os 
Consequently 
0=S-s<5+5=6, 


which proves our proposition. 

THEOREM IV. When f(x) is bounded and integrable in (a, b), the same 
is true of | f(x)|. 

It is evident that | f(x) | is bounded when f(x) is bounded. Let M, 
and m,, M,’ and m,’ be the upper and lower bounds of f(x) and | f(z) | 
in (2,1, z,). When M, = m, = 0, we have M,’ = M,, m,’ = m,; when 
0 = M, = m,, then M,’ = — m,, m,’ = — M,, and when M, 20 =2™m,, 
M,’ equals the greater of M, and — m,, while m,’ = 0, so that in all three 
eases 0 = M,’ — m,’ = M,—~™m,. Since >(M, — m,)(z, — 2,-1) tends 
toward zero, the same is true of =(M,’ — m,’)(x, — z,-1), so that the 
upper and lower integrals of | f(x) | are equal. 

From (9) it follows that when f(z) is integrable in (a, b) 


(12) m(b — a) = f sear = M(b — a). 


More generally, when three bounded and integrable functions f(z), 
m(x) and M(x) satisfy the inequalities m(x) = f(x) = M(x) in (a, 6), 
we have 


(13) f meayaz = [ seae = [ Meae. 


In fact, since m(x) = f(x) = M(z2) in (2,1, 2,), the lower bound of m(z) 
in this interval does not exceed that of f(x), and the upper bound of f(x) 
does not exceed that of M(x); hence the sum s relative to m(x) does not 
exceed that relative to f(x), and the S relative to f(x) does not exceed that 
relative to M(x). Passing to the limit, we obtain (13). 

In particular, theorem IV allows us to take m(x) = — | f(z) + 
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M(x) = | f(x) |, and (13) gives 

(14) [icar = f |p) \ae. 

When a < c < b, (8) becomes for an integrable f(z) 
f ‘Seaddx = f flxddr + f “Ila)dr, 

and the repeated application of this formula gives 

- ff sear = [sade + | S(aae 

5) va a 1 


( dicvenll [sa)ar + [ soa 


fora <2 <%< +--+ <a < BD. 





It is sometimes convenient to consider the case where the upper 
limit in an integral is smaller than the lower one; in this case we introduce 
the definition 


(16) f jele = f joe, o<t 


From (16) it follows that (15) is valid when a, 2, 22, +++, 2,1, b are in any 
order of magnitude, provided f(z) is integrable in an interval containing 
them all. When b < a, the inequalities (12), (13), (14) must however 
be reversed. 

The inequalities (10) and (11) give when f(z), fi(x), ---, fn(x) are 
integrable 


(17) { “If(a)de = k f fix)de, 
f G@ + h@) + + + fl@)az 


_” - [ ncoas +f fleae i ok: + f Salz)ade. 


THEOREM V. When fi(x) and f.{x) are bounded and integrable in 
(a, b), the same is true of their product f(x) = f,(x)fo(zx). 

Let M and m, M’ and m’, M” and m” be the upper and lower bounds 
of f(x), fi(z) and f2(x) in (a, b); furthermore, let M, and m,, M,’ and m,’, 
M,” and m,” be the corresponding bounds in (z,_;, z,). Evidently | f(z) | 
does not exceed the greatest of the quantities M’M”, m'’m’’, — M'm”, 
— m'M”", so that f(x) is bounded in (a, b). To prove the integrability, 
let us first suppose that f:(z) and f.(x) (and consequently f(x)) are never 
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negative in (a, b). Then obviously M, = M,'’M,”, m, = m,'m,”, and 
M, — m, S M,'M," — m,'m," 
- M,’"(M, a m,’) re m,’(M,”" a m,"’) =< M”(M,’ ie m,’) 


oe M’'(M,” et m,’’); 
hence 


=(M, — m,)(4, — 1-1) = M”S(M,’ — m,’)(x, — 2,-1) 

+ M'S(M,” — m,”)(x, — z,-1). 
fi(x) and f.(x) being integrable, both sums to the right may be made as 
small as we please by taking the subdivisions sufficiently small, and 
consequently the same is true of the sum to the left, i. e., f(x) is integrable. 
Second, if fi(a) or fo(z) assumes negative values in (a, b), the product of 
the non-negative functions f(z) — m’ and f2(x) — m” is integrable, and 
by (17) and (18), the same is the case for 

Si(x)fo(x) = (fi(x) — m’)(fo(x) — m”’) + m"fi(x) + m’fe(x) — m'm” 


THEOREM VI. When f(x) is integrable in (a, b), and for any x between a 
and b we write 


F(z) = f "s()dt, 2a;  Fa)=0, 


then F(x) is continuous in (a, b), and at any point where f(x) is continuous, 


we have 
= = f(z). 


By (15) we have, when both z and z + h are in (a, b), 
r+h x er+h 
Firth) — Fa) =f soa - fsa = fo sod, 


and if M and m are the upper and lower bounds of f(t) in (z, x + A), 
(12) gives 

mh S F(x + h) — F(x) = Mh 
(if h is negative, the inequalities must be reversed by (16)), which proves 
the continuity of F(x). When f(z) is continuous at z, m and M tend 
toward the same limit f(x) as h > 0, and consequently 


ee ees) 


TueoreM VII. When f(x) satisfies the conditions of theorem III, and 
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there exists a function F,(x) continuous in (a, b) and the derivative of which 
equals f(x) at every point where f(x) is continuous, then 


F,(z) — Fi(a) = ft fiat 
for any x in (a, b). 

Let F(x) be the function defined in theorem VI; then F;(x) and F(z) 
have the same derivative f(x) in any subinterval of (a, 6) in which f(z) is 
continuous, and by the theorem of the mean in the differential calculus, 
F,(x) = F(x) + const. in the subinterval considered. Now let (x, 22) 
and (2x3, z;) be two subintervals of continuity for f(x), separated by the 
subinterval (22, x3) in the interior of which f(x) becomes discontinuous. 
Then we have F,(x) = F(x) + C in (x, a) and Fy(x) = F(x) + C’ in 
(x3, 23), and consequently 


C’ — C = (Fi(x3) — Fi(x2)) — (F (a3) — F(22)). 


By the conditions of theorem III, x; — zr, may be made as small as we 
please; since F,(r) is continuous in (a, b) by hypothesis and F(x) by 
theorem VI, the expression to the right may be made as small as we 
please by taking x; — 2 sufficiently small, and C’ — C, being inde- 
pendent of xz. and x3, therefore equals zero. Consequently 


F\(z) = F(x) + C 


throughout the interval (a, b), and since F(a) = 0, we have C = F,(a) 
and the theorem is proved. 

THEOREM VIII. When f(z), fi(x) and fo(x) are bounded and integrable 
in (a, b), then 


- (19) f f(x)dx = lim Sf(é,)(a, — 2-1), 
A a 6-0 
(20) f filz)fe(a)dx = lim Ef,(E,’)fo(E.”)(x, — 2,1), 
a 60 


where &,, &’ and &,” are any points in (x,-1, x,), and x, — 2,1 < 6 for all v. 
When &, is a point of discontinuity of f(x), we may take as the value of f(£,) 
any number between m and M. 


In (19), the sum to the right lies between s and S, and consequently 
tends toward the same limit f f(x)dx as these. In (20), we have 
Bebe — ea) 

= Shales fol&’) (a, — ti) + Sfilé’) (fol é.”) — fol&’)) (a, — t-1); 


the first sum to the right tends toward f Si(x)fo(x)dx as 6 > 0 by theorem 
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V and (19), while the absolute value of the second sum does not exceed 


z | fi(é,’) | . | fo(é,””) — fo(t,’) | (x, _ Ly-1) 
a = | fi(é,’) (M,” _— m,’") (ay — Xy-1) < ( | M’ | — | m’ | )=(M,”" 


inal m,’") (zy — Ly-1) 





and f.(x) being integrable, the last sum approaches zero as 6 > 0. 

THEOREM IX. Integration by parts. Let u(x) and v(x) be continuous 
functions of x such that bounded functions u’(x) and v'(x) exist in (a, b) and 
are continuous and equal to the derivatives of u(x) and v(x) except possibly 
on a pointset which may be enclosed in the interior of a finite number of 
subintervals of arbitrarily small total length; then 


(21) f ee ee a f ‘ eaelebde. 


Except on the pointset specified, we have 


ba apr — Aur) 
uv +vu = i? 


and the integral { | (uv’ + vu’)dx, which exists by theorem V and (18), 


equals u(b)v(b) — u(a)v(a) by theorem VII, whence (21) follows by 
applying (18). 

THEOREM X. Integration by substitution. Let f(x) be bounded and 
integrable in (a, b), and ¢(t) a function such that g(a) = a, 9(8) = 6, and 
¢’ (t) is continuous and different from zero in (a, B); then 


(22) f sear = f He)e"ae 


Supposing that ¢’(t) > O in (a, 8), there exists ak > Osuch that y(t) =k 
in (a, 8). Subdivide (a, 8) at the points a = h, h, «++, tra, ta = 8, and 
write z, = ¢(t,). Let M, and m, be the upper and lower bounds of 
f(¢(t) in (t4, t,) or, which is the same, the upper and lower bounds of 
f(x) in (a1, z,). Then, by the mean value theorem, 


GY—- T-1 = g’ (t,’) (t, _ t,—1) > k(t, = t,-1) > 0, 


where t’ is some value in (t,_1, t,), so that 


1 
0< >(M, —m)(t, — tu) < 72M — m,)(x, — 2-1), 


and f(x) being integrable in (a, 6), the sum to the right approaches zero 
when all x, — z,_; tend toward zero, which is evidently the case when all 
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t, — t,., tend toward zero, and the above inequality shows that f(¢(¢)) 
is integrable in (a, 8). The same is true when ¢’(t) = — k in (a, 8B), 
the above inequality being then reversed. Since ¢’(¢) is integrable, the 
product f(¢(t))¢’(t) is integrable by theorem V, and for i @ Ghia &. 
2,’ = ¢(t,’’), we have 


Sf(z.’)(a, — tr) = Sf(olt.”)) e'(t.')(t — t-1). 


Passing to the limit and using theorem VIII, our proposition follows. 

4. Double and repeated integrals. Let f(x, y) be bounded in the rec- 
tangle a = 2 =b,c Sy =d, and subdivide this rectangle into the mn 
rectangles z,.1 =7 =2,,y-1 = y = y,, where 


Q=%<21<°*+ Kini <2n =) 
and 
Czy << -°* < pei <y. = 4. 


Denote by M and m the upper and lower bounds of f(z, y) in the rectangle 
aszx=b,c Sy =d,and by M,, and m,, the corresponding bounds in 
the rectangle r,.1 =z =27,,y-1 = y = y,, and consider the two sums 


n 


S M,,(z, — 2.-1)(y. — y,-1), 


s ~™,,.(2, — L.-1)(Y, — yr): 


a=l v= 


Since evidently M = M,, = m,, = m, we have 


(23) M(b —a)(d —c) =S 2s = mb — a)(d — 0), 


so that for all possible modes of subdivision of the rectangle a = x = b, 
c =y =d, Sands are bounded above and below; hence there exist an 
upper bound j of s and a lower bound J of S. In exactly the same way 
as we proved theorem II, we find 

THEOREM XI. When the number of subrectangles is increased indefinitely 
in such a manner that the sides x, — x,-, and y, — y,-1 of each tend toward 
zero, the sums S and s tend toward the limits J and j respectively. The 
numbers J and j are called the upper and lower integrals of f(x, y) over the 
rectangle a =z =b,c = y =d, and are denoted by 


Abpea 1 
r= fse,wdeay, j= ff se, weedy, 


When f(z, y) is bounded in the rectangle, and the upper and lower integrals 
of f(z, y) over the rectangle are equal, the function is said to be integrable 
in the rectangle, and the common value of J and j is called the (double) 
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integral of f(x, y) and denoted by 


f f “f(z, y)dxdy. 


The necessary and sufficient condition for integrability is obviously that 
the difference (which is = 0 by (23)) 
S—s=) 2d (M,, — m,,)(a, — t.-1)(y — yr) 


w=l v=l 


shall tend toward zero for some particular mode of subdivision of the 
rectangle when the number of subrectangles is increased indefinitely in 
such a manner that the lengths of all their sides approach zero. 

The following theorem is proved in exactly the same way as theorem 
III: 

THEOREM XII. A bounded function f(x, y) is integrable in the rectangle 
a=ribesy =d, when it is possible to find a finite number of sub- 
rectangles, the total area of which is as small as we please, and such that 
every point of discontinuity of f(x, y) ts interior to one of these subrectangles. 

For any value of z in (a, 6), f(z, y) is bounded when ¢ = y = d, and 


d 
consequently the upper and lower integrals [ se, y)dy and ff te, y)dy 
exist. Denote by _ 7 
F(x) = f se, way 


any number such that 
ad wd i 
fs, way = f fee, way = f S02, wddy, 


so that, in particular, F(x) = ff fe, y)dy for every value of x for which 
f(x, y) is integrable in respect to y between the limits c and d. Then the 
integral (which we suppose for the moment to exist) f F(x)dz is called 
the repeated integral of f(x, y) in respect to y and x and is denoted by 


f ds f Sa, y)dy. 


Similarly, we may define the repeated integral in respect to x and y, 


fav f 40, y)dx = f carey, 


where G(y) = f f(x, y)dx. We then have 
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TuEorREM XIII. When f(x, y) is bounded and integrable in the rectangle 
ax2x=b,c=y = 4d, then both repeated integrals of f(x, y) exist and are 
equal to the double integral: 


Ab i i > b vd 
[rae [see way = fay f ste, daz = ff se, aedy, 


Since m,, =f(z, y) =M,, for r4=27 =2,,y-1=y = y,, it follows 
from (9) that 


mele — Yer) Sf fla, wdy = J” fla, vdy = M,.(y — vs 
~Vy—1 


bal Frees | 





adding these inequalities for »y = 1, 2, ---, n and applying (8), we find 


n i pel n 
~m,.(y, — y-1) S ff, yjdy = [ fea, y)dy = > M,.(y, — y,-1) 
v=1 vc we v=1 

for any z in (z,-1, oud and consequently the lower bound m, and the 


upper bound M, of F(x = ff y)dy for z,.1 =z =72, satisfy the 


inequalities 
> m,,(y, —y31) =m, =M, = DM.Ay, — y-1)- 
v=1 v=1 
Multiplication by z, — x,-; and summation in respect to u now gives 


> Dm,.(z, — 2,-1)(y, — y,1) S Dm, (zx, — 2-1) 


w=ly=1 wal 


= p> M,(z, — 2,-1) 


= 2X > M,.. (2, - 2,~1)(9, i Y,—1)- 


But as m and n tend toward infinity while all z, — z,_; and y, — y,-1 
tend toward zero, the two outside members of this inequality approach 


the same limit ff f(x, y)dzdy; consequently the two inner members 


must also approach this same limit, that is, f F(x)dzx exists and equals 


the double integral. The same proof obviously applies also to the other 
repeated integral. 


THEOREM XIV. When f(z, y) and ee y) are bounded for x in (a, b) 


and y in (c, d) and 
| f [2S anat 
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exists for any y in (ce, d), 


” Af(z, t) 
at dt 


exists for any x in (a, b) and any y in (c, d), and finally f f(x, c)dx exists, 


then 
d ” Of (x, y) 
ay J, f(z, y)dx -{ = ay “dz 


for every value of y for which the last integral is a continuous function of y. 

It may be noted that all the conditions of the theorem are satisfied 
when f(z, y) and of(z, y)/dy are continuous for z in (a, 6) and y in (ce, d). 
For the proof we observe that by theorem XIII 


(24) [f% )) ards = f a x | a: t) oy = f at f LY ag t) . 


and by theorem VII 
“f(x, t 
[ES at = Ha, w) — Se, 0; 


hence, by theorem XIII, f (f(z, y) — f(z, c))dx exists, and from the 


existence of f f(x, c)dz and (18) we conclude that 


fie, wae = fs, ode + fe,» - 0, oar. 


Consequently (24) gives 
Y "f° af(a, t 
fsa, wae -— f soe, ode = fat f US? ae, 


and differentiating in respect to y, theorem VI gives 


a” ’ af(z, y) 
st f(z, y)dx -f ay — dz 


for any value of y for which the integral to the right is a continuous 
function of y. 

The following proposition is proved in exactly the same way as 
theorem IV: 

THEorEM XV. When f(z, y) is bounded and integrable in the rectangle 
a=2=b,c =y = d, the same is true of | f(x, y)|- 
Formulas (13) and (14) are also immediately extended to double 
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integrals: 


(25) f f ate: oiede < | ) [ fle, piele < { f M(x, y)dedy 


when the three bounded and integrable functions f(z, y), m(z, y) and 
M(a, y) satisfy the inequalities m(x, y) = f(x, y) = M(a, y) in the ree- 


tangle of integration; and for m(z, y) = — | f(z,y)|,M(a,y) = |f(z,y) |, 


(26) ff fe waedy = ff | sey) | dray. 


Also (17) and (18) extend immediately to double integrals: 


b d b ~l 
(27) f f kf(a, y)dxdy = kf f f(z, y)dxdy, 


ret al 
f (fila, y) + fola, y) + +++ +Hn(x, y))dardy 
es d 


(28) me f f fe, y)dxdy +f [ fulx, y)dxdy + --- 
+ [ | Sala, y)dxdy. 


In (25)-(28), any double integral may evidently be replaced by either 
of the repeated integrals. Finally, theorem VII extends immediately to 
double and repeated integrals. 

5. Infinite integrals. In the preceding paragraphs, we have assumed a 
and 6 finite and f(x) bounded in (a, b). When one of these conditions is 
not fulfilled, we may define, by a limiting process, what is called an infinite 
integral (the term is chosen in analogy to ‘‘infinite series”’). 

. First assume f(x) to be bounded and integrable in (a, b) for any b > a. 
The integral between the limits a and is then defined as 


[ Siaae = lim S(x)dz, 


ban da 


whenever this limit exists. Similarly we may define 


f f(x)dx = lim f(z)dz, [soar = lim f S(a)ae. 


Is—n Ja 1—>—-D 
bn 


Next let us assume that f(r) is bounded and integrable in (a, b — e) 
for an arbitrarily small positive e, but tends toward + « or — © (or 
oscillates between these bounds) as x +b. The integral between the 
limits a and 6 is then defined as 
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whenever this limit exists. Further, when f(x) ceases to be bounded as 
xr — a, we define 
f fiz)de = tim { fixdas, 
a «0 JYat+e 
and when c is a point between a and b in the neighborhood of which f(z) 
is not bounded 


{ Slayde @ lm f ” fizide + tim [ fiz)de. 
a e—0 da =O e+e’ 


Similarly we may define infinite repeated integrals; for instance, when 
f(x, y) is bounded and integrable for a+eS25b,c+¢ Sy =d, 
where e and ¢’ are as small, b and d as large as we please, we have the 
definitions 


fa [ se, y)dy = lim f dx rm ” f(a, vay | 


ee" Le’) o/c +e’ 
b— >a dn 


2 Dn d 
[ dy [ fle, y)de = lim { glia f xem |. 
ae Ja «'—0 e+e’ 
dx 








L. 90 a+e 
b—>w 


In the following, we shall consider only integrals of the type 
f f(x)dx where f(x) may cease to be bounded at x = a, and the corre- 


sponding case for repeated integrals. The theorems we shall prove hold, 
however, in the other cases; the necessary modifications of the proofs are 
obvious. 

A convenient means of establishing the existence of an infinite integral 
consists in comparing it to another with positive integrand. 

TuHeoreM XVI. _ Let f(x) be bounded and integrable whena +e =x =), 
where € is as small and b as large as we please, and let | f(x) | = M(x) in this 


interval. If [ M(x)dx exists, and is bounded when « >0 and b ~~, 


aJ/ar+e 


then [- f(x)dx exists, and 


f “f(x)dz = [ * M(a)dz. 


da 


Since M(x) = 0, f M(x)dx increases (or remains constant) when e 


decreases or b increases, and being bounded, this integral must therefore 


approach a definite limit as « > 0 and b > ~, that is, f M(x)dzx exists. 


ee DO IED TE IOI IT a ke 
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Consequently ., 
en M(x)dr= 0, lim | M(z)dz = 0, 


e—>0 Hate bam eh 
«30 b'—>@ 


and by (14) and (12) 


a+e’ ate’ b° ad 
f f(x)dx ={ M (x)dz, [ sx)ax = [ M (x)dz, 


so that , 
lim f(x)dx = 0, lim f(x)dx = 0, 


e—0 date d ameb 
«’—>0 b/w 


which are the conditions for the existence of { f(x)dz. 
Corouuary. When | f(x) | < K(x — a)~*, wherea < 1, fora<2 <n, 
and | f(x)| < Ka~*, where 8 > 1, for x > 22, then { f(x)dx exists. 


In fact, when ¢ and e’ are so small thata + «<a+e’ < x, we have 


[- fajae 3 [0 Kee - mae = pT Se" - €) 90, 


i 


and for b’ > b > a, 


{ f(e)dr = | Kr-*dr = ;* i(pa- =) +0. 


When [ f(x)dx exists, then, by the definition of an infinite integral, 


{ “f(a)dz and f f(x)dz also exist, and (15) becomes 


(29) f "fide = f " t(a)dz + [ "fia)de +-- +f “Slade +f ; fla)de 


fora <2 <4a42< +++ < 2,1. The equation of definition (16) becomes 
(30) f lew « f " fz)dz, 

and (17) and (18) also extend immediately to the present case: 

(31) f iflahde = k{ Sa)dr, 


fe) + Ala) + + Sala) dx 
(32) ~* 


= f fi(a)dx + f fo(x)dz + --- + | fn(x)dz. 
By a passage to the limit in theorem VII, we find 
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TueoreM XVII. When f(x) satisfies the conditions of theorem III in 
(a + €, b) where € is as small and b as large as we please, and there exists 
a function F\(x) continuous in (a + «, b) and the derivative of which equals 
f(x) at every point where f(x) is continuous, when finally 


lim F(a + €) = F(a) 
ev 
and lim F,(b) = F;(«) both exist, then f f(a)dx exists and 
b >a a 


F\(2) — Fi(a) = f Si2)ae. 


Similarly, it is seen that when the conditions of theorem IX are fulfilled 
in (a + ¢, b), where ¢ is as small and b as large as we please, and three 
of the four expressions f u(x)v’(x)dz, f v(x)u'(x)dx, u(a)v(a) = 


a a 


lim u(a + e)v(s + €) and u(*)v(o) = lim u(b)v(b) exist, then the fourth 
” bow 


exists and 
(33) { u(x)u'(x)dx = u(x)v(2) — u(a)v(a) — i v(x)u'(x)dx 


Finally, it is readily seen how theorem X, on integration by substitution, 
may be extended to the present case. 

A convergent infinite series uw + uw, + +--+ + ua + --+ may be written 
as an infinite integral by Tey f(x) = u. forn =x<n+1. Inthe 
interval (0, »), wheren + 1 = b < n+ 2, f(x) has the only discontinuities 


= de 2,---,n+ 1 and is integrable by theorem III, and (15) gives 
f vile = ni  f(a)dx + { fade = Lu, + b= n=1) ung. 


The series being samnanieeit Unsi 20 asn > &, so that 
|(b—n — lLtaui! < | Ung | 90. 

In the following, the concept of uniform approach to a limit (or uniform 
convergence) is of fundamental importance. Let f(x, 6, w) depend on the 
parameters 6 and w; then f(x, 6, w) tends toward the limit f(x) uniformly in 
(a, b) as 6 30 and w > ~ when, for any e > 0 as small as we please, 
there exist a 59 = d(€) > 0 and an w) = wo(e) > 0 independent of x such 


that for every z in (a, b) 
| f(z, 6, w) — f(x) | <efor0 < 6 < &, w> wo. 


In particular, let f(x, 5, w) be independent of 6 and make 


f(z, «) = Lula) 


TAMNFORD 


Robart he 





{ 
i 
| 








a ee 


EE OCTET EGU: HE tt ag em tas 


AREAL ABRIL AT REAM AD calitatatas tt Wermn, Selle pet. 



























































a en 
























































54 T. H. GRONWALL. 





for n =w<n+1; we then obtain the familiar definition of uniform 
convergence of a series. 

THEOREM XVIII. When fora=2z=b, fix, 5, w) is bounded and 
integrable in respect to x and tends uniformly toward f(x) as 6 +0 and 


w — 0, then [ sear exists and 


5 
lim ic: 5, w)dr = [" six)ae. 
b> e/a e/a 


we 


For any ¢ > 0, there exist, by hypothesis, a 59 = do(e) and an wo = wo(e) 
such that f(z, 6, w) —e =f(r) = f(z, 6, w) + € in (a, b) for 0 < 6 < bg, 
w > w. Hence f(x) is bounded in (a, b) so that its upper and lower 
integrals exist; the application of (11) and (9) to the above inequality 
gives 


f f(ax)dx =f f(z, 6, w)dr + e(b — a), 


[ Siaar = | f(x, 6, w)dr — eb — a). 


Since f(z, 6, w) is integrable, its upper and lower integrals are equal, 


whence 0 3 f(x)dx — 


rel 


| f(x)dx = 2e(b — a); but f(x) being inde- 


eh 


pendent of e, it follows that | f(x)dz exists, and the preceding inequalities 


ee 


become 


—ceb-—a)= [ sia)ax — | f(z, 6, w)dr = e(b — a) 
for 0 < 6 < 8, w > wo, which proves our proposition. 


The integral { f(x, y)dz is said to exist uniformly for y in (c, d) when 


f(x, y) is bounded and integrable in respect to z in (a + ¢, b) and the 


4 


integral f(x, y)dx tends toward [ f(x, y)dx uniformly for y in (ce, d), 


ate 
that is, when 


a+ 


lim f(x, y)dx = 0, lim f(z, y)dx = 0 
e>0 /Ja+e b> wm eb 
e’0 i es 


uniformly for y in (c, d). A convenient test for uniform existence is 
contained in 


THEOREM XIX. When f(x, y) is bounded and integrable in respect to x 
im (a + €, b), while y is in (c, d), and when, for x > a and y in (e, d), 
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| f(x, y) | < M(x) where f{ M(x)dx exists, then f f(a, y)dx exists uni- 


formly for y in (c, d). 
In fact, the proof of theorem XVI then shows that both the integrals 


f oo ae f fiz, yde 


approach zero uniformly as e, e’ > 0 and b, b’ — o. 
We furthermore have 
THEOREM XX. When f(x, y) is bounded and doubly integrable for 


aet+eS2St,c8 9 34, and { f(x, y)dz exists uniformly for y in (c, da), 


fay [Fee y)dx = [af se, y)dy. 


By theorem XIII, we have 
b b d 
[av f f(x, y)dx -f{ ax [ F(z, y)dy, 
and since { f(x, y)dx exists uniformly for c = y = d, theorem XVIII 


i @ i b 
shows that { ay f f(x, y)dx exists and equals lim f ay f f(a, y)dz. 
c a e—0 c a+e 


b—>n 


then 


b i 
The preceding equation then shows that lim f dx q f(x, y)dy exists 


e—>0 
ba 


i ro) 
and equals {- dy f f(x, y)dx. But the last limit, by the definition of an 


« i 
infinite integral, equals { dx [ f(x, y)dy, whence our theorem. 
Making f(z, y) = un(y) forn = x < n +1, where all u,(y) are bounded 


and integrable for c = y = d, the uniform existence of [ f(x, y)dy is 
e/0 
equivalent to the uniform convergence of > un(y) in (c, d), whence 
0 


writing z, a, b for y, c, d, we find the 


Corotuary. When >. u,(x) converges uniformly in (a, b), every Un(x) 
0 


being bounded and integrable, then 


ff Suarar = > f ualaar. 
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THeorEM XXI. When f(x, y) and of(x, y)/dy are continuous for 


x 


at+tesxsd),ecsyezd, | f(x, c)dx exists and | (Of(x, y)/dy)dx 


exists uniformly for y in (c, d), then | f(x, y)dx exists uniformly for y in 


(c, d), and —_— ' 
ie ,y)dr = { Oz, y dx. 


s , dy 


All conditions of theorem XIV being fulfilled for x in (a + e, b) and y in 
(c, d), we have 


f f(z, az = fi f(z, dix +f at | % ) dx. 


Since the first integral to the right is independent of y and tends toward 


2 
f f(z, c)dx ase 3 0, b — ~, and since | 
a we 


dl | (Of(x, t) dt)dx exists uni- 


Dn 


formly for y in (c, d) by the hypothesis on | (Of(x, y), dy)dx and theorem 


e/a 


XVIII, it follows that f(x, y)dx exists uniformly for y in (c, d) and 


ae , ms i * Of(x, t) 
f(x, y)dx =| f(x, edz + | af . at dx. 


From the continuity of df(z, y) dy fora +esSx=b,c=y=d, and 


the uniform existence of | (Of(x, y),dy)dx for y in (ce, d), it follows at 


once that the latter integral is a continuous function of y in (c,d). Con- 
sequently, differentiating the last equation in respect to y and applying 
theorem VI, we obtain our proposition. 

Making f(z, y) = un(y) forn =x <n +1, and replacing y, c, d by 
x, a, b, we have the 


Coro.tuary. When 2 (dun(2) dx) converges uniformly in (a, b), every 


(du,(ax)/dx) being continuous, and > ua(a) converges, then : U,(x) converges 
uniformly in (a, b), and 


de ea dun(z) 


Regarding infinite repeated integrals, we shall now prove 
THEOREM XXII. When f(x, y) is bounded and integrable fora +e = 2 
=b,c+e¢ =y =d, where «, € are as small and b, d as large as we please, 
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and ONE of the infinite repeated integrals f dx [ \f(x, y) | dy and 


{ dy f \f(z, y) | dx exists, then both the infinite repeated integrals of 


f(x, y) exist and are equal: 


Ja [se way = fo ay { H02, wae. 


b i 
From the existence of { { f(x, y)dxdy we infer, by theorem XV, 


that of iz [ f(x, y) | dxdy and hence by theorem XIII that 


{ acf \se,ulay= fo dy f |fe,y) | ae. 


When in either of these repeated integrals « and e’ are decreased, b and d 
increased, the integral cannot decrease since | f(z, y) | is never negative. 


a i] 
Consequently assuming the existence of [ ax f 'f(x, y) | dy, we have 
ofa ¢~/c 


| dx [ f(z, y)|\ dys { ax { f(x, y) | dy, whence 


i b ce) na 


so that the integral to the left is bounded for all values of «, e’, b and d 
considered. Since this integral does not decrease as ¢, e’ decrease to zero 
and b, d increase indefinitely, it therefore approaches a limit not exceeding 


the right member, that is, { dy { f(x, y) | dx exists and 


[ay f f(x, y)| dx = ax f f(a, y) | dy. 


Having established the existence of [ dy [ | f(x, y)| dx, we apply to it 


the same argument as was applied to the other infinite repeated integral, 
and thereby establish the inequality 


[rac [ise ways [ay (see, w) ae. 


Combining the two inequalities, we find 


Joa [ise y) | dy = [ay f \se, y) | de. 
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b <d 
Furthermore, the integral [ [ (\ f(z, y)| —f(x, y))drdy exists, being 


the difference of the double integrals of | f(z, y)| and f(z, y), and from 
0 =| f(a, y)| —f(z, y) = 2| f(x, y) | we see that 


4 d = 2 
os f arf (se »| Sa, way s2 f° de fo \f@w | av. 
Since the integral to the left cannot decrease as e, e’ decrease to zero and 


b, d increase indefinitely, it follows that [ dx ( f(x, y)| — f(a, y))dy 


exists; we may now show exactly as before that the other infinite repeated 
integral exists and that 


{ dx ( fix, y), — f(x, y))dy =| dy [ ( f(x, y)| — f(a, y))dz. 


Our theorem now follows by subtracting this equation from that relative 
to | f(z, y) |. 

Replacing f(z, y) by u,(y) for n =x <n-+1 and writing z, a for 
y, c we have the 

Corotuary. When every u,(x) is finite and integrable in (a + «, b) 


x 


a 9 Ca em 
and either of the expressions | . un(x) , dx and pM | un(x) | dx exists, 


0 Oe 


then both the corresponding expressions in u,(x) exist, and 


{ > un(x)dx = > f u,(x)dz. 
da 0 0 eda 


6. Integrals of complex functions of a real variable. In the following two 
chapters, we shall make extensive use of such integrals, which are defined 
in the following manner: let f(x) = g:(x) + ig2(x), where g,(x) and g,(z) 
are real functions of z, bounded and integrable fora = z = b. Then, by 


definition, 
{ f(z)dz = f gla)ax — if g(a)de, 


and the double and repeated integrals of f(z, y) = gi(z, y) + igo(z, y), as 
well as the various kinds of infinite integrals, are defined in the same 
manner by decomposition into their real and imaginary parts. 

Theorems IT and XI, as well as formulas (7)-(13), apply to real func- 
tions only; but all the remaining theorems and formulas may be extended 
to the present case. In fact, the proof of theorem I subsists unchanged, 
since it makes no use of the reality of f(:, ---, z,). Theorem III is 
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immediately extended by decomposition of f(x) into its real and complex 
parts. In theorem IV, let M,, m,, Mi,, m,, M2,, m, be the upper and 
lower bounds of | f(z) |, | gi(x) | and | g(x) | in (a4, 2,), and 2’, 2” any 
two points in this interval. We have 


f(x") | — [f@") | SI fe’) -— fe") | 
=|gi(x’) — gi(x”’) + i(ge(x’) — go(x’’)) | 
| g(x’) — gi(x”’) | + |go(x’) — go(x’’) | 
= (Mm, — my) + (M2, — Mey), 


and since for suitably chosen values of x’ and x” | f(x’) | will differ from 
M,, and | f(z’’)| from m,, as little as we please, it follows that 


M, — Te = (M,, ores May) + (M2, = M2,); 


and consequently the S — s relative to | f(x) | may be made as small as 
we please, since it is less than the sum of the S — s relative to | g;(z) | 
and that relative to | g(x) |, both of which may be made as small as we 
please by theorem IV. Theorems V-X, XII-XIV are immediately 
extended by decomposition (it being observed that in X ¢(t) is a real 
function of the real variable ¢), XV is extended in the same way as IV, and 
the proof of XVI remains unchanged, since (14) subsists in the complex 
case. In fact, with the notations of theorem VIII, we have, since 
x, — 2,1 > O, for f(z) complex 


| =f(é.)(a, — 2-1) | S 21 FE) | @, — 2-7); 
as we have seen that theorem VIII extends to the complex case, it follows 


that for 6 —0, the left side approaches f f(x)dx , and the right, 


4 


{ | | f(x) | dz, whence we obtain (14). In exactly the same way, we extend 


(26), while (15), (16), (17), where k may now be a complex constant, 
(18), (27), (28), (32), (33) are extended immediately by decomposition. 
Theorems XVII and XVIII extend by decomposition, the proof of XIX 
remains unchanged, XX and XXI (with corollaries) are again extended 
by decomposition, while in XXII (and corollary) we first conclude from 
lgi(x, y)| =| f(x, y)| and | g(x, y)| =| f(x, y)| that the same infinite 
repeated integrals of | g(a, y)| and |go(z, y) | exist as that of | f(z, y) | 
included in the hypothesis; the extension is then finished by decomposition. 

We shall finally prove the following 

THEOREM XXIII. When, for an « > 0 as small and a b as large as we 
please, the function f(s, t) of two complex variables s and t is holomorphic for 
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when finally { f(s, t)dt converges uniformly for | s — 8| <r, then this in- 


tegral defines a function of s which is holomorphic for |s — so| <r. 

Write s—s =x+iy and f(s, t) = g(x, y, t) + ig(a, y, t), and 
denote by P the pointset defined bya +e St356),2°+yY sr 
f(s, t) is holomorphic on P, g; and g2 are continuous on P and this pointset 
being closed, g; and g: are uniformly continuous on P (theorem [). 
g, and g: are continuous, we may take the whole interval (a + «¢, 6) as A”’ 
in theorem III, and on account of the uniform continuity on P, we may 
choose, for any e’ > 0, a 6 independent of x and y such that S and s differ 
by less than e’ when all subdivisions of (a + e¢, b) are less than 6. 
quently, as 6 > 0. the sum 


f(s, 7) (t, — ta) = Zgi(z, y, 7.) (4, — 


formed according to theorem VIII, tends toward | f(., (dt uniformly 


! 
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atex=t=band |s —%| =r, where r is independent of « and b, and 


for |s—s| =r. But each f(s, 7,) is expansib’e in 


| 


S$ — S convergent for 


= r, and therefore also 
which contains a finite number of such terms. 


Let 6, 6», 


of positive numbers such that 6, > 0 as n —> ~, and let 


®,(s; €, b) 


for a certain mode of subdivision where all t, — t,-1 < 6,; since ®,(s; €, b) 
is a power series in s — s convergent for 


®,(s; ¢, b) tends uniformly toward f(s, t)dt, we conclude from Weier- 


rh 
strass’ theorem on sequences of analytic functions that | f(s, t)dt is 


expansible in a power series in s — s) convergent for 
Now choose sequences ¢€, &, 


x 
b> x asn>~; since [ f(s, (dt converges uniformly for |s — so| = 


4 
n 


the expressions 


At€n 


for |s — s,| =r, converge uniformly toward the limit f(s, t)dt which 


is therefore, by a second application of Weierstrass’ theorem, a power 


=f(s, T,)(t, ao t, ~1) 


| = 
4 


date 


and b;, hb, --- such that «, oO and 


f(s, t)dt, which are power series in s — s) convergent 


series convergent for |s — s)| <r. 


7. Fourier series. Let f(x) be bounded and integrable fore = = 1 —e, 


l 
where ¢ is as small as we please, and suppose that { f(x) | dx exists. 





t.) + t2g2(x, y, 7,)(t, — t-1), 


a power series in 
ft 8, T,)(t, ia t,-1) 
--+ bea sequence 
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Since | f(x) sin 2nrx| =| f(x) | and | f(x) cos 2nrx| S| f(x) |, it follows 
from theorem XVI that the integrals 


1 1 
(34) a, = 2 f f(x) cos 2nradz, b, = 2 f f(x) sin 2nrardx 
both exist. Then the Fourier series of f(x) is defined as 
(35) s+ >: (a, cos 2nrx + b, sin 2nrz). 


In regard to the convergence of this series, we shall need in the following 
only this very special theorem: 
When f(x) is holomorphic for 0 < x < 1 (but not necessarily at the end 


1 
points of the interval) and f | f(x) | dx exists, the Fourier series of f(z) 


converges to the sum f(x) uniformly for « = x = 1 —«, where e > O but as 
small as we please. 
Using the integration variable ¢ instead of z in (34), we find 


a, cos 2nrx + b, sin 2nrz 


1 
= of f(t)(cos 2nrt cos 2nrx + sin 2nzrt sin 2nrx)dt 
0 


1 
= 2[ 1 cos 2nr(t — x)dt, 











av 
's 
and since we have? 3 
. sin (2n + 1)x(t — x) BS 
~ 9 = os ; - _— 
1+ 22 cos 2yr(t — x) dae = 8) 3 
it follows that 
a = , 
= + > (a, cos 2vrx + b, sin 2vrz) 
= v=l1 
1 n 
= | f(t)} 1+2>d cos 2p tx) lat 
(36) [so [1 + 2 c0s ant = 2) 
' sin (2n + 1)r(t — 2) 
= Te t. 
f $0 sin r(t — 2) d 
8 Proof: in the finite geometric series 
n la+2v8 ‘ ein+l)pi — ] a gents — e—Bt 
o eae wee 
cat(2n+1)B)i — ela—B)i 
es 95 sin B Wi, 


compare_the real and imaginary parts on both sides: 
n sin (a + (2n + 1)8) — sin (a — 8) 
= cos (a + 28) = NOS TIM 2sng 8 8’ 
e » cos (a + 8) — cos (a + (2n + 1)8) 
A sin (a + 28) = a ° ) —__—_—_——.. 


From the first of these, we obtain the formula in the text by making a = 0, 8 = x(t — 2). 
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In the special case f(x) = 1, (34) gives a = 2, a, = b, = 0 (vy > 0), and 
(36) becomes — , 
— f sin (2n + 1)x(t — 2) dt; 
0 


sin x(t — 2) 


multiplying this by f(x) and subtracting from (36), it is seen that 
5 ps (a, cos 2vrx + b, sin 2vrx) — f(x) 
(37) = { (s@ - 40) 
=Ji+J/24+Js3, 


where J;, J2 and J; are the integrals corresponding to the decomposition 
of the interval (0, 1) into the three intervals (0, 5), (6, 1 — 6) and (1 — 6,1). 
Our theorem will then be proved if we show that after assigning an 
arbitrarily small e, a 6 may be chosen sufficiently small and an no suffi- 
ciently large, both independent of x, such that |J;! +|J2| +! J3! will 
be as small as we please for n > np and every z in (e, 1 — €). Assume 
0<6<e¢/2; foreS=x21l—eand0St=6 orl—is=t=1, we 
then have «/2 <|t—2z!| <1 — (e2) and consequently | sin x(t — 2) | 
> sin (re/2); since f(t) — f(x)! =| f(t)| + | f(x) |, the expression under 
the integral sign in J; and J; will be less than (| f(t) | + | f(x) | )/sin r(e/2), 
whence 


sin (2 _ 
sin (2n + I)r(t — 2) 1 


sin r(t — 2) 


ats 1 Ri ee 
Ti+ 1S! <n Geeay | J (SOL + 1S) dat 


+f (sO | +1 se) [ae]. 


As f(x) is holomorphic in (e, 1 —,e), there exists a constant M such that 
| f(x) | < M for all z in (e, 1 — €), whence 


| | | ! 1 oe if 7 ! \ 1 
iJ | + jJ3| aa (med) (26M +f f(b) dt +f isola), 


1 
Since f f(t) | dt exists by hypothesis, the last two integrals may be 


made as small as we please by taking 6 sufficiently small, and the same 
being true of 26M, it follows that |J:| + |J3;| may be made as small 
as we please by taking 6 sufficiently small and independent of z. In J2, 
the function 

SQ —f(x) _ 


sin r(t — x) e(z, f) 


is evidently holomorphic fore =z = 1 - e,6 =t = 1 — 6, so that con- 
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stants M, and M; exist such that | ¢(z, t)| < M, and 


lde(a, t) 


at |< Me 


for all these values of x and t. Integrating by parts, 


1—8 
iin f y(z, t) sin (2n + 1)x(t — 2)dt 
r.] 
1 (=1-—6 
=-— | + 1x ?(* t) cos (2n + 1)r(t — 2) |" 


1 '§ A(z, t) 
T Qn + oa | eo 008 (2n + 1)x(t — x)dt, 


and since | ¢(z, t) cos (2n + 1)r(t — z)| S| g(2, t)| < M,, 


20,0 cos (2n + 1)r(t — x) < M:, 
we have 
2M, + M, 
| | ; 
J | <n +1)7r° 





Consequently, after fixing a 6 so small that | J; |! + | J2| < n, where 7 is 
as small as we please, M, and M2, which depend on 6 but not on z, are 
fixed, and the last inequality now permits us to determine an mp (dependent 
on 6 but independent of x) such that |J2! < » for n = m and all zx in 
(e, 1 — €). The expression to the left in (37) is then less than 27 in abso- 
lute value, which proves our theorem. 

We shall now derive a formula which is useful in estimating the 
remainder in some series occurring in the next chapters: Let 


TANMNFORD 
NES 


dobariwrist ibe 


Cn a Cn+1 = “~® = Cn+p—1 = Cntp a 0, 


k a constant and e > 0 but as small as we please, then 


Se : 
c, sin (2vy+ k)rx == eszral-e. 
— (2y + &) sin ze’ 


(38) 





Using the identity 
2 sin rx sin (2 »y + k)rx = cos (2 — 1+ k)rx — cos (204 1 4+ k)ra, 


we have 


2 sin rz v. sin (2v + k)rx 


v=n 


n+ n+p 
= + cos (2y —1 + k)rx — Le, cos (2y +1+k)rz | 


von 
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=c, cos (2n —1+h)rzx — > (c,-1 — ¢,) cos (2y —1+k)rex 


— Cazp COS (Qn + 2p + 1+ k)rz, 


and taking the sum of the absolute values of all terms to the right and 
remembering that c,_1 — c, = 0, 


n+p "+p 
Qsingr >. c,sin(Qy+h)rzx Sent D (4-1 — C,) + Cngp = 2n, 
von+l1 von+! 
whence (38) follows at once. 
8. Bernoulli functions and numbers. We now apply the theorem of the 
preceding paragraph to f(x) = } — x; (34) gives, upon integration by 
parts, do = 0, a, = 0, bh = 1/nz (n = 1), whence 


a 


+ sin 2nrz 


, o<2< i, 

1 nw 
the series being uniformly convergent fore =z =1-—e. The series to 
the right converges also for z = 0 and x = 1, the sum being zero in either 
case, while the left side becomes + 3. Let [x] be the greatest integer 
contained in z, so that 0 = x — [x] < 1, then } + [z] — z remains un- 
changed when an integer is added to x, and equals } — xz for 0 < zx < 1. 
Since the Fourier series to the right also has the period unity, we see that 
if we write 
(39) Pi(z) = 3 + [2] — 2, 
then for any xz which is not an integer 
>> sin 2nxz 
1 nT 


(40) P(x) = ’ 
while for an integer m, P,(m + 6) > 3 and P;(m — 6) > — 3} as 6 3 0 
through positive values. Now write 


=. cos 2nrzx 


P,(x) = »  On2x? 


b 


the series being uniformly convergent for all values of z, since its general 
term is less than 1/n? in absolute value. Then, since (40) converges uni- 
formly fore = xz = 1 — e, we have 
dP.(z) 
dz 


(theorem XXI cor.) and therefore 


= — P(x) =2-} 


= 2 


2 
Pz) = ">= +e 
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in the latter interval; to determine the constant of integration, we observe 
that, on account of the uniform convergence of the series, 


1 1 @ » c) 1 . 
{ Pitsite <n [ > cos 2nrzx a , cos 2nxe = 0, 
«JO Jt i] 1 


2n?r* Jo  2n?x? 


and therefore 


to 


[ (F yA +e)ar =0 or c= 75. 


Now the polynomial 32? — 3x + ;'y takes the same value (= ;4) for 
x = 0 and x = 1; consequently the expression 3(x — [x])? — 3(x — [z]) 
+ ,'; admits the period unity and is continuous for all values of z, so that 
the relation 


oe 


Pr(z) = 4x — [a))? — Hx — fal) + ay = OE, 
n>a 
which we proved for 0 < x < 1, subsists for all values of x since both 
members are continuous everywhere and admit the period unity. We 
observe that the integral values of x form no exception as in the case 
of P;(zx). 

Continuing this process, we define functions P;(x), k = 2, 3, ---, 
by the relations 


— k dP y.4(2) 
Py(z) = (— ye), 


1 
(41) [ Praladdx = 0, 


Pyas(x + 1) = Pyii(x), 


and show by complete induction that P(x) is a polynomial of degree k 
in « — [x] with rational coefficients, that P;(x) is continuous for all values 


l 
of x when k > 1, since Pysi(1) — Pxii(0) = (— 1)* { P,(x)dx = 0, and 
e/0 


that 


2 cos 2nrx 


Px(x) = »» D2k—l pp 2h ap 2k ? 
42 
wd 2. sin 2nrz 


Poxyi(x) = p 2 D2k yp 2k+1 2k +1? 
1 _ 


these series being absolutely and uniformly convergent for all values of x. 


- 
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From (42) it follows that, when m is an integer 
Pop41(m) = Popaa(m a +) = 0, 

| 1 = 1 

; (43) Pas(m) = guemigak Sh? 


Ts 


a eee aoe 


1 
_ (1 = yeica ) Peal) 


the last relation resulting from the identity 


i| Px,.(m + 4) 


Si 





Furthermore (42) gives 


(44) P,(1 — x) = (— 1)'P,(x) = Pi(— 2). 





We shall now show that for k odd and > 1, the equation P,(x) = 0 has the 
roots 0, 4, 1 and that Pi(x) > O for0 <a < 3, Pi(x) < Ofor} <x <l, 
while for k even, there is one and only one root interior to each of the intervals 
(0, 3) and (3, 1). From (43) it is seen that P,(0) = P.(4) = P.(1) = 0 
for k odd, but that for k even none of these expressions vanishes. For 
k = 2, our theorem is true, since P2(r) = 32° — 3x + 12 in (0, 1); we 
may therefore assume the theorem proved up to the index k — 1 and 
deduce its validity for the index k in the following manner. If, for k odd, 
P(x) = Ohas a root in (0, 1) distinct from 0, 3, 1, we may assume, by (44), 
that it is interior to (0,3). But since 





Cah. 


dP, Z) 


P,1(x) = 
t—1\Z) dx 


by (41), Px:(x) = 0 would then, according to Rolle’s theorem, have two 
roots interior to the interval (0, 3), contrary to the proven facts for k — 1 
even. Thus P,(x) does not change its sign for 0 < x < }, and since for 
x = 0, 







dP (x) 


— —r 
dx Piai(0) 








is positive by (43), we find that P,(xz) > 0 for 0 < x < 4, and (44) then 
gives P(x) < O for} <a <1. If, for k even, P:(x) = 0 has two roots 
interior to (0, 3), P.-1(z) = 0 would have a root interior to the same 
interval, contrary to the proven facts fork — lodd. The same argument 
applies to the interval (3, 1). 

The expressions P2,(m) = P2,(0) of (43) also occur in the expansion 
of the cotangent in a power series. From the decomposition of the co- 
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tangent into partial fractions we obtain 


the series being uniformly convergent for : t| S27 —e. Forsuch values 


of t, we have 
{2k 


I gp2k py2k? 


20° = 
9 ; =>: Q2k 


4r’n? — - 


and by Weierstrass’s theorem on series of analytic functions, we obtain 


gekn 2k 
We now define the kth Bernoulli number B, _ 
OO x 


(45 B . > > 
\ ) k D2k—1 2k i ’ 
and obtain® 


t =. B,t?* 
cot = = 1 - > a: 


(46) 5 & (2k)! 


In 
tiet/? + ei ti 
=9 ne enn at en] 
we now replace t by — ti; (46) then becomes 
t (— 1)*B,t** 
(47) 1 ~ 2 =5+ > (ak)! | ¢| < 2r. 


Multiplying both sides by 


1-2 


we find —_—" 
=, i 2t\V(t  &(- a 
ae (Ee) (bk (2k)! 
and comparing coeflicients of @**! on both sides 
1 1 B Bs 
(2k + 1)!> 2(2k)!~ (2k — 1)!2!° (2k — 3)!4! 
B; (— 1)*B, . 
(2k — syle t °° ayer | 


‘ These numbers appear for the first time in Jacob Bernoulli's Ars conjectandi, Basel, 1713, 
p. 97, in connection with the problem of expressing the sum 1* + 24+ 3 +--- +(n —1)* 


as a polynomial in n. 
‘ Kuler, L., Introductio in analysis infinitorum, Lausanne, 1748, p. 161. 
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this recurrent formula allows us to calculate successively Bi, Bo, 
which are clearly all rational numbers. The first ten Bernoulli numbers 
are thus found to be 


Bi = 3, B= 35, Br= ys, Br=a'o, Bs= ce, Bo = 2's's, 
B,= 7%, By = 3832, By = 48882, By = 13yi8U, 
The comparison of (43) and (45) gives, since P;(m) = P;,(0) for k > 1, 
Poi4i(0) = Poigi(3) = 0, 
(48) | 1 1 1 
P2,(0) = (an) Be Ps,(3) = - api! -- gti ) Be 


The left side of (47) is the special case x = 0 of 1 — [(te**)/(e* — 1)], 
and the latter expression may evidently be expanded in a power series in ¢, 
the coefficients being polynomials in xz, the series converging uniformly for 
|t| S27 —e and |x| <a, where e is as small and a as large as we 
please. We write this expansion 

le “ 


tz 
(49) 1-., 4 - 2 (— 1)FO-D 2G, (x) EF, 


e 


tet 
1 ~ me yetter(1-5 54-1), 


. é 


Since 


we obtain from (47) and (49) 


: me =. ttt ti< Bt 
H(- yeeregae = 14 (24) Rqt4g+ Ee D* nyt)» 
1 0 ve ~ 1 ah) 


and upon multiplication and comparison of coefficients of like powers of t, 


zk 2k Byx*-? Boax?*- 
(2k)! 7 2(2k — 1)! (2k — 2y!2tt (2K — aut 


B3x7*-* = By\x? 
~ (2k — 6) 16! EO WD onan — 2)! 


a 1)* ¢o,(2x) — <- 


B, 
_— k 
+ (— Dany 
p2ktl atk 
— (2k +117 (2k — 3)!4! 
Byx*-* ic B,_23 
~ (2k — 5) 16! > 7 — 1) "32k — 2)! 
k Bix 
(2k)! 


(— 1)*geeqi(2) = 


{a 
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for k > 0, while ¢i(z) = } — 2, so that for 0 <2 <1, g(x) = P,(z). 
We shall now prove that fork > land0 =z =1 


gx(x) = P,(z). 


Since for 0 = x = 1, the P,(x) are completely determined by the first two 
relations (41), it is evidently sufficient to show that the ¢;(z) satisfy the 
same relations. Differentiating (49) in respect to z, we obtain, since the 
differentiation of the right hand series term by term is legitimate according 
to Weierstrass’s theorem on series of analytic functions, 


= dg,(x) te" ( e | ) 
— 1)k(k-1) 2“ BON ee i - — 1)FG-D 2g (r)fk — 
(1) a, oe eds oh tl gx(x)t*—1), 
and comparing coefficients of ¢*+! 
dg, 
a ee) = ¢%(2). 


Integrating (49) from x = 0 to x = 1, we find 
C 1 tz r= 
Y (= ore [ ei(a)de = | 2 =o | = 0, 


1 c=0 


whence 
{ okste = @ 


Outside of (0, 1), ¢:(x) and P,(x) do not coincide, since P;(x) has the 
period unity, but ¢; (z)has not. To find the difference ¢,(z + 1) — ¢;(z), 
change zx into x + 1 in (49) and subtract: 


«o iJ ak—lpk 


2 (= -A(ei(e + 1) — gala) = — te = — Lapp 


whence 7 
ao ae 
gx(t + 1) — g(x) = — (- 1 — ijt" 


Changing k into k + 1 and adding these equations for x = 0, 1, 2, ---, 
n — 1, we find 

TE + DF + BA 4... + (nm — 1)F = (— 1)FO PRM (Gaga (mn) — ¢e41(0)), 
which is essentially * the formula established by Bernoulli. 


‘The Bernoulli polynomials (as distinct from the periodic Bernoulli functions Px(x)) are 
commonly defined by 


and by comparison to (49), we readily find the relation gi(x) = (— 1) ¢(0) — ¢x(z)) 
between this definition and that of the text; the latter has been chosen in view of its application 
to Euler’s summation formula in the next paragraph. For further information on Bernoulli 
numbers and polynomials, see Saalschiitz, L., Vorlesungen iiber die Bernoullischen Zahlen, 
Berlin, 1893. 
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9. Euler’s summation formula. Let F(s) be a real or complex function 
of the real variable s, having continuous derivatives up to the order 2m 
inclusive, or we may suppose s complex and F(s) an analytic function; 
furthermore let 0 = a < 1andb> 0. In the identity 


F(e + nb) — F(e + ab + 9b) = b | " F's + tb)dt 


make v = 0, 1, 2, ---, n — 1 and add, obtaining 


on 


n—1 n—l 
nF(s + nb) — > F(s + ab + vb) = b : F'(s + tb)dt. 


v=0 V/y+a 


Decomposing each integral by the formula 


vel 


n , n—1 +1 
f F’(s + tb)dt = | F'(s + tb)dt+ > | F'(s + tb)dt 
va vera waverly 
we obtain 


tetwm~-Tims+8+ 


fy 


-»Z J 


in the double sum, each integral between limits » and » + 1 occurs p times, 
namely for vy = 0, 1, 2, ---, uw — 1, so that 


“ 


+1 a—1l n—l +1 
F'(s+t)dt+b> > F'(s + tb)dt; 


v=0 pmeverl e/a 


n—1l n—1 ul n—1 res | 
ie Pro+vmne Ts { F'(s + tb)dt, 


v=0 w=v+l rm 


or adding to the last sum the zero term corresponding to » = 0, and writing 
v instead of u 


We +a) - LF(s porn 


n—1 y+ y+1 
= b> ( { F'(s + tb)dt + v { F’(s + tb)dt). 


In the integrals with lower limit » + a, we may reduce this limit to v by 
observing that fory =t < »+a,[t—a] =»—l,or[{t—a] —vy+1=0, 
while for »+ast<v+1, [t-—a)=y», or [t-—a] —v+1=1,; 
consequently 
v+l vel 
if ([t — a] — » + 1)F"(e + dt = [ F'(s + th)dt, 


and substituting in the previous equation 


nF(s + nb) — SF (s + ab + vb) = b> [ ({t — a] + 1)F'"(s + tb)dt 


v=0 


“ » fl ~ a] + 1)F'(s + tb)dt. 
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But from (39), [¢- a] +1=t—a+}+ Pi(t — a), and integrating by 
parts, we find 


b [ (t—a+ }3)F'(s + tb)dt 
= (n —a + 4)F(s + nb) — (4 — a)F(s) — [ Fe + tb)dt; 


introducing all this in the preceding formula, we obtain 


FG +s fF + th)dt + (3 — a)(F(s) — F(s + nb)) 
(50) ° . ' 
wif f P\(t — a)F"(s + tb)dt. 


Integrating the last integral by parts, using the first and third of (41) 
and the second part of (44), we see at once by complete induction that 


LK(s re 


~ [Fe + tb)dt + (} — a)(F(s) — F(s + nb)) 


2m—1 


+ z. (— 1) #@+) HHP, (a) (F(s + nb) — F)(s)) 


+ (— 1)"b" [ Penlt ~ a)F°™(s + th)dt, 


Sse < i, b> 0. 


In the special case a = 0, the values of P;.;(a) are given by (48), and 
adding F(s + nb) to both sides in (51), we obtain Euler’s summation 
formula’ 


> F(s + »b) = f " F(s + th)dt + 3(F(s + nb) + F(s)) 


+ > opr bk-1( FF Ck-D (g “+ nb) _— F@k-D)(s)) 


k=1 


+ (— 1)" f Pap (t)F2™(s + th) dt. 
0 

7 Euler, L., Methodus generalis summandi progressiones. Comment. Acad. Petrop., vol. 6 

(1732-53, published 1738), pp. 68-97, and independently, Maclaurin, C., A treatise on fluxions. 

Edinburgh, 1742, art. 352 and 828-30, 847. Neither author gives the remainder term. The 

proof in the text was given, in the special case a = 0, by Wirtinger, W., Einige Anwendungen der 

Euler-Maclaurinschen Summenformel, insbesondere auf eine Aufgabe von Abel. Acta Math., 
vol. 26 (1902), pp. 255-271. 
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In view of the application of (51) to the approximate evaluation of 
’ the sum to the left, it will be necessary to investigate the remainder term, 
or the last term to the right. The term corresponding to k = 2m — 1 
in the sum to the right in (51) is 


(— 1)""b?"—'P,,,(a)(FE"-)(s + nb) — FE™-(s)) 
= (— 1)""b™P,,,(a) | Fe™)(s + tb)dt, 
so that (51) may be written in the form 
¥ F(s + ab + vb) = [ F(s + tat + (f — a)(F(s) — F(s + nb) 


(53) io 2m—2 
+ DS (— 1) ke) 241BEP, (a) (F(s + nb) — F™(s)) + Rom; 
k=1 


(54) Ram = (— 1070" [ (Panld — a) — Pan(a)) FO(s + tal. 
Now suppose s and F(s) real, and assume that the sign of F°™(s + tb) does 
not change for 0 = t = n, so that, writing a = 1 or — 1, aF’"(s + tb) 20 
in the interval of integration in (54). Since P;,,(t) takes its maximum 
value for t = 0, we have 


| Pom(t = a) ia Pom(@) | = | Pam(t —_ a) | + | Pm (@) | < 2P2n(0), 
and by (14) and (13), 


{ (Pon(t — @) — Pom(a))-aF °™(s + tb)dt 


= { 2Pom(0)-aF°™(s + tb)dt 


- = a(Fen-)(s + nb) — Fem (s)), 
so that ® 


(55) | Rom | < 26°" P2,(0) | Fe") (s + nb) — F&"-(s) |. 


In the two most important special cases a = 0 and a = }, we shall now 
obtain more accurate approximate values of R:,, by introducing stronger 
assumptions regarding F°™(s).2 Let a = +1, and assume first, that 


® For a = 0, a slightly more accurate formula was given by Poisson, S. D., “Sur le calcul 
numérique des Intégrales définies,’”” Mém. Ac. Sc. Paris, vol. 6 (1827), pp. 571-602. Other inves- 
tigations of the remainder term (in the special case a = 0) by Jacobi, C. G. J., “De uso legitimo 
formulz summatorie Maclauriniana:,” Journ. f. Math., vol. 12 (1834), pp. 263-272, and Malmsten, 
C. J., “Sur la formule, ete.,” Acta Math., vol. 5 (1884), pp. 1-46 (corrected reprint from Journ. f, 
Math., vol. 35 (1847), pp. 55-82). 

* For a = 0, this method is due to Sonin, N., “Sur les termes complémentaires de la formule 
sommatoire d’Euler et de celle de Stirling,” Ann. de l’Ec. Norm., ser. 3, vol. 6 (1889), pp. 257-262. 
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ak °~(s + tb) is positive and decreasing as t increases from 0 to n + 4, and 
second, that 


a x (F&Em™(s + vb + th) + F&~(s + vb + b — tb)) 


is positive and decreasing as t increases from 0 to 3. Then, for a = 0, 
(—1)""' Rom = BF?" Pom (0)(F Em? (5 + nb + hb) — F&"-)(s + hb)), 


(56) 
0<h< iz. 
Since a = 0, we may write (54) in the form 


(— 1)"%b-*aRn = [ (Pam(0) — Pon()aF O™(s + tb)at, 
and since P,,,(t) has the period 1, 
l n—l 
(— 1)" 10-*aRen = [ (Pam(0) — Pen(i))a DFO (s + vb + )dt 


Decomposing the integral in two with limits 0, 3 and 3, 1 respectively, and 
introducing 1 — ¢ as integration variable in the latter, we find by the 
aid of (44) that 

+4 n—1 
(— 1)" b-"a Ron = | (Pom(0) — Pam(t))a > (F&™(s + vb + tb) 


y=0 


(57 

+ Fe~(s + vb + b — tb)dt. 
To obtain an upper bound for this expression, we shall use a theorem due 
to Tchebychef: When u(t) and v(t) are continuous fora = t S b, and both 
these functions increase (or both decrease) as t increases, then 


a, 


(b — a) f u(t)v(t)dt > [ u(t)dt - | v(t)dt, 


1 a 


but 


b 


ee [ u@o(oa < [ u(dt- f v(t)dt 


when one of the functions increases and the other decreases.° Writing 


10 The following simple proof is due to Franklin, F., “Proof of a Theorem of Tchebycheff’s on 
Definite Integrals,’ Am, Journ., vol. 7, pp. 377-379: Consider the double integral 


SF" (ed) = u(x) (eo = v(x) dtd = fat J [ue = uv) = ule) + u@o@)Idex 
= =a) f° woe — f” wide: J v@az - in (that: f” u(x)dz + @ a) J) ” u(x)v(x)de, 
or replacing z by ¢ in the single integrals to the right 
JS, (u(t) — u(2))(v(t) — v(x) dtde = (b = a) J wito(oat — Si moat- Jj oat 


When u(t) and v(t) vary in the same sense, u(t) — u(x) and v(t) — ez) have the same sign, so 


Q 
¥ 
- 
mn 
- 
- 
Zi 
< 
m 


ry 
ud 
ot 
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u(t) = Pom(0) — Pam(t), we have, by (41), u(t) = Pema(t) > 0 for 


0 <t <3, so that u(t) is positive and increases with ¢ in (0, 3), and by 
(41) and (43), 


} 
[ u(t)dt = [Pom(0)-t — Pamsi(l)]'Z4 = }Pam(0). 
The second factor in (57), 


v(t) = a 0. (FO™(s + vb + th) + F2"(s + vb +b — tb), 


v=U 


is positive and decreasing by hypothesis, and 


4 ‘A 
v(Qdt = | aF °™(s + tb)at; 


2 


consequently, by Tchebychef’s theorem, 
(58) P2m(0) [ aFCm(s + tb)\dt > (— 1)™"b-"aRom. 


To obtain a lower bound for (57), we observe that u(t) is positive and 
v(t) decreasing in the interval of integration, whence 


. 


f uco(oat > v(}) | 
0° Jy 


: u—1 

u(t)dt = P2,(0) > aFe@™(s + vb + 4b). 

But aF°™(s + vb + 3b + tb) is positive and decreasing when ¢ increases 
from 0 to 1, and consequently 


vl 
aF2™)(s + vb + 1b) > | aFe~™(s + vb + 4b + th)dt, 


so that, by the preceding inequality, 


(59) (—1)"""b-2"a Rig > Poy (0) { oF” (s + 1b + tb)dl. 


Since by the first hypothesis on F°”)(s), the integral 


if aF?™(s + hb + tb)dt 


is a continuous and decreasing function of h as h increases from 0 to i. 
the comparison of (58) and (59) shows that there exists an h interior to 


that their product is positive, and therefore also the double integral, which proves the first part of 
the theorem. The second part follows from the first upon replacing u(t) by — u(t). 
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(0, 3) such that 
(— 1)"altn = Pam(0) [ak (s+ hb + tat, 


and evaluating the integral, we obtain (56). 
Now let a = + 1, and assume first, that aF°™(s + tb) is positive and 
decreasing as t increases from 0 to n + 3, and second, that 


a (FO"(s + 3b + vb + tb) + FO™(s + 4b + vb — tb)) 


v=0 


is positive and increasing as t increases from 0 to 3. Then, for a = 3, 
(—1)"7 Rom = B°™™Pon(3)(FO™- (s + nb + hb) — Fe" (gs + hd)), 


(60) 
O<h<}. 


We obtain from (54), in the case a = 3, 


n—4 
(— 1)"b-°"R.., { (Pom(t) — Pom(3))-aF°™(s + 3b + tb)dt 
J-j 


A) n—l 
[ (Pom) — Pam(3))ae Xo FOm(s + 4b + vb + th)at 
e —4 v=U0 


and decomposing the integral in two with limits — 3, 0 and 0, 3 respec- 


tively, and introducing — ¢ as integration variable in the first, (44) gives 


a2] n—1 
(Pan(t) — Pam(3)) <a 2 (FO (8 + 3b + vb + tb) 


(— 1)"b"Ren = | 


+ Fe~(s + 3b + vb — tb))dt. 


Here the first factor under the integral sign is seen at once to be positive 
and decreasing, while the second factor is positive and increasing by 
hypothesis, and (60) is now readily proved in the same way as before. 


CHAPTER II. 


Definite integrals for the Gamma function derived from its definition as an 
infinite product. 


10. Expression of the Gamma function by Euler’s integral of the second kind. 
Integrals for P(s) and Q(s). Assume §t(s) > 0 (whens = x + yi, R(s) = 
is the real part of s), let ¢ be a real variable, and define ¢* as e*"*‘, where 
log t denotes the real value of the logarithm of t; since 


at (e) 
Mi (°F x 
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1 s }t=1 1 
{ ts dt = lim || =— 
eV e—>0 s f=e 8 


Replacing s by s + 1 and subtracting the new integral from the previous 
one, we find 


it follows that 





1 1 


al 1 
Pl ee ei ee’ 


and, generally, from 


al -1(] t)"—I1dt = (n — 1)! 
Je lit li ~ sis +1)---(s +n — 1) 


it follows that 


f “1(1 — t)"dt =- to ate 
& (1 — t)"« ~ s(s+1)---(stn—1) (s+ 1)(s + 2)---(8 +2) 


n! 
s(s + 1)---(s +n)’ 


or finally, replacing ¢ by ¢ n, 


* By n! n° 
s—1 a = 
J (1 a " s(s + 1)---(8 +n)’ 


For n > «, the expression to the right approaches the limit I'(s), as is 
seen from (J4’’) upon replacing n by n + 1 and a by unity, and since 
(1 — t/n)" > e~‘, the above equation suggests that 


(61) I'(s) = | e~ to-"dt, Ris) > O." 


To prove this, we must first establish the convergence of the infinite 
integral, which is known as Euler’s integral of the second kind. Writing 
s=2+ yi, and assuming A =z =e > 0, where A is as large and e€ as 
small as we please, we have (ets! = e~‘t7', and for 0<t=1, 
et?! < t*!, while for ¢ sufficiently large, et > (4+! and 


(a ee Tae 


Hence by theorem XVI corollary and theorem XIX, the integral in (61) 
exists uniformly for A = f(s) 2¢ > 0. In the second place, it must be 
shown that the left and right members of (61) are equal, or that 


: : ¢\* : 
lim (i = =) dt = [ ova, R(s) > 0. 


i? D e/) 





1 For s real and positive, this expression is due to Euler (J"), 
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We have 


{ emt Ndt -{ (i i)" at 
0 0 n 
-[(e-(0-$) rus or 


and the second integral to the right approaches zero as n > », on account 
of the convergence of the integral in (61). Using the inequality ” 


0se'-(1-5) sabe for 0 Stan, 


IIA 
IIA 


n n 
we find 


n n n t n 
{ (e-' _ (1 ~~) Jena = { ( — (1 -<) ) eat 
Jo n Jo n 
n 42 9 a 
=f{ a et? dt < =| e—‘t7™*1dt > 0, 
 n n Jy 


the last integral being convergent and independent of n. Thus the proof 
of (61) is complete. 
Replacing ¢ by at, where a > 0, we obtain from (61) 


a‘ 


(62) I'(s) - f e~*'te“Idf, a>0, R(s) > 0. 


The integral 
[ et log tdt 


ev 


converges uniformly for A =z =e > 0, since for ¢ sufficiently small, 


|e~'t*" log t| < t'| logt| < t“”-!, and for ¢ sufficiently large, 
|e t— log t| < t? logt < t-**; 


12 Proof: for b = a = 0, we have 
0 = b" — a® = (b — a) (b™"' + ba + ees +a) Snb™"(6 — a). 
When b = e~4", where 0 =t =n, anda = 1 — (t/n), we have 


st) lve 
n(5) -a(5) +--~ 


b-a= 


so that, the series being alternating with numerically decreasing terms, 
“i -1/t\* 
0=b-e5=; -}. 
~~ a n 
Consequently 


2 / 2 2 2 
- t ” a »—(1—1/n) 1 t ae, al =< tf =o 
O=et-(1-- ene~A-ate—f — ) = € =5¢ = oe" 
5, n = 2\n 2 “aes n n 


The inequality and its use in proving (61) are due to Watson, G. N., “An inequality associated 
with the Gamma function,”’ Messenger of Math., vol. 45 (1915), pp. 28-380. 


0 
= 
t 


3 
) 
4 
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consequently by theorem XXI, we may differentiate (61) in respect to 
x under the integral sign, and since 
ar(s) _ dI(s) 
dx ~=—s dss ’ 
we find 


(63) — -{ e~ ‘t*! log tdt, R(s) > O, 
$ 0 


and the repeated differentiation under the integral sign gives 


(64) ea 7 { e-4-'(log t)"dt, —-9(s) > 0. 
$ 0 
Integral expressions for the functions P(s) and Q(s) may be obtained in 
the following manner: the expansion 
*(— 1) 
etd = ON yrs 


Vv. 


converges uniformly for 0 < « =¢ = 1, and therefore, by theorem XXI 


corollary 
; =(— 1)"1 —e*’ 
—tss—1 _— 
fe t dt= 2 : > 7 


1 
For #(s) = x > O, the integral { e~—‘'t*—'dt converges, and since 


iol se, ls+y|= rtyvt+yi|)=r+r=yz, 
we have 


“—(— 1)” et a | 
ie =-—-2),—=-70 ase>0 
d v! stp oe ; 


so that, by the definition of P(s) (J33), 


we (=1) ! 
(65) P) = Lae +. s { e-t-dt, —- R(s) > 0. 


Since Q(s) = I'(s) — P(s), (61) and (65) give 


(66) Q(s) = { ” 4d, 


As the integrand does not become infinite at the lower limit for any 
finite value of s, the last integral converges uniformly for — A = 9(s) = A, 
where A is as large as we please, and consequently the entire function 
Q(s) equals the integral (66) for all finite values of s, by theorem XXIII. 
The integrals (65) and (66) are due to Legendre and Prym (J**: %), 

11. The hypergeometric series F(a, 8, y; 8) and its value for s = 1. 
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Euler’s integral of the first kind. ‘The name hypergeometric was applied by 
Wallis ® to the power series in s 


a:B a(a + 1) -B(8 + 1) 9 
L+ Ty teat, ° 
a(a + 1)(a + 2)-B(6B + 1)(8 + 2) 
1-2-3-y(y + 1)(y + 2) 


where a, 8 and y may have any real or complex values, except that + 
must not equal zero or a negative integer (for when y = — n, then + Ist 
and following coefficients become infinite). Using the notations 


(a)n = ala + 1)(a + 2)---(a+n-— 1), 


(a, n) = (n — 1)!n*/(a)n, (a, n) ~T(a) asn > x, 


a si ---, 


(67) 


already introduced in J §14 and J §2 respectively, we may write this 
series 

“ (a),(8) 
(68) F(a, B, ¥; 8) = De 8". 
dette ) v=0 (1),(y), 
Many of the elementary functions are special cases of this series; for 
instance 


(1+s8)"=F(—n,8,8; 8s), log (1+) = sF(1, 1,2; — 8), 
e* = lim F(1, 8, 1; s/8); 


Boo 


the essential properties of the hypergeometric series, and its intimate con- 
nection with the Gamma function, were discovered by Gauss (J°). By 
(67), the absolute value of the general term in (68) may be written 


(1, »)(y,») 8” (1, »)(y, ») 1s |" 


(a, v)(B, v) | v'**-*-® ~ (a, v)(B, v) | vt Mme 
and since the first factor approaches . 
r'(y) 
l(a) TP'(8) 
as y —» ©, and & 1/»'t* converges for k > 0, but diverges for k = 0, it 
is evident that the series (68) converge absolutely for | s| <1, but is 
divergent for |s| > 1, and that for |s| = 1, the series is absolutely 
convergent when R(y — a — 8) > 0." To find the value of F(a, 8, y; 1), 
which is a convergent series when 2(y — a — 8) > 0, we begin by 
' Wallis, J., Arithmetica infinitorum, Oxford, 1656. 
4 By more elaborate methods, it may be shown that for |s| = 1, the series is (conditionally) 


convergent for 0 = R(y — a — B) > — 1, divergent for R(y — a — 8) = — 1, except for s = 1, 
where the series diverges for R(y — a — 8) S90. 
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establishing the following relation between the three hypergeometric 
series F(a, 8, y; 8), F(a, 8B, y — 1; s) and F(a, 8, y + 1; s) for |s| <1: 
(69) yy —1— (Qy —a—8 — 1)s]F(a, B, 7; 8) 


+ (y aad a) (¥ — B)sF (a, B, sf + 1; 8) 
— (7 — I) — 8)F (a, B, y — 1; 8) 


In fact, the constant term on the left equals y(y — 1) — y(y — 1) 
and the coefficient of s", where n > 0, is seen by (68) to be 


(a@)n(B)n (a) n—1(B) n—1 
(y¥-1) 47" - y(2y¥ —-a-—8-1 
TY ) (1) nly)n ¥( Y ad B ) (1 \n—1(¥)n—1 

a ) (a) n—1(B) n—1 
(1) p-aly + | 


ae 1) ( (Q)n(B)n (a)n—1(B)n—1 
7 iJ (lL) nly _— 1), (1) p-aily aia 1),-1 


+ ~a)y - 8 


or denoting by 
(a) n(B)n 


U = : ’ 
"(Daly -— 1), 


the coefficient of s* in F(a, 8, y — 1; 8), 
ry = Dar ogg hte tt - iy t+s— 5 
y¥t+n-1 Y (atn—1)(8+n-—-1) 


nly — a)(y — 8B) 
fatn—1)(8+n-—1) 
niyt+n—2)(y+n—- ”) 
(atn-—1)\(8+n-—-1) 


_ ny(y — Lue ( — = (y — a)(y — 8) 
ytn-l1 (a+tn—1)(8+n-—1) 


+ —(y+n-—1) 


- 


-+ 


eG) <0 
(a+tn—1)(B+n-—1) orn 


In (69) we now let s tend toward unity through positive and increasing 
values; since F(a, 8, y; 1) and F(a, B, y + 1; 1) are convergent series on 
account of R(y — a — 8) > 0, Abel’s theorem on power series (J*') 
shows that 
lim F(a, 8, y; 8) = F(a, 8, ¥; 1) 
and ~ 
lim F(a, B, y + 1; s) = Fla, B, y +1; 1). 


Furthermore (1 — s)F(a, 8, y — 1; 8s) =1+4+ > (u, — u,-1)s" for |s| <1 
1 
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and since 


} va ~~ _ 4: (1,n)(y — 1, n) 1 
1+ »» (u, — U1) = lim ul, = lim (a, n)(B, n) Fe 


on account of R(y — a — 8) > 0, the theorem in question gives 


lim (1 — s)F(a, 8, y — 1; s) = 0. 
s—l 


Thus we finally obtain from ” 


| ath iy — B) 5 
<< — 8) 
and replacing y by y + 1, y + 2, ---, y +n —1 and multiplying the 
corresponding weal 


F(a, B, ¥; 1) = F(a, 8, y + 1; 1) 


— a)n (y—- B)n 
se (y —a— B)n 


_ (y, n)(y — a — B, n) 
~ (ya, nC — B, n) 
The first factor to the right approaches the limit I'(y)I'(y — a — 8)/ 
I'(y — a)F(y — 8) asn > ~, and for n > | y!, we have 
, = (1),(y¥ +n), 
. =) , 
I a, 8, ¥ FR; 1) 1 | } (a),(B), 


=> (a),(8), 20S (jal)(\ 8), 
= (I).(y¥ + 2), =(1),(n — [y]), 


F(a, B, y; 1) = F(a, B, y + 1; 1) 


F(a, 8, y +n; 1). 


te] |B] &Cal + D181 +D.. 
Wi @) 


(n+1—l|y{), : 


the last series converges for n > | y| +|a|+|8| — 1 and is evidently a 
decreasing function of n, and since 1/(n — | y|) 30 asn > &, we have 
lim F(a, 8, y +n; 1) = 1. We therefore obtain the final result 

n> @ 


- ly) ry = 
(70) F(a, B, ¥; 1) ee 9 


n : 


Ry —a— 8) >0. 


From this formula we shall now derive the relation 
(a) P(g) 
(a + 8)’ 


where the integral is known as Euler’s integral of the first kind ® 
Multiplying the binomial expansion, convergent for |¢| < 1, 


] 
(71) { (1 — t)8-1dt = R(a)>0, Rs) > 9, 


6 J (for a and @ real and positive). 
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(8 — 1)(8 — ss -+(B — v) — 5 (a)( - B)s 


v! v=o =(1L),(a@), 


by ¢*-! and integrating from ¢« to s (0 < « < s < 1), we obtain, since the 
series converges uniformly 


(1-81 = d(- 1) 


i EL = dt = i assy = oe (gtr — ett) 


== F(a,1—8,a+1;8) —<Fla,1—8,a+1; 2. 
a a@ 


Now let « > 0 and s 31; since R(a) > 0, R(8) > 0, the integral tends 
toward the left member of (71), «* ~ 0 and on account of 


Ria +1—a— (1 — B)) = RB) > O, 


F(a, 1 — 8, a+ 1; 1) is convergent, so that Abel’s theorem on power 
series gives F(a, 1 — 8, a+ 1; s) > Fla, 1—8,a+1; 1). Applying 
(70), we therefore obtain 


= 1T(a@ + 1)P(p) 
a(t .. £\0-14? = — Fla 1 ~ , : 
fre (1 t)®’— dt Fla, I B,a+1; 1) a T(1)r(a + 8) 
_ T(a@)P(8) 
~ (a + B)" 
We may now express the hypergeometric series as a definite integral. 
Let s have a fixed value such that s| < 1,then! st! =!|s!for0 =t =1, 
and the binomial expansion 
, =. (B) 
_ \—s Y ovyy 
(1 — st) 2d (1). 8! 
converges uniformly in ¢ for 0=t=1. Assuming R(a)>0, R(y—a)>O0, 
multiplying by ¢*—1(1 — t)*"*"' and integrating from 0 to 1, we may 
therefore integrate term by term on the right side and obtain 


Dn 


-1 — “il | Ss 
J (1 — t)-*-"(1 — st)*dt = DO vf t+-1(1 — t)-*"dt 
0 (1), Jo 


= (8), ., Tat »)I'(y — a) 

me Gt (y + v) 

by (71), or since ['(a + v) = (a@),T'(a) by (J2), 

I'(a)I(y — a) 
r'(y) 

ls| <1, R(a)>0, R(y—a)>O0. 


1 
f e-1(1 — 1-11 — st)-Pdt = 


F(a, B, ¥; 8), 
(72) a, B, Y; 8) 
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12. Application of Euler’s summation formula to log '(s + a) and ¥(s +a). 
To secure the single-valuedness of the logarithms with which we shall 
deal in the following, we introduce a cut in the complex plane along the 
negative real axis (from 0 to — «) and subject the complex variable s 
to the restriction that it shall never cross this cut. Then every branch of 
the function logs is single-valued, and we shall define logs as that 
particular branch which is real for real and positive values of s. In par- 
ticular, we have log (s), = logs + log (s + 1) + --- + log (s + n — 1). 
We shall now: apply (50) and (51) to the case F(s) = logs, b = 1 and 
obtain first a proof that (s, n) approaches a limit as n ~ for any s 
not on the negative real axis (that is, a new proof of the convergence of 
Euler’s infinite product for T'(s), J3 and 3’, for these values of s) and 
second, Stirling’s asymptotic series for log I'(s). 

Making F(s) = logs, b= 1, 0=a< 1 in (50), we find, since 
| log (s + t)dt = (s + n)(log (s + n) — 1) — s(logs — 1) and F’(s) = , 


n—1 


log (s + a), = D log (s tat yv) = (n+s+a — }) log(s +n) 


vy=0 


—n—(s+a-—}) logs — a) at; 


in particular, we find for s = 1, a = 0 and replacing n by n — 1 


oa wnt PLE 
log (n — 1)! = Slog (1 + ») = (mn — $)logn—n4+1- f vi) at 
v=0 0 


Adding (s + a) log n to the last equation, and subtracting the first, we 
obtain 


log (s + a, n) = log (n — 1)! + (s + a) logn — log (s + a), 


= —(n+sta—3)log(1+*)+(s+a-4) logs 


i Pi) dt. 


[" Py(t — a) 
L Te 


v= , ste 


dt + 


dP,(t) 
~ dt 


"Pi(t a“ a) 3 i P,(a) P,(a) - "P(t — 9) 3 
Jo ett ie) ete 4 OOF” 


mathe a he int * P(t — a) 
and as | P,(t— a) | = P,(0) by (42), the integra J (st+t)? 


Since P(t) = by (41), an integration by parts gives 


dt con- 
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verges for every s not on the negative real axis (theor. XVI cor.). Con- 
sequently 


= 4 "Pit — *Pi(t — a) _ P,(a) _ = P(t — a) 
(74) tim [yyy = ar ee - | ae 


ote , nl P(t) * P,(t) : 
o r = = x sts . 
and similarly lim = pat ry pt exists; furthermore 


lim (n +s +a — 3) log(1+--) =lim (n+ 5 +a — +). = s, and 
n—>xo n no , nr 
substitut ng all this in (73) we find 

92m Pp op — 
lim log (s+a, n) =(s+a—}3) log s—s+1— {zz dt + {= : aa at 
n->2 J +t 
From the existence of the limit to the left we infer at once that 


lim (s + a, n) = I'(s + a) exist for every s not on the cut, and that for 
nx 


such values of s 


i(t — a) 
s+t dt, 


(75) log I'(s +a) = (s+a—})logs—sth' +f i 


” P,(t) 
Jo 1+ 


dt4o0asnox 


dt. 


where we now only have to evaluate the constant k’ = 1 — 


*P\t)  * Pi(t) 
Jo ees ee 
P\(t) 
1+t 


To this purpose we observe that 


on account of the convergence of f dt; making a = 0, s = n and 


s = 2n in (75), we obtain 
= P,(t) 


\ - fie a He +9 
2 log I'(n) = (2n — 1) logn — 2n + 2k’ 4+ 2 n+ ith 


log T'(2n) = (2n — 3) log n — 2n + k’ +[- 50 at, 


and. subtracting 


° Pi(t) " PL@ I'(n)?ni2?"-4 
k’ on 
+2 — dt — | + pat log r(2n) 
~* re 
"ii +1)---h¢na— 0)’ 


so that, as n > ~, k’ = log (2‘7(3)) = log v27._ This is essentially the 
method given in J §4; another is the following: making s = } + yi, 
y > 0 and a = 0, so that fort =0,|s+t|>yand|/s+t})>43+4+4, 
ls +t|/? > y(4 + 0}, it follows from (74) that 
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P(t) _ P(0) +) 
; fayiti™|<-y D pro asy se. 


Now, by (J6) 


rd + yi)PQ — yi) = e =~ 


sin r(34 + yi) e™irv) — ermidtyi 





2r 2re~*" 


e~"” +e — 1 + eww? 
and adding the two equations (75) fora = 0,s = } + yiands = } — yi, 
log 27 — ry — log (1 + e7**”) 
= yt log (2 + yi) — (3 + yi) — yi log (3 — yi) — (3 — yi) 


s f° _ Pld ¢ P,(t) 
9]. 
+ 2k +f peyi git tf pvt 


But log (J + yi) = logy + logi + log(1+5);) = logy +5 +5 i 


1 ; ‘ 
yi +--+; introducing 


--, and similarly log (3 — yi) = logy — 2 _ 


this in the preceding equation and letting y > ~, we find 2k’ = log 2r. 
Thus (75) finally becomes * 


log '(s + a) = (s + a — }) logs — s + log v2z7 + w(s, a), 


- 


(76) P\(t —.a) 
w(s, a) -{ toe dt 
When a = 0, 
w(3,0) = [Oma df OO 


st+il ~ Se al 


a ae 7 ee ol 
AA SHtvtt nw $430 
and performing the integrations in the last expression, we obtain Guder- 
mann’s formula for w(s, 0), (J 13). 

In (76), we now integrate the expression for w(s, a) by parts; the 
result may be read off immediately from a comparison of (50) and (51), 
observing that F*(s) = (— 1)*"'(k — 1)!/s*. Thus we obtain 

‘6 Fora = 0 and s real, this formula is due to Gilbert, Ph. (J®), and fora = 0 and s complex 
to Stieltjes, T. J., Sur le développement de log P'(a), Journ. de Math., ser. 4, vol. 5 (1889), pp. 
125-444. For 0 Sa <1 and s complex, see Lindeléf, E., Le calcul des résidus, Paris, 1905, 
pp. 95-97. 
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aan! iia 1) !Px.3(a) 
w(s,a) = Do (- 1) nS = — 
(77) sin * Pon(t — a) 
am Zyn(s — ! = 
+ (— 1)"(2m — 1)! (s+ am dt. 


















Toform an estimate of the remainder, let s = |s!e", —2r7 <@< 7; 
then 


ls+t?= 





(|s|cos6+0?+/s |? sin’ 6 







Nis 


6 
= (|s| + t)? cos?5 + ('s| — t)? sin? 


= ( s| +t)? cos’; 





and since | P>,(t — a) | = nes we obtain 
(2m — 1)!Po,,(0) { dt 
cos*™ 6 2 4 s| + t)?™ 
_ (2m — 2)!Pon(0) 
~ cos?” 9/2. | 


(— 1)" 2m — at fo" Pom nt = 2 < 


l @enaunt © 
”} headin 





Joining the term with k = 2m — 1 in (77) to the remainder, we may 
therefore write 


(s, a) ba 1)" o(k — 1)!Piss(a) | (2m — 2)!Pom(0)-h 
ws, = _ 


—— . vk ~Hc2" B/D.! o | 2m—1 ? 
(78) oan s cos*™ 6/2-| 8 | 
lh| <2 


In the particular cases where a = 0 or a = }, P,.,(a) = 0 for k + 1 odd, 
and therefore, replacing k by 2k — 1, (78) becomes 

















> (2k — 2)!Po,(a) | (2m — 2)!Po,(0) -h 
( a k-1 e* 2m 
(79) w(8, a) ” fe ( 1) g2kt1 cos?” 9/2-! 8 | 2m—1 ? 
|h| <2, a = Oor }. 


When s is real and positive, we may use the much more accurate remainder 
terms (56) and (60). In fact, fora = O anda = — 1, 










aF?™)(s +t) = ope 


is positive and decreases as ¢ increases from 0 to x. and 
a(FCOm(s + y+ t) + Fe™(s +741 — 2) 


_ (2m — 1)! (2m — 1)! 
(stv t+t™" (styv+1—t)™ 


is positive and decreases as ¢ increases from 0 to } (since the derivative 





THE THEORY OF THE GAMMA FUNCTION. 87 


in respect to ¢is negative). Similarly we see that fora = } anda = — 1, 
the conditions for the applicability of (60) are satisfied. Taking the 
values of P2,(0) and P2,(3) from (48), we therefore obtain!” 


Se l(- 1)*"B, 1 (— 1)™—"B,, 1 
(80) ar 2d (2k — 1)-2k  s?*-1 T (Qm — 1)-2m (s + h)2m-1? 


0<h <i}, s> 0. 


= 1 (— 1)*B 1 
w(s, >) - r(1 ~ O2k— as — I). aE g?k-i 


81) ~ 1 (—1)"B 1 
a a, a 1 
. (1 — —1)-2m(s+h)*-’ O0<h<2, s>0. 
The infinite series 
2 ' 
» (— 1) er — DS le 
k=1 s§ 


the first 2m — 2 terms of which occur in (78), does not converge for any 
value of s._ First suppose a + 0 and a + 3, then the ratio of the terms 
for which k = 2m + 2 and k = 2m may be written, using the expressions 
(42) for Poms3(a) and Po,.:(a): 


at sin 2n7a 
m(2m+1)  n?m 
2r’s* i sin 2nra’ 
1 


, 2. sin 2nra 
and since >, 


converges uniformly in respect to m for m 2 1, 


sin 2nxa ; 
we have + sin 27a as m > «, so that the second factor in 


our ratio saaioeiin unity as m > «. The first factor, however, ap- 
proaches infinity, and consequently the series cannot converge. When 
a = 0 ora = }, a similar argument applies to the ratio of the terms with 
k = 2m+3andk = 2m +1. 

Proceeding to the logarithmic derivative of the Gamma function, 


we age making F(s) = ., b = 1,0 =a < 1 in (50), that 


1 1 "P,(t — a)dt 
= log (s+n) — logs+(3—a) (; si a) 1 


iM: 


v=0 8 - a +y (s + t)? ’ 

and since the last integral converges as n>, and y¥(s +a) = 
= 1 — 

i _ , P s seen that 

tim (tog n p> er eae ae ) by (J 19’), it is seen tha 


7 (80) is s due to Stirling (J?) and (81) to Gauss (J"), both without remainder terms. The 
form of the remainder term given in (80) is due to Sonin.® For a = 0, the remainder term in 
(79) was given by Stieltjes"* (who in this particular case obtains | h | = 1). 
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y(s + a) = logs — w*(s, a) 
“= P(t — ajdt 
| (s + t)? 


Treating the integral in the same manner as the corresponding one for 
w(s, a), we readily obtain 


82 
- w*(s, a) = (}—@)= + 


a(k — 1)!P,(a) 
st 


w*(s, a) = (2 — a)+d(- ie 


(83) * Po»(t — ajdt 


Jo (s + {= ? 


2m—1 _ ‘Ts - 1 IP ( 
w*(s,a) = (3 - a) = + > (= 1)" 2 | )!P,(a) 


k 
k=2 8 


+ (— 1)"(2m)! 


84 
~ (2m — 1)!Pen(0)-h 


, lh| <2 
cos*™ 6/2-|s |?" ’ ee ; 


and for s real and positive 


1)*"B, 1 (— 1)" Ba ff . 
2k " g?k 2m (s + h)*™’ 


0<h <}, 


1 oH 
w*(s, 0) == 
me COPS 


8 


= 1 (—1)*B, 1 
ot, 8) = D(1- gi) oe ae 


(86) ia 
Bh it 1 ; 0<h<}; 
-1 


° (1 22m 2m “(s +h) 


furthermore, the same argument as before shows the divergence of the 
infinite series of which the initial terms occur in (84). 
A divergent series 
ao + 


ay an 


a2 
Se St +++ I+ +s, 
in which the sum of the n + 1 first terms is S,(s), is said to be an asymp- 
totic expansion of a function f(s) for a given range of values of @ = arc s, 
if the expansion 
R,(s) = s"( f(s) — S,(s)) 
satisfies the condition lim R,(s) =0 for n _ fixed, even though 


|) —>w 
lim | R,(s)| = « when s is fixed. In this sense, (78) and (79) are 
n— oD 


asymptotic expansions of w(s, a), and (84) of w*(s, a), for -r+eS0=7-—€, 
where ¢ is as small as we please, i. e., for s inside of any infinite sector not 
containing the negative real axis. 
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It is clear from the definition that a function f(s) cannot have two 
different asymptotic expansions ay + +--+ and by + o +--+ both 


valid in the same sector (or even for a nn common silt of 6,= arc s), 
since then we should have 


lim (ao ag yu: +=") = 0, 
se s s 
whence dy = bo, a, = b:, ---. This remark will be used in the following 
to identify various expressions for the coefficients in (78) and (84). 

13. Integrals for log I'(s) and y(s) of Cauchy and Gauss. We begin 
by showing that 


© pat — oo b 
(87) f —— dt = log= for (a) > 0, R(b) > 0, 


where log ~ is the principal logarithm. By direct integration we find, 


forz =e> QO, 


J 1 
—(ztivtds = ; — en (ztiy)T 
f € v) dt - zy € )s 


. ea (tiv) T ) : 
and since —-|s = > 0as T > ~, it follows that 
x+y € 


° 1 
i) p—(zrt+i )t = - 
(88) f € 7 dt zr + iy’ 


the integral being uniformly convergent for x Ze. Let R(a) Z«, 
R(b) =, and write z+ iy =a(1 — u) + bu where 0 =u =1, then 
x =, and from the uniform convergence of our integral it follows, by 


theor. XX, that 


' (b- a)du ad f [ ae —(a+(b—a) u) tt 
[ a+(b—a)u J, ot 6 aa , 
= { aie (b ae a)e~(at(o-a) w) ty 
e/0 0 


o,—at _ p-—bt 
e/0 to 


But the first single integral is found by direct integration to equal one of 


the values of 4 and since the real part of the denominator in the 
a 


integrand is not less than ¢ for R(a) = ¢, R(b) = «, it follows that the 
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integral is continuous for such values of a and b. Since the integral is 


obviously real for real values of a and }, it follows that the value of log) 


in question must be the principal one, and (87) is proved. In the equation 
(J 19”), making a = 1," 


y(s) = lim (log (n + 1) ms ) 


ro v=0 8 + v 
we now assume #t(s) > 0; then we have, by (88) and (87), for v = 0, 1, 
1 ) I e~ ers ew (ntDe 
— —(stvr)t _ 
oe f e dt, log (n + 1) J ; dt, 
and consequently 


ne fot — e-(ntit = mal 
¥(s) = lim ( ~ Dew) dt 


noe e/() t 


w+. 


Upon summation of the finite geometric series to the right, this becomes 


. "ee " ee 
= — == am 27 ae 
vis) = tim f° (F-~E—)a- enya 
Now let R(s) 2 e« and |s_| < A, where e < 1 is as small and A as large 
as we please; using the power series for e~' and e~", we see that the first 
factor under the integral sign is expansible in a power series in t, convergent 


for |t| <r, where r is independent of s, and consequently 
e! est 
it eo be M, = M,(e, A) 


for0 =t<r. On the other hand, we have for t = r, since e < 1 


et er | iw "ie 1 1 
tt *F * iT <( + pe. 


ae r lee 


so that finally, for = 0 and R(s) = «, | s | 


= A 


e—! e 3! 
4° tue < M(e, A)-e7*'. 


Consequently the integral 


x e—! e~#! 
f (F “j= +)dt 


converges uniformly in respect to s for R(s) = ¢, |s| = A, and 


y |. Aa? 7 er M(e, A) 
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as n — 0, so that finally 
x e~$ est 
(89) vs) =f (> ~~), wm) >0. 
‘ t l1-—e 
We may transform this integral by writing ¢ = log (1 + wu’, A = e' — 1, 


: = /e- e~s , "et a du 
t= tin (Gay) tn (Sa Cate) 


and since 
27 p—t sd _ 
0<{ “ dt< { Sw te* | whmtae 
, & Js ft 6 


this may be written 


; mae = du 
vis) = tim( [pat fara): 


or finally, replacing u by ¢ in the last integral, 
* dt 
(90) $(s) = { (t-(1+O-)F, RG) > 0. 
<0 
Again, replacing e~‘ by ¢ in (89), we obtain 


*) ts-1 
(91) vis) = f (~\oei-1 “ , at I(s) > 0. 


For s = 1, we have ¥(s) = — C, whence by (89), (90), (91) 


’ P 1 1 _ 
dot | (2-7) 
-{ J-e')F 
age (7 Ce} t 
1f J 1 
-{ (, + togt) 


_ est 


2 p—t 
ye) += [oo at 


and consequently 


~” dt ‘ 
=[(at07-At0F, RO >0 


ryt 
-{ te. 


Since (89) converges uniformly for R(s) =6 | s | = 
integral for log I'(s) may be obtained by integration according to theor. 


= A, the corresponding 
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XX, but it is equally simple to start from (J 3’’) for a = 1, or rather the 
equivalent formula 


= —1 
log I'(s) = lim | (s — 1) log (n+ 1) - > log * + ~ |. 


n—> 2 v=l1 


For #(s) > 0, (87) gives 
peal, peers 


ea (ntDe 


2 o—t __ 
log dt, log(n+1) = f : ' dt, 


v t 


; 2 _ ig ; dt 
log T'(s) = lim f E — 1)(e* — em (tt) — YS (emt — eet) |? 
0 


rn—>n v=1 


x gst . gt di 
lim f | (s = De + S|a-er$. 
aoe | 1 — e~! t 


When 9t(s) = e (e < 1), s' =A, it is seen exactly as before that 


e#! 


| (s oh + —— S| < M(e, A)e~ 


for t = 0, where M depends only on ¢ and A but not on s, and that 
oad os mt — et dt | 
(94) log T'(s) = [ | (s — lje' " i- ate Ris) > O, 


the integral being uniformly convergent for R(s) =«,'s = A. In the 


same manner as (90) was derived from (89), we also find 


Otel 
log (1 + 2) *, 


14. Integrals of Raabe and Binet. The integral of Raabe’ 


(95) log I(s) = f | (s — let + MR(s) > 0.8 


1 
(96) f log T'(s + a)da = s logs — s + log v2r, (s not on cut), 
0 


results most readily from (76), which gives upon in egration 


i(t — a)dt 
s+t ° 


Here the double integral vanishes, being the limit as n — & of 


1 1 op 
{ log I'(s + a)da = s logs — s + log v2r + { da { : 


's Eq. (89) and (91) are due to Gauss (J''), (90) to Dirichlet, P. G. L., Sur les intégrales 
Eulériennes, Journ. f. Math., vol. 15 (1836), pp. 258-263 = Werke, vol. 1, pp. 271-278. The last 
of (93) was given by Legendre, A. M., Exercices de calcul intégral, vol. 2 (1817), p. 45, and (94) 
and (95) by Cauchy, A. L., Exercices d’analyse et de physique mathématique, vol. 2 (Paris, 
1841), p. 380. 

'? Raabe, J. L., Angeniiherte Bestimmung der Factorenfolge, ete., Journ. f. Math., vol. 25 
(1843), pp. 146-159. 
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| MPit—adt ~d ¢ 
faa f >see | il ites ate 


1 
and by (41), if P,(t — a)da = P.(t — 1) — P,(t) = 0. Another proof 
2/0 


may be derived by means of (J 3’): 


*) 


rl n—l1 
log ['(s+a)da = lim | toe I'(n)+(s+a) log n— > log staty) |da 


a—>@D ei) 


lim | log I(n) + (s+ 3) logn — [tog s+a)da | 


n—>x 
lim [log P'(n) + (s + 3) logn — (s + n) log (s +n) 
n—>x 

+slogs+n] 


= s logs — s + lim [log ['(n) — (n — 3) logn +n], 
n—>@ 


and the last limit is log v2z, as is seen from Stirling’s formula. We shall 
now derive an expression for w(s, a) similar to the integral for log ['(s) in 
(94). From (76) we obtain, since P;(z) has the period unity, 


, "Pi(u — a) . <= f'Pi(u — a) 
aa i + ”* lim > stutr™ i 
and from (88), for R(s) > 0, : 
1 [ ; ~ 4 
— = —(s+ut+r) t. 
stutv J ’ d 
so that 
n—1 1 2 
w(s,a) = lim >> du f Py(u — aje~@***” ‘dt, 
n>2 v=0e/0 0 
By theorem XX, the order of integration in the repeated integrals may be 
inverted, and since P(x) = — 3 —zfor—l<2< Obut Pi(r) =} —-—2 
for0 < z < 1, we have 
1 7 i 
f Pi(u — aje~“'du = [ (a — 4 — uje“du + f (a +3 — we“'du 
0 e/0 wa 
Mf (a-y-}a-co 4] 
tL ” i 
Yi) 


as is readily seen upon integration by parts, so that 





v (*T 1 — 
w(s,a) = lime [ [(a-3-/;)a-e) + cw oom 
no v=0e/0 a 
i . 1 ii —n - pat 
= lim | [a-3-f+ po s|a-« t\e-* i? 
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Exactly as in the proof of (89), we see that for ¢ = 0, 


1 ea! bt] 1 
= se * 
[a t+ ye | ; <M 


and that consequently, for R(s) > 0, the limiting process may be per- 
formed under the integral sign, so that finally”® 


2 —at o— st 
(97) — w(s, a) -{ (« —} -i+; 5)! > Re) >0. 


Writing 
(98) fit —— 1 1 + eat 1 
cael, get ae a he L 
this function is holomorphic in the neighborhood of ¢ = 0, and conse- 
O*f(t, a) . : , , - — 
= ) is bounded in this neighborhood. Using Leibniz’s 
formula for obtaining this derivative, each term will contain a negative 
a*f(t, a) 
at* 


quently 


power of ¢ as factor, and consequently ~0 astra. We 


therefore have 
OF f(t, a) 


ae «(| < M, for t = 0, 


where M, is independent of t. Now integrating by parts in (97), we obtain 


2m—2 A k—1 —at |i=a@ ee A2m—2 
ON fe oad ee oe =o 


=} ot k—1 sk s2m—2 A ot"? 


“a 
t=0 
and since #(s) = | s| cos @ > 0 and the partial derivatives of f(t, a) are 
bounded, each term in the sum vanishes at the upper limit and 


{ am f(t, @) Momo 


Je lie 8 | cos 6’ 


dt < [ Men_2e- °°" “dt = 
0 


we see that 
. a my k—1 A 2m—? ° ' 
(99) ws, = [9 69) ao oh Al <1 


k=l ot" s 2-1 cos 6’ 


Consequently (99) is an asymptotic expansion of w(s, a) for R(s) > 0, and 
must therefore coincide with (78), whence 


élite (t, ei 19 ‘ 
| a 2) = (— 1)" Fk — 1)!Pis:(a), k=1,2,---. 
t=0 


Using this in the expansion of f(t, a) by Taylor’s theorem, we obtain a 
formula which is essentially identical with (49). 


* For a = 0, this expression is due to Binet (J*). 
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It should be noted that this method of deriving the asymptotic expan- 
sion of w(s, a) only shows the expansion to be valid in the half-plane 
R(s) > 0, whereas the method of § 12 is valid when s is not on the negative 
real axis. 

15. The generalized Schaar integral. To obtain this integral, we shall 
replace each term in the expression (J 24) 


dy(s) SG 1 
| ds (s+)? 
by an integral over a rational function (instead of the exponential used 
in §13). Lets = 2+ yiand z > 0; then 


* sdt - (il; 1 1 )ar 

» O+s? J 2t-ytau t+y-—zi 
a t+y+ 2 ) a 
(2S itisiteiil ((+y)?+ 2 


(t{—y) +z t—y 
3| G+ y)? 2 — vz arctan - 











t=@ 








. t 
$ log — iarctan as Y| 


Nl. 


t=0 










Now let ¢ = § + ni and é > 0, then 





TANMFORD 


RiES 
Asbar eer rst ibe 






Cg , s° o* 
5¢-9= (np e-are)% 
whence 
1 Pat 
i(s) > 0, (oe) > 0, 
sto ~ exaere 1 Rls) > (2) 






and this is also true for ¢ = 0, since the integral then reduces to the pre- 
ceding one. Differentiating in respect to z, we obtain 


1 Te ws Qst*dt . 
——. == t 0, Rc) > 0, 
(100) Gap al acaerie’ R(s) > (c) 


and this is also true for ¢ = 0. In fact we have 7 


(101) 













9} 9 1. te >) — | ef a 
27}>(f+!s\*)cos@fort=0, s=i\sie’, 5 5 



















, T r_ > > 
and for s = |s|e",o =|ale*, ~-5+te=9,¢355 . AZ|s| 24, 


|o| = 4, the integrand in (100) is consequently less than 
2 Since | @ + s? |? = | @ + |s | |? = (2+ | 8 |? cos 26)? + (| s ? sin 20)? = (0 + |s |?)? cos? @ 
+ (@ — |s |*)* sin? @. 
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2A 
sin’ e(t? + 6°)’ 


so that the integral (100) is uniformly convergent in respect to s in the 
region considered, and theorem XXI is applicable; a similar proof applies 
to the case o = 0. In order to obtain a formula applying to all values of 
s except those on the negative real axis, let us assume —7+2e=6=7—2e; 


° us Tv 
then we may determine an angle a such that — 5 +¢ Sa =5 — e and 
T T — 
—5+6¢=0-—a=5-—e. In (100) now replace s by se“ and o by 


ve-*‘, where vy is a positive integer or zero, and form the sum from v = 0 
to v = n — 1; we obtain 


n—l 1 9 x Is e>tf? 
Lis + ssf (t7e*** + 98°) 


But by (101), | @e*** + »*?| = (2 + v*) cosa = v* sin ¢, and for |s| = 6, 
| ei + s?| = | 2% + s’e "| = (2 + | 8 |") cos (0 — a) 
= (0 + 6) sine; 


(102) 
consequently 


° roll 


~ (dt 
(Pe%* 3)? 2 Pe oat Sa, UP of (e+ a? 


0 


: . = + » 
as n — 2%, since the last integral converges and = - is a convergent series; 
a 


therefore 


v0) = 


1 27 Ww? B 1 


— 


(stv)? 7d, (ee + sp tre 4 ptt 
But from the partial fraction expansion of the cotangent it follows (see § 8) 
that 


=, 2 2r 1 
Let ptenriytpt™ 


” ais 


and changing ¢ into te“, we find 


2 se“dt se™™'tdt se*'t dt 
y'(s) = _ a (t2e7' rates. (t?e*** + 3*)? +4 f (t¢ Pai 4 g2)2 pawns 


The first of these integrals is found, by (100) for ¢ = 0, to equal 1/2s*, 
the value 1/s of the second is obtained by direct integration, and the third 


converges uniformly for A = | s'| = 4, as is seen from (100) and the fact 
that 
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=— for 0 <¢ < I, 
| t sin € 
(103) fee < 
lew al ——— 1.2 
faa t= 
Hence the application of theorem XXI to the third integral gives 


1 1 _f - tdt 
'(e = = ie . - ——_——— 
y (s) 8 + 22 -_ ai {2¢72" + s? erntes* ie 1 3 


and integration in respect to z, 


1 ” e tdt 
= ‘i « 2 ie 
¥(s) log s Ds + cly) 2f feet pg?" twee 1’ 


where we have denoted the integration constant by c(y). Now ir 


s=2x2+yiletz > «; then @ = arctany x > 0, so that for any a where: 


|a@| = m2 — e and a has the same sign as y, we have |6 — a| S 7/2 — € 
for x sufficiently large. Then, by (102) and (103) 


° tdt 1 1 dt f dt ) 
f t2e%! 4 52° p2erté _ * -s sin Af sin € , sin’ ~e 


asx — , and since also ¥(s) — log s > 0 by (84), it follows that c(y) = 0 
for all values of y. Consequently 


( 1 1 . { ena tdi 
' ¥(s) = logs — _~ “J, Cet + 2° greet _ ? 
(104) 
| us ' Tv 
l\@;<n, |6| <5, @—al<5, 
and upon integration by parts 
; i freee — fe" — 
5 = — _ rr na log (1 — e?"" )dt. 
(105) ys) = logs De + -{ (Pet + 52)? g ( ) 
Since | a| < 7/2, we have |e?" | = e@""°"* <1 for t > 0, and con- 


sequently 


al ! - € 
|log (1 — e7?"*"") | = ps 


1 v vy=l1 v 


= — log (1 — e°"****); 


- 
i] 


(106) 


. _— eat hd . - 
the last two expressions show that log (1 — e°*"") becomes infinite as 
log t for t > 0 and vanishes as e~?"“"* when {> ». Together with 
8 Since | ete® —1|= | e2mtest | _ | = e2atcosa — | >e*ntsine — ] > either of 2nl sin € or 


(2rt sin e)? 
— 


) 
¥ 
ne 
= 
o 
- 
) 
” 
a. 
n 
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" 
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(102), this shows that the integral in (105) converges uniformly in respect 
to s in the region previously considered, and we may therefore integrate 
(105) in respect to z, obtaining 

se*' 


1 
log I(s) = (s — 2) log s — s + e(y) — -{- Pei +s 


From (102) and the preceding remarks on the logarithm it follows that 
the last integral approaches zero as zr > ~, and from (76) and (78) 
log I'(s) — (s — 3) +s > log v2z, so that c(y) equals the latter constant 
and we finally obtain 


log I'(s) = (s — 3) logs — s + log 27 


, log (1 — e~?*#e“) dt 


or) = S 
-{ {2e24 3 log (1 ai e~2nte") dt, 


|@| <7, lail< 


' 


nls 


; T 
’ |\@—al| <5, 


where, by (76), the last integral equals w(s, 0).* 
Making s = 1 anda = 0 in (104) and (105), we obtain two expressions™ 


for Euler’s constant 
+4 af x f?+1e"— 


C 
win an 1 — © og (1 — e-***)dt 
2 | @+ _ 8 


To obtain the asymptotic expansion of w(s, 0) from (107), we expand the 
first factor under the integral sign in negative powers of s: 


ti 


(108) 


se m— = (— 1) k-le(4k- —e (— 1)"- ina al 
te?! _ rs Pa s° »k—1 g?™—3( te 2at “+ s*) 





and obtain 


J (- 1)* . se saliailitea at 
w(s,0) = bs ag e(tk-3aty2k—2 log (1 — ¢-2*te\dt + R,,, 


k=1 T Jo 
sien 1)” 1 L£ e(im— —3)atz2m—2 
ot tJ, Fe +? 


From (102) and (106) it follows that 


Rk, = log (1 — e7?*")dt. 


1 1 2 {2m—-2 Peer 
itcas roa? | 1s |? cos (@— a) — log (1 — e?**™*)dt, 


3 For a = 0, R(s) > 0, (107) is due to Schaar, Mémoire sur les intégrales eulériennes et sur 
la convergence d’une certaine classe de s¢ries, Mém. Ac. Belgique, vol. 22 (1848), pp. 3-25 

** Poisson, S. D., Mémoire sur les intégrales définies, Journ. de I'Ecole Polytechn., cahier 
18 (1813), p. 305. 
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or introducing ¢ cos a as integration variable 


1 Fw 
— me — f{2m—2 — p~2F 





Hence | s |*"-? | R,, | +0 as |s|— © and the expansion above is asymp- 
totic, so that it must coincide with (79) for a = 0. Expressing P>,(0) 
in terms of B, and identifying coefficients, we therefore obtain 
B, 1 a ai at 

a (4k—3)*"42k—2 — p~28te . 
(2k — 1)-2k ne € t log (1 —e )dt; 
making k = m, a = 0 and introducing in the last expression for | R,, |, 
we find 


(110) IR 


(109) 


< Bn a ee 1 — = 
“|= (2m — 1)-2m cos?" @ cos (6 — a) [s [ma 





By choosing @ for a given @ so as to make the second denominator a 
maximum, this form of the remainder will frequently be much smaller 
than the one in (79). 

16. Sonin’s form of the remainder in Stirling’s formula. In the re- 
mainder term in w(s, 0) obtained at the end of the preceding paragraph, 
we now assume s real and positive and make a = 0, whence 


1 cf Ff 1 
g2m—3 ° a +s? log; en"! dt, 


(— 1)" "2... 
or writing t = su, 


(— 1)" R, 


II 


uw om-2.] 1 — du 
=f we NOB emtreu Ty? 


For s > 0,u > 0,0 < e?"™™ < 1, and 


1 x e72nrsu 
log ; mee en2msu = »» n 


oo e72ne (sta) u 
‘ e2nmru- 
’ 








; n 


assuming \ > 0, e?""*" is positive and increases with n, whence 
e72n (sta) u 


1 QnrAu . 
log ; Pe en 27su > € . »» n 


2rdu | 1 . 
= © 8) ova e727 (s+) u ° 


Now assume ) so large that for every u = 0 


2 For further details on this point, compare Lindeléf, Calcul des résidus, pp. 98-102. 
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(111) emu > 14 x2, 


then the last expression for R,, gives 


1 (* 2m—2 — — ])"" 
=f u log; ae: oniweu UU > ( 1) Rn 


7 1 
> -{ a * log j — gnin(etayu AU, 


and introducing the new integration variables su in the first and (s + A)u 
in the second of these integrals 


1 1 (* 1 
— 2m—2 _— m—1 
g?m-1 =f t log, a ena dl > ( 1) Re 
1 7 oo 1 
> (¢ +d) 4 | Gnr* log ya ae tl 
Making k = m and a = 0 in (109), it follows that 


Bo in > (— 1)*"R,, > ai a 
(2m —1)-2m s*™} . 2m —1)-2m (s+ A)2™"° 
To secure as close a limitation of R,, as poss ble, we have to find the 
smallest value of \ which will satisfy (111). It is clear that for this 
smallest value of A, the equality sign in (111) must obtain for one or more 
values of uw besides u = 0, and consequently the smallest admissible 
value of \ equals the maximum of 


1 1 : 
nN +. > oe (1 + u’) 


This maximum must satisfy the equation 


d(27d) 1 , ” 2 
du = —gplog (1 + wu’) +77 oa = 9; 
let 
siay = pd 2md) Qu? 
f(w) =u i =y4 y27 loe(l + uv’), 
so tha: 


1 — wv? 


Pw) = a ay? 


and consequently f(u?) increases for wu < 1 and decreases foru > 1. But 
for wu small, f(u?) = w+ --- > 0, so that finally f(u?) = 0 can have 
only one root, for which u > 1. The numerical calculation of this root 
gives 1 + u? = 4.92154--- and the corresponding value of \ is 0.12808: - -, 
so that we may now replace (80) by the following: j 
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(—1)""B, 1 (— 1)"""B,, 1 
pee 1)-2k  s?*- it (2m — 1)-2m(s + ares 2 


<5 < Claes. it a 's'>0. 


(112) w(s,0) = 


17. Kummer’s and Lerch’s trigonometric series. The. Ayntion r ate 8) 8) 
is holomorphic for 0 < s < 1, and becomes infinite, As log 1/s when s > 0 


and as dg (1 — s) as s >1,s0 that {- log t) $) ai@ exists. Conse- 


quently, this function is expansihle.in.a Fourier series (35) uniformly con- 
vergent for e = s = 1 — ¢, where the coefficients are given by (34): 


I'(s) , 
-2f log era -cos 2nmsds, ob, = af log rd —s) sin 2nzsds, 
and replacing s by 1 — s in the expression for a,, it is seen that 
i (1 — s) 
_ 9) . 9 = — 
2f log rs) cos 2n7sds An 


ora, = 0. To calculate b,, we observe that, by (J 3’), 


(s) | i oe, (1 — 8)(2 — 8)---(m — 8) 
mi-3°S s(1 + s)---(m—1+8)’ 
so that 
1 m 1 
3b, = lim | tog Mm: f (2s — 1) sin 2nasds + log (v — s) sin 2nrsds 
m—> & 0 v=l v0 
m—1 a 
+ >> | log (v + s) sin 2nesis | ‘ 
Integrating by parts, ‘. 
: ‘ 1 
f (2s — 1) sin 2nmsds = ——, 
0 nT 


and taking »y — s and »y + s respectively as new integration variables 


) se he (v — s) sin 2nmsds = — )s log s sin 2nrsds 


v=1 0 v-1 


=—- { log s sin 2nzsds, 
0 


m—1 vt 


m—1 
2 ‘beg (vy +s) sin 2nrsds = > log s sin 2nasds 


v=0 70 v=0 ey) 


= f log s sin 2nrsds, 
0 
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whence 
ee 1b, = lim | - =" 2{ log s sin 2nreds |, 
0 


oats mx ne 
and integrating: the last integral by parts 
i ——_— ats, — log m| 


T ‘4 o fee, 
- a> a 


r prag Se 
- Ra lim f i 7 ire —— ds — log mn + log n| . 





so that finally, replacing mn by m inthe timit, 


i~ 


1 . 
b, = 7p oe n+ Kk), 


1/2 —_— o 
K = lim | f , — om — log m|. 


m— 2 


where 


To calculate K, we shall replace the integral by one which may be eval- 
uated in finite terms. Observing that 


(3 1 T 
oS =e = 
vis) s sin 7s 


is holomorphic for 0 = s = 3, we may write 


ft — cos 4mrs |, fo — cos 4mrs ds 
6 ee = =. } 


8 sin 7s 


1/2 1/2 
= [ ¢(s)ds — [ ¢(s) cos 4mrsds. 
Now 


1/2 
fo yi me 


and integrating by parts 


tan=s 


e=1/2 
| = log } + log 5 = log 2x — 3 log 2, 
2 


“Yr=l 2 


aaa 1 , 
f g(s) cos 4mrsds = ra | ¢(s) sin mas | 


s=) 


1 1/2 , 
ee { y’(s) sin 4mmsds 
0 


~O0asm— x, 


since ¢(s) and g’(s) are holomorphic, and therefore bounded, in the interval 
of integration. Consequently 
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; vey — 
K = lim [=f . ee ep m | + log 2x — 3 log 2, 


a=—>e sin 78 
and since we have 


1 — cos 4mzs =. 
a oe 2D_sin (2v — 1)zs, 


the integral is readily evaluated, giving 


" ’ 2m 9 
K = lim | X 5, ae j— log m | + log 2x — 3 log 2. 


m—> © v=l1 


By the definition of Euler’s constant, 


2m 


Se 


yj 
X= — 2 log 4m — 2C, — log 2m > C 
v=l1 


v=1 


as m — o, and by subtraction, 


| — log m — 3 log 2 oC, 
so that finally 
K = C + log 27, 
and consequently 
T(s) > 108 n+C + log 2r 
ril—s) “% nr 


But by (40) we have, for0 <s <1 


+ log sin2nxs, O<s <1. 


=.C + log 27 
ene 


sin 2nzs = (C + log 27)(3 — 8), 


and furthermore, by (J 6), 


I'(s) , 


T'(s)? sin 7s 
1 a 
: log ny -e° * log rs) (1 —s 


he log T'(s) + 2 log, 


whence we obtain Kummer’s series”® 


si “log n. 
log I'(s) + 3 log —— + (C + log 2n)(s — 3) = DE" sin 2nzs, 
1 


nT 


(113) 
G<¢e< I, 

the series being uniformly convergent for « =s =1— «. 
The differentiation term by term of the series (113) gives a divergent 


* Kummer, E. E., Beitrag zur Theorie der Function T(x), Journ. f. Math., vol. 35 (1847), 
pp. 1+. 
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series; a trigonometric expansion of ¥(s) is however furnished by the 
following theorem:?’ 
Let 
~ “Cn. 
f(z) = > — sin 2nrzx 
n=! ; 
be convergent for 0 < x < 1; then the derivative of f(x) is given in this 
interval by 
sin 72 —_ 
f'(z)- = = > (Cn — Cnzi) Sin (2n + 1)rz, 


n= 


where co = 0, provided that the last series converges uniformly for 
¢€=2=1 — .«, where e is as small as we please. 
Writing 


i <] 
g(x) = d (en — Cng1) sin (Qn + 1)rr 


Ww 
= >) (en — Cns1) sin (2n + 1)rxr + Ry, 


n=0 


N-1 


N 
= ic, sin (2n + 1)rx — Doc, sin (2n — 1)rx + Ry 
n=1 


N 
= Dic, -2sin rr cos 2nrx — cy., sin (2N + 1)rx + Ry, 
n=1 


where, on account of the uniform convergence, | Ry | may be made as 
small as we please for e =x =1-—e by taking N sufficiently large, 
we have 

¥ sin (2N + 1)rx rR, 


z > cen 27 cos 2nzx — Tey. : ; 
sin aan p= iia ia sin rx sin rx’ 


and integrating between the limits « and x 
x N c 
cae _ =? (es — , 
iz - 7 9 (2) dx > “ (sin 2n7x — sin 2n7e) 
_ noel (2N + I)qz 3 4 f rR, 


sin rx sin re" 
Integrating by parts, 





f? sin (2N + I)rz | _ __wei_[ Cos (2N + 1)ze 
ie | sn 72x 7" aN +1 sin we 
cos (2N + 1)ra f" cos (2N + 1)xz cos rz | 
- —— _ —; dx 
sin rx . sin? rz 


7 Lerch, M., Sur la différentiation d’une classe de séries trigonom¢triques, Ann. Ec. Norm., 
ser. 3, vol. 12 (1895), pp. 351-361. 
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and here the expression in brackets is evidently bounded fore = x = 1 — € 


and all N, so that our integral vanishes as N > ~, since then 0%, 


On + 1 
Furthermore, 


= rRy T ade 
f ; dz| << ——— Ry|dx >0asN 5 & 
J, sinwx ~ | ~sin weJ, ' 


on account of the uniform convergence of the series g(x), and we therefore 
have, letting N ~ ~, 


if] 


Sa a a g(x)dx = > = (sin 2nrx — sin 2n7e) = f(x) — f(e), 


n=! 


whence our proposition follows by differentiation. 
In the special case c, = log n/z, 


g(x) = *Y log” 44 -sin (2n + 1)rz, 


n=1 
, n+1. - , 
and since log n 38 Positive and decreases as n increases, we have 


by (38) | 
> +1. =! e+! 


9 < ; 
L log” : sin (29 + Irr So, SS; 


so that the series g(x) converges uniformly fore =x =1—e. We may 
therefore apply Lerch’s theorem to (113) and obtain Lerch’s series (I. c.) 


¥(s) sin zs +5 cos rs + (C + log 2z) sin zs 
(114) 
= Log, "4 - sin (2n + Irs, o<e< I, 


the series being uniformly convergent for e =s =1-—e. It should be 
noted that this series is not a Fourier series according to the definition 


in § 7. 
CHAPTER III. 


The Gamma function defined as a definite integral. 


18. The Euler integrals of the first and second kind and their elementary 
properties. In the preceding chapter, the various integrals connected 


% This is an immediate consequence of oe convergence of the series for f(z) in (0, 1) and the 





following theorem, due to Cantor: When > S (an cos nx +b, sin nx) converges in an interval 
0 


(a, b), then a,—>0, b, 30 as n—> 2%. We omit the proof, since we shall apply Lerch’s theorem 
only to the case c, = log n/x, where it is evident that ¢n4i/(2n + 1) 0 as n> 2. 
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with the Gamma function were derived from the definition of I'(s) as 
Euler’s infinite product. As we shall now proceed to show, the same 
results may also be obtained by defining I'(s) by means of Euler’s integral] 
of the second kind (61) 


(115) T(s) = { ult, Rs) > 0. 


As shown in § 10, the integral converges uniformly for « = R(s) = A, 
where ¢ is as small and A as large as we please, but does not converge for 
R(s) <0. Since therefore s must be restricted to the half-plane R(s) > 0 
throughout the present chapter, certain formulas (for instance, the asymp- 
totic expansions in § 12, which were there proved for all s not on the 
negative real axis) will have a larger region of validity than that shown 
by the proofs to be given in the following. Integrating by parts, we find 


f e—'t?dt = | - oy | , sf et? "df = 8 [ e~4eIdf, 
v0. ¢=0 0 e/9 
or 


(116) r(s + 1) = sI(s), 


which is one of the fundamental properties of the Gamma function (J/4a). 
By direct integration, (61) gives T(1) = 1, whence from (116), for a 
positive integral n, ['(n) = (n — 1)! The formulas (62) and (63) 


(s 2 
(117) ne = [ et"dt, a>QO, 
e/0 


(118) = wo f e-'t*-! log tdt 


are derived from (115) exactly as in § 10. 
Euler’s integral of the first kind is defined as 


] 
[ (1 — t)®—ldU, Ra) > 0, R(B) > 0; 


. , ' . . t u 
introducing the new integration variable u = 1-2” hence t = [<3 
we find 

9 a B—1 r us 
(119) f a - oa = f a7 apa 


To express this integral in terms of the Gamma function we write 
a=1+4u,s =a+6 in (117): 
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T'(a + B) 
(1 + u)st?? 


multiply by u*-'du and integrate from 0 to «, which gives 


f au f en (itu) tye-lyet8—1d¢ = rats) [ (1 (egies 


If we replace the integrand to the left by its absolute value (which amounts 
to replacing a and £6 by their real parts), the new repeated integral con- 
verges, since it equals the right hand member with R(a) and (8) sub- 
stituted for a and 8; by theorem XXII, we may therefore reverse the 
order of integration in the repeated integral and obtain 


I a f ete tye lst?) du = T(a + 8) {- (1 +a 


But by (117) 
f e~“tys—Idy = 3 


¢ e7 (itu) tyat+b—-1lg¢ — 
0 


and consequently 


ra) {- edt = I'(a + a) { en pa 


or finally, using (115) 


Fey = POP) 
» (+ uy? © Pa +B)’ 


which by (119), is equivalent to (71). 
To prove that 


+ (121) I(s)r(1 — s) = ye 0 < Rs) <1, 


(120) R(a) > 0, R(B) > 0, 


(which is J 6 with a restriction on 9(s) imposed by the method of the 
present chapter), we make a = s, 8 = 1 — s in (117), so that 


and show that 
C) us} T 


(122) | t+ eu o as 0< R(s) < 1. 


The integral to the left converges uniformly for « = R(s) =1— € by 
theorem XIX, since | w*—'/(1 + wu) | Sut for0 <u < land |ut—/(1 + u) | 
= u-" for u > 1, and the integrals 


) 
i 
‘an. 
be 
- 
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i F 1 Tr ) 
{ u'— du, / u~* "du 
0 el 


; both converge. By theorem XXIII, our integral therefore defines a | 
! function of s which is holomorphic for 0 < #(s) < 1, and the expression | 


to the right in (121) is also holomorphic in the same region. ‘To show 
that both sides in (121) are equal throughout this region, it is consequently 
sufficient to prove their equality for an infinity of values of s having at 
least one limiting value jnterior to the region, for instance the values 
s = (2p + 1)/2q, where p and q are any positive integers such that p < q. 
Making u = ¢*% in (119), it is therefore sufficient to show that 


gis a=2{- td dt = id 
Co eee ee ES eee | eo ee 
qsin~~5 T 


_ 


The roots of 1 + #¢ = Oaret, = e2"*)"'4 and t, = e7~@r*Dr2¢ (n = 0, 


; 1, ---,qg — 1), and decomposing into partial fractions, we have 
(2 =1/ A A 
| i - = n n 
1+ 2 gs *7ek) 
where 
t,°? =: — 1-.. 
Aa = 5g set = —oqters = Aa — ata. 


Now t,t, = 1, 
is real, and 


hence 


An, An _(An+An)t — (Anta + Ants) 
t—th t—t,  — (ta + tnt +1 


(A, + A,)(2t — tr — tn) 
"= (t, + tn) +1 


nol 


(An — An)(tn — tn) 


tnhtin\? (tn —tn\? 
(« - 2 ) +( 2i ) 


1 
T3 
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. , An An ) — (tn + tn)t a 1 
dt = n) lim 1 =~ 
= Aat (A. + A.) lim WES gti 
- - 1 
+ 3(An ial An)(tn ts tn) 4 nei t. 
Qt 
, th] 
X | arctan —— =. - 
fb. = Se 
2, dt=-« 


wi(A, — An) = 2 R(tA,) 


a 


=—-RK(- te(2"t) (2p+1) wi/? ?), 


“a 


so that finally 


f- = dt = “KR (= —_ jetn+nantneine ) 
-ol + (a q n=0 


2q(2p+1)rij2qg 

= “KR aati qe (2P tl) ti/2¢ . : , 

- e22ptl)rij2q — | 

T . ot Sa 
= qu ~ U* Ceptini2g — e— Cptl) rig 

wT 1 
=—_ : 2 + 1 ’ 

© ia es 

2q 


Ww vhich proves our proposition.” 


ES From (121) we may obtain the expansion in partial fractions of x/sin xs. For decomposing 
the integral in two with limits 0, 1 and 1, 2%, and changing u into 1/u in the second of these 
integrals, we obtain 


af ooh du, O0<R(s) <1, 
sin x8 


and since : ” 
rea SO Dw HM 
it is seen that 
a __ 1(— 1)” (- 1)" on te L ystn-1 le 
ges 7 3 +38 Fi “th rh, l+u 
For « =R(s) =1 — «, we have 
Lystn- t ynne * igptart4.ye-t-0)dp em —2— ~30 as 2-9 ©, 
fe a < fh cern wrtnyde= 20 as n 








and consequently -~1y.@ (-1) © (—1)¥ 
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2 e4, T3518 “a sty’ 
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In (120), we now make a = 8 = s, obtaining 
T'(s)? ” : ft - —_— _ 1 ut) 
r(2s)" Jy (A+ yu + ; d+ ue “a » (+ ya 
and writing wu = (1 — ¢'”)/(1 + #”) in the last integral, 
T(s)?_ 1 f - sie a r(3)P(s) 
P(2s) ~ geni J, OC — Odt = dee * P(g + 4) 


by (119) and (120). Since (121) gives (3) = Vz, we obtain Legendre’s 
formula (J?*) 


(123) P(s)P(s + 3) =a T(2s), — R(s) > 0. 


19. Integrals for ¥(s). The infinite product for I'(s). In (118), we 
replace log ¢ by the expression 


7 OPO cn —tu 
logt = [ “du 


obtained from (87), and find 


x z£ —es —tu 2 x 
r'(s) = { a [ ey dy = [ af f(t, u)du; 


u 


since e~“ =e~'“ as t= 1, we have 
e~¥ _— e~ tu 


| ( ! —tgR(s)—1 
f(t, u) + e~'t 


(+ ast2=1), 
so that 


2 x l x co) ) 
f at f ‘f(t, u) | -faf s(t, w) [du + ff af f(t, u) | du 
0 0 0 0 1 0 
el 2) —u —tu 
- -{ af enya & du 
0 70 U 


ad 2 “Ss .. g~te 
+f at f e-tyx(ay—1 © = - du 
1 0 


and performing the integrations in respect to u 


{ dt [ f(t, u)|du = — f et?! log t dt + fo et"! log t dt. 


for 0 < R(s) < 1, but since the infinite series converges uniformly in any finite region of the 
s-plane to which the points s = 0, + 1, + 2, --- are exterior, and consequently the series is a 
function of s holomorphic in this region, the above equation is valid for all values of s distinct 
from 0, + 1, +2, +--+. Conversely, we may deduce this partial fraction expansion from that of 
the cotangent by means of the identity 2/sin xs = cot +s/2 + cot [x(1 — s)|/2, and then the 
above expansion of the integral gives us a new proof of (121). 
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Both of the last integrals converge since R(s) >0; hence f : dt f ‘ | f(t, u) | du 
0 0 


converges and by theorem XXII, we may reverse the order of integration 
in the repeated integral for I'’(s), whence 


ad ad ~—e-t .. g-titae 
I’(s) = f du [ gs Sg 


= Lloro - ata lt 


by (115) and (117), or finally, writing ¢ instead of u in the integral, 


a4) v@=Ta=f ei-at+9-9F,  @ >0, 


which is identical with (90). We now define Euler’s constant by the 
relation 
(125) -c=ya=ra = fe-ato$, 


whence by subtraction 


we) C= [ator -a+o-9F, 


and replacing 1 + ¢ by e' 
Sat —.. g~st 
(126) ¥(s) + C= f are dt. 


Differentiating under the integral sign, 


x —et 
(127) y'(s) = inal 


0 1—e' 


where evidently | fa -— < M fort = 0, so that for R(s) 


f — asf Mue-“at = “. 


Consequently the integral in (127) converges uniformly for R(s) = «, 
so that the differentiation under the integral sign is legitimate by theorem 
XXI. We have 


. all | al te *(2)-8 
- — Cateye | aout = > ta~s) +") 
1 — Lee il —e- “ji. & ’ 


te—** 


@ 
and since f 
e/0 1 — 


mild converges for R(s) > 0, theorem XXII cor. 


* OS eM SORTA. ALT Oa stem 
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gives 


v=06 


y’(s) = > ” te-tetoedt, 


or evaluating the integrals by means of (117) 


;' BS 1 of 1 1 
¥@=oet-ELG, 5) 


where the last series is uniformly convergent for R(s) = e, | s | = A, since 


it 8 lL etl LL 
‘T+trp str (l+yv)|\st+rv| ~(l+)(e+7) y? 
and consequently, remembering that y(1) = — C, 


W) +C=L(p45-s45): 


This may also be written 


d log T(s + 1) ->(5 1 )=e2(2 sty 
ee F888 ~ iS) 


1 


the last series being uniformly convergent as before, as is readily seen by 
expanding the logarithm, and since fors = 0, '(s + 1) = 1, it follows that 


x(: — log (1 +*)). 


For s = 1, we obtain, since (2) = 1, 


c= 2(; —ton(1+5)) 


: 1 
lim (1+ 3+ soya logn), 


a—>o 


log T'(s + 1) + Cs 


which is the definition of Euler’s constant given in J §1, and passing 
from logarithms to numbers, the preceding equation gives, since 
I'(s + 1) = sI(s), 
= e*-sIT(1 +2 )em R(s) > O 
I'(s) — v , : 
Except for the condition {t(s) > 0, this is the product formula (J 5). 
20. Integrals for log I'(s). Raabe’s integral. In the same way as in 


the case of (89), we may show that the integral (126) converges uniformly 
for R(s) = e, | s| = A, and consequently 
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-— .. e7t-uls—l)t 


(s - 1)y(1 + u(s —_ 1)) + C(s - 1) = iz (s _ 1) — dt 


é 


converges uniformly for R(s) 2«, |s| =A, 0Su=1. By theorem 
XX, the integration in respect to u between the limits 0 and 1 may there- 
fore be performed under the integral sign to the right and gives, since 


r(1) = 1, 
log I(s) + C(s — 1) = f (s — ah di _ i 


For s = 2 we obtain, since I'(2) = 1, 


@/  te-! _\dt 
c=f (Sa e)F, 


and multiplying by (s — 1) and subtracting from the preceding equation, 


get -¢" dt 


(128) log r(s) = [| (s — Det + = “1%, R(s) > 0, 


e~¢ 


which is identical with (94) and is seen, as in the case of (89), to converge 
uniformly for R(s) =e, |s| =A. We shall now evaluate Raabe’s 
integral 


l 
f log ['(s + a)da, R(s) > O, 


where, on account of the uniform convergence of (128), log '(s + a) is con- 
tinuous for R(s)>0 and 0=a=1. From log I(a) = log I'(1 +a) — loga 


1 1 
and the existence of f log ada it therefore follows that f log I'(a)da 
0 0 


exists. The integral 
[= [ log I'(us + a)da, 


where R(s) = ¢, |s| = A, 6 S u =1 (6 being arbitrarily small) may be 
differentiated under the integral sign, since the resulting integral 


= f s¥(us + a)da 


converges uniformly for the values of s and u considered. But integrating 


in respect to a and applying (116), we find 


af = s(log I'(us + 1) — log I'(us)) = s log us, 


whence integrating in respect to u between the limits 0 and 1, 


ee 


ee eee eee 





114 T. H. GRONWALL. 


1 1 1 
f log I'(s + a)da -f log T'(a)da = f s log usdu = s logs — s. 


Now, replacing a by 1 — a, 


1 1 
f ‘og T'(a)da = f log '(1 — a)da 
0 0 
and consequently, applying (121) 


1 1 
{ log ['(a)da af (log I'(a) + log '(1 — a))da 
0/0 0 
1 1 
af (log x — log sin ra)da = log vr — if log sin zada. 


, ; . wa, rl+a 
To the last integral, we apply the formula sin ra = 2 sin sin” = ) 


whence 


r(1 - a) da 


l 1 1 
f log sin rada = log 2 + f log sin > da + f log sin 
0 v 0 


; 
log2 +2 [ log sin rada +2 { log sin (5 + ra ) da 


} 1 
= log2+ 2f log sin rada + 2f log sin rada 
“ 4 


= log 2+ 2 { log sin rada, 
so that ‘iy 
f log sin rada = — log 2 
and 
[ log T'(a)da = log vx + } log 2 = log v2z, 
and finally si 


el 
(129) f log I(s + a)da = slogs—s+logv2x, R(s)>0. 


We may obtain another expression for Raabe’s integral by replacing s 
by s + a in (128): 


~ 2 ” estat — e~¢ dt 
(130) log I'(s + a) -f | © +a- te a Sor | 1? 


R(s) > O, 0=a<1l 
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and integrating in respect to a from 0 to 1; the integral to the right being 
uniformly convergent in respect to a from 0 = a = 1, we may perform 
the integration under the integral sign and obtain 


! ad —ast —t 
(131) { log '(s + a)da -{ | (s — dye +5 _ alt. 


21. Binet’s integral and the asymptotic expansion of log '(s+a) and y(s+a). 
From (130) we subtract (131) and find by the aid of (129): 


log I'(s + a) — (slog s — s + log v27) 
x est est—at dt 
~ i | a | Saye 


eS a-t —.. p~st 
log s = { : : dt, 
Jo t 


R(s) > 0. 


from (87) we obtain 


and multiplying by a — 3 and subtracting from the preceding equation, 
log '(s + a) = (s +a — 3) logs — s + log vV2r 
- 1 1 ce \ee 
+ [(e-3-74+ oe) ™, RW) >0, 
Rewriting equations (97) and (98), 
. 1 1 go e~*'dt 
_ adedae J (« at eat ia a) 7? 


_— 


11. e# \ 1 
(133) f(t, a) =(-3-Fty oe) > 


we find as in § 14, upon successive integration by parts in (132), 


mt at-(t,a) et ]H2 1 Pea flt,a) _, 
(134) o(s, a) = | - iil o] "+a f f(t @) sap. 


Fa ot"? 


It is now proposed to show that this formula yields the asymptotic 
expansion (78) for R(s) > 0, and the proof will be conducted without 
any comparison of (134) to (77) (since we have not established the latter 
formula by the methods of the present chapter). To this purpose, we 
note that f(t, a) is a function of a holomorphic for 0 = a = 1, and may 
therefore be expanded in a Fourier series uniformly convergent in this 
interval 


f(t, a) = 3 oF > (a, cos 2nra + b, sin 2nra) 
1 


= 5 + > (A aeen™ a A_..e72***), 


Q 
re 
A 
z 
< 


" 
Va 
et 
a 

. 
‘ 


eed ours OS 
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where, by (34), 
: 1 
=}3(an—tbn) = [ s a)e*"*'*da, A_,= }(an + ibn) -{ f(t, a)e?"***da, 


From (133) we find | 
ao = . f(t, a)da = 0 


—at 
A_» = if has: +i + — 1 emda 


1 , 1=] 1 1 e(2nri-ta a=1 
a } - +7 onc —t l1—e* I. 


and 


i( 1 1 ) —- 1 
t\2nxi 2nri—t) 2nwi(2nmi — t)’ 


A, is obtained from this by changing the sign of 7, so that 


" —_ ao . erntt: aeeinesl 
(135) f(t, a) = © (seme t: la ). 


2nri(2nmi — t) 


Differentiating term by term in respect to ¢, which is legitimate since 
the series obtained are uniformly convergent for ¢t = 0, it is seen that 


or f(t, a) _ ' (5 — 1)* le?" e72ntia 
(136) ot*! - i) x 2nmi(2nmi + t)* + 2nmi(2nmi — 5) 
o*—'f(t, a) 


atk > 0 


and from the uniform convergence for t = 0 it follows that 


ast+o. Fort =0, we obtain 


[55 2] — (Ie - pin& 1) F—le2nria + e72nria 
‘=0 ; 


atk (2nmi) **} ’ 


and comparing the cases k odd and k even separately to (42), we find 


k-1 
[* ee 2] = (— 1)*)2(k — 1) IP, 3a). 


Since | 2nzi + t| = 2nz, it follows from (136) fork = 2m — 1 that 


anf (t, a) 


2 
ppm—2— << (2m — 2)! > = (2m — 2)!Pom(0), 


(2nxr 2m 
and for s = | s|e% (— 2/2 < 6 < x/2 since R(s) > 0), 
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© A2m—2 ) 
| f ah e-*'dt! < (2m — 2)!Pam(0) f "eed 
0 0 


ao P2m(0) 
= (2m — 2)! |s| cos 6° 


Introducing all this in (134), we finally obtain 


w(s, a) = (— 1eene& = D'Pan(a) , (2m — 2)'Pom(0)-h 


i s* 1s |2"-leos 0’ 
(137) 


Tv Tv 
lh| <1, 05a <1, —3<O<5, 


which, except for the slightly different form of the remainder term, is 
identical to (78). 
We have 
1 dw(s, a) 
w*(s,a) = logs — ¥(s +a) = (4 —- a)=— —— ~. 


and by theorem XXI, it is legitimate to differentiate in respect to s under 
the integral sign in (132), whence 


(138)  w*(s,a)=(— a)~+ f f(t, alen“dt, —- R(s) > 0. 


Integrating by parts, and using (135) in the same manner as above, we 
me k — 1)!P,(a) 
2m—l _— ! a 
w*(s,a) = (3 — a)~ + , (— 1) DUP (hk —— k 
n &=3 


(2m — 1)!Pom(0) +h 


~ts[?™cos@ ’ 


|h| <1, 0sa <1, -5<0<5, 
which differs from (84) only in the form of the remainder term. 
22. The integrals of Schaar and Landsberg. Let us first assume s real 
and positive and replace f(t, a) in (132) by the series (135), so that 


—2nria 
é 


om e2nria —gt 
w(s,a) = — > ( seron +0) + Qnxi(Qnni — »)e ™ 


Since | 2nri + t| = 2nz, the absolute value of the gene:al term in the 


1 1 ) ms 
7 st and the integral 
series does not exceed ( (nz)? + (nn)? € g 
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o © as i nr 1 
f | -* 2n* ae 


being — the same is the case with 
en Tia e7?n ria 
<—— : e~**! dt. 
>| (sacicones + t) + 2nmi(2nm — 5) 


By theorem XXII cor., we may therefore reverse the order of integration 
and summation in the expression for w(s, a), and write 


x a e-"* 1a e7enee 1 
= ; : —— coe BO, 
we, 2D 0 (sacioan + t) + 2nmi(2nm — y) dt 
Replacing ¢t by 2nzt/s in each integral (this is a real substitution since s 
is real), we obtain 


2 ® 1 en ent ia e2ntia odes ‘ 
w(s, a) te ‘ oar (Saate—a)e dt; 


since | s + ti| =, the absolute value of each integrand does not exceed 
(1/nrs)e~**', and the series 


> aa 


azido NTS n° 


x inal 


being convergent, the same is the case with the series 


cd 2 1 e72ntia e2nnia 
—2nrt 
og | olsen toon)? dt. 


By theorem XXII cor., we may therefore again reverse the order of 
summation and integration in w‘s, a), which gives 


e72nt (t+ai) e —2n* (t—ai) 
w(s, a) = a D> | stti ae - ti -) at 


and summing the infinite series 


( ™ xf ( - 1 | 1 
ee OS, NaH BT — eaetiren 
(140) 


8 


1 1 
+ pee log = pavie—we ) a 


Passing to the case of s complex, we may now write for R(s) > 0 
PF wae 1 
w(s, a) = ti s+ ale *\. entritany Ht 


1 fg? |} 1 
° Qn J s—ti log 1 — e72"(t-ai) dt. 


(141) 
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In fact, 1/(s + &) and 1/(s — ti) are holomorphic in s for §(s) = «, 
|s| =A andt =0; since |s + ti| = € and 


o |= lo : 
1 a eg Selsse8 | = ey) eas e72"t 


(which is seen by expansion in series, as in (106)), and furthermore 


ast 1 
f = log | ms onan dl 


converges (the integrand becoming infinite as log t for t > 0 and vanish- 
ing as e~*"* for t > «), both integrals in (141) converge uniformly for 
R(s) 2e,|s| =A. The application of theorem XXIII now shows that 
the right side in (141) is a function of s holomorphic for R(s) > 0; the 
same being the case with w(s, a), and both sides in (141) being equal for s 
real and positive by (140), it follows that the equality subsists in the 
entire half-plane R(s) > 0. 

Writing 1 — e~**"'*e) = re*®, we have r? = 1 — e°*' cos 27a + e7**!, 


9 ‘ sin 27a 
= GUeNee ot — oon See’ 


and making 


v(t, a) eas i log (1 — e~*"! cos 27a + e~**t) 
_ sin 27a 


1 
x(t, a) = — =— arctan ee 


2r 


we find by a simple algebraic transformation of (141) 


°2 * Qsvi(t, : 
(143) w(s,a) = f ea — f et, R(s) > 0. 


Differentiating (141) in respect to x = R(s), we find 
1 Ow(s, a) 
(3 = a)~ onal w*(s, a) - Os 
cf 1 1 a 
_— Qn : (s 4. ti)? log ; pant e72* (ttai) dt 
i 1 a ; 
~ Or J, (s — ti)? log 1 — e~2"( ta) dt; 


the differentiation under the integral sign is legitimate by theorem XXI, 
since the integrals obtained converge uniformly for R(s) = ¢, |s|= A, 
as is seen in exactly the same way as for the corresponding integrals in 


TAMPFORD 


ARIES 


1 
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(141). Integrating by parts in the formula just obtained, we find for 
0<a<l 


1 ” 1 ] ; 1 dt = 1 1 1 1 |- 
7 a] (s + tip? 8 1 — en tetttan Oni s+ ti 81 — eriton |, 


7 mn e72* (t+ai) 
i i) stti 1 — em 2n(ttei dt, 


1 1 eat — gai 
euniadiatainin —_— og 2tai = Dp (1/2—a)i , - 
2ris log (1 —e ) 2ris log ( 26 27 ) 


~ 


and the first term to the right equals 


_ 9 
= 5 [r(4 — a)i + log (2 sin za)]. 
The second integral in (144) is found by changing the sign of 7, and we 
finally see that 
- F bd 1 e772" (tai) d 
w*(s,a) = if stti’ 1 — en nitten t 
(145) 
aa Sa We 1 
“tl! —2’i. 7 t, R(s) > 0, <ac<l, 
or writing 
on cos 27a — e~*"! 
vnilt, a) = e*"* — 2 cos 27a + e7?*"’ 
(146) 
sin 27a 


(t,a) =-— = 
xi(t, @) e’*' — 2 cos 27a + e7?*!’ 


and transforming (145) algebraically 


(147) w*(s, a) = sont rns. {= aut Ody R(s) > 0. 


(147) is also seen to be true for a = 0 by acl a = 0 in (148), differ- 
entiating in respect to z and integrating by parts. In the special cases 
a = 0 and a = 3 these expressions are considerably simplified, and we 
obtain 


ss? 1 
w(s, 0) = =| 4 ple, a andl 
- 2 dt 
w*(s, 0) = f s? + fe"! a 
oc 1 
w(s, ) = - v+e log 1+ p-2ni Ut, 


* 2 dt 
* Sh ae 
w*(8, 2) eect orst 
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The integrals (148) are due to Schaar,”* and (143) and (147) to Landsberg. 
Using the identity 


(— = a at (— | ls tale 
3? i 2 =>! _ ae g?m—2( 3? 4 + f?) 


in (143) and (147), and proceeding in the same manner as at the end of 


§ 15, there result asymptotic expansions which must coincide with (137) 
and (139). Comparing coefficients, we readily obtain 


2 ” . 
Py(a) = — (Qk — 2)! f v(t, a)P**dt 


k - md vilt, a) dt, 


2 @ ® ban 
P2x41(@) = (Qk — ind x(t, a)t?* ‘dt 


2 ° - 
= aL xi(t, a)t*dt. 


23. Kummer’s trigonometric series. Let s be real and e =s =1—; 
we then obtain from (128) 


I'(s) © eet — e-(i-at nt ~|4 
gaa a = J | 1 — e* + (28 — Ie e 


and subtracting (125) multiplied by 2s — 1 


fet —e-i-)t Is —1 ]dt 
(150) lo8 pq 9 + C(2s — 1) =f | _. +747 |¢. 


0 


(149) 





We now have the Fourier expansion 
ews — e~ (aye Is asinie 1 
. a cos 2nrs + b, sin 2nzs) 
1—e' 1+t 3+ x (a 


uniformly convergent for 0 = s = 1 and a fixed value of ¢, since the left 
side is a holomorphic function of s. It is seen from (34) that a = 0 
and that for n > 0 


*» Landsberg, G., Sur un nouveau développement de la fonction gamma, Mém. Ac. Belgique, 
vol. 55 (1897). 
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_fict-¢F™ m= T)\ ow 
a, + ib, = 2 f (“—, “405 )e ds 


2 | e(2nri-bs oat +t |. 2 [Aer 


~Joe'|Qnri-t 2Qnritt j.,' 1t+t 2nmt - 
2 2 21 


- _ 


~ Qnzi—t 2nritt nr(1+t) 


_ _ 8nmi _ = 
~ 42 +e ne(1 +t)’ 
so that 


e~*t§ — e-i-at = =—2g — ] 1 = sin 2nzs 
| i. + 1+t |-7- De ns ’ 


(151) nT 
0=s <1, t=0 


where 
1 8n?x* 2 2 2t 
(152) en(t) = + (ye oe a :) ~)+t 42+ el 


increases with n for any fixed positive value of t. We shall now prove that 
it is permissible to substitute (151) in (150) and integrate term by term, 
or in other words, that 


x x +4 9 ‘ 
f ( > c¢,(t) an ere) at +0 as n—> © 
0 von-+1 


uniformly fore =s =1—e. Writing 


- > sin 2u7s 


w= Tp 


S 


v ’ 


so that 
sin 2yr: 


_ S, — S,41) 


VT 
it follows from (38) that fore =s =1—e 
1 


VT sin me’ 


S| S 


and from the identity of summation by parts 


Te WS, -—S§S +1) = = (c, —_ c,-1) 8, + CaSn41 ~~ CasostOasnet 


v=n+l1 von 


we conclude, since c,(t) — c,4:(t) > 0 for t > 0, that 
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ne b 2 n+p 
¥ el SIN cvs, _ ] | ~ (cl — ¢,-1(t)) < 


vem vr ™ 3 Sin re 


vyon+ 


(153) 
4 | cn(t) | | Cn+p+1(t) | |. 


n+1‘tn+pt+1 
From (152) we obtain 


(154) { cr(t)dt = [toe iit +e | — 2 log 2nz, 
0 ‘=0 


and since c,(t) = 0 as t = 4n?z’, 


w cinta? - 
f lent) lat = f ea(tae — f ca(t)dt 


=2 log (1 + ints: + 2 log 2nxz < 4 log 2nz, 
so that, by (153) 


x n+ M4 9 n- 
[ Y (0) mat a< | , ~log(1+ 5-5) 


vr 3 Sin re 


n+1  ntpti 


2log2nx , 2 log 2(n+ p+ oe] 


: : 1 1 
Letting p— «, and observing that log (1 =; i) es and 


ts) ] 1 
2d oe;  b we finally see that 


"<< sin 2vms 2 1  2log nr) 
uniformly fore = s = 1—e. Substituting (151) in (150) and integrating 
term by term with the aid of (154), we find for0 <s <1 


I'(s) + log 2 


* sin 2nzs 
-§ T 
r(1 — s) nr ; 


log + C(2s — 1) =255 8" 
n=1 

the series being uniformly convergent for «=s =1—e. Using (40) 

and (121) (the latter being identical with J 6), we now immediately 

obtain Kummer’s series (113). 

Additional note. Application of complex integration to the theory of 
the Gamma function. We observed at the beginning of chapter III 
that when the Gamma function is defined by means of Euler’s integral of 
the second kind, we are thereby restricted to the region of convergence 
of this integral, viz., the half plane R(s) > 0. This difficulty is overcome 
by the use of complex integration and other more advanced parts of the 
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theory of functions of a complex variable. The author’s original inten- 
tion to devote a fourth chapter to an exposition of these methods had 
to be abandoned through lack of space, and it was found feasible only to 
give the following brief references to the literature. 

A paper by Birkhoff* contains what is probably the shortest way of 
arriving at the main properties of the Gamma function from the function 
theoretic point of view. Starting from the definition 


= lim 22 +2t+) _ 
MMs) = Wena + 1)---(@ +R)’ 





o(s) = s*-V%e-# 27, are s| < 7, 
which is essentially equivalent to (J 15), Birkhoff first proves the formula 
(J 14) log I'(s) = (s — 3) logs — s + log vV2r + «(s) 


with the Gudermann expansion of w(s) (J 13) and the fundamental 
property of this function, viz. |w(s)|< K/p, where K is a constant and 
p the distance of s from the nearest point on the negative real axis. Next, 
the formula I(s)I'(1 — s) = z/sin zs (J 6), the infinite products for 
T'(s) (J 3 and 5), and Euler’s integral of the first kind are established, 
and after a digression on y(s) = logs — w*(s), |w*(s)| < K/p*, Birk- 
hoff’s paper closes with the expression of Euler’s integral of the first kind 
in terms of the Gamma function (71 in the present paper). 

By the use of Cauchy’s integral, a systematic study may be made of 
a whole class of summation formulas, containing that of Euler, and as an 
application, the formulas (76) and (82), Binet’s integral (97) and those of 
Schaar (143, 147) may be derived from a common point of view, together 
with the various asymptotic expansions to which they lead. An excellent 
exposition of this aspect of the theory is given by Lindeléf.” 

Attention is finally called to an important paper by Mellin,” in which 
is set forth the intimate connection of the Gamma function with a large 
class of other transcendental functions (for instance, the Riemann Zeta 
function). The main purpose of Mellin’s paper is however to apply the 
Gamma function to the systematic solution of a class of linear difference 
equations (the simplest case of which is solved in J § 11) as well as to a 
corresponding class of linear differential equations, the coefficients of 
which are polynomials of the first degree. 


31 Birkhoff, G. D., Note on the Gamma function, Bulletin Am. Math. Soc., vol. 20 (1913-14), 
pp. 1-10. 

#2 Lindelof, E., Le calcul des résidus, Paris, Gauthier-Villars, 1905 (Collection Borel). 

% Mellin, H., Abriss einer einheitlichen Theorie der Gamma- und der hypergeometrischen 
Funktionen, Math. Annalen, vol. 68 (1910), pp. 305-337. 

















INVARIANTS WHICH ARE FUNCTIONS OF PARAMETERS OF THE 
TRANSFORMATION.* 


By OLiver E. GLENN. 


Among invariant theories of importance in geometry are those leading 
to concomitants which are functions of one or more of the coefficients 
of the transformations. An example is the case of invariants of axial 
rotations in a plane.t <A general theory of such concomitants is here 
considered, for both binary and ternary linear transformations. What 
is usually true of a general analytical algorithm, ruling various special 
situations, is exemplified, i. e., the algorithm points to a natural mode of 
procedure in the investigation of any particular instance under the 
theory. Application is made in Section II to a theory of the invariants 
of relativity. 

I. Tueory or BINARIANTS. 


1. Concomitants which are irrational in the parameters. The transforma- 
tion 
X= mr + OX’, 


ali i%@= Bory’ + Bir2’, 


where the parameters are arbitrary, has two poles which are the roots 
of the respective linearly independent linear quantics} 


(1) far = 28 2 + (Bp; —_— @s + A)X2 (A = V(B; asad a)" a 4Boa.). 
These quantics are covariants of 7’, and they satisfy the invariant relations 
(2) fi’ = pr"h, fq * pa Jou 
in which 
Pal = 3(B; + am + A), pPip-1 = afi = a28o = D. 
The binary form of order m 
f _ (do, ay, ee AmbX1, X2)™ 

* Presented to the American Mathematical Society (under a different title), October 27, 1917. 
Read before the National Academy of Sciences, November 21, 1917. oo 

+ Cf. Boole, Cambridge Math. Journal, vol. 3 (1843); Elliott, Algebra of Quanttes (First ed.), 
Chap. 15. 


t Transactions Amer. Math. Society, vol. 18 (1917), p. 450. 
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126 OLIVER E. GLENN. 


has a unique expansion in terms of fi, f_1 as arguments: 


(3) 6-37) emai 





concerning which we prove the following 
TuHeorEM. The linearly independent functions ¢m—2i(i = 0, +++, m), 

linear in do, +++, Gm, taken with fi, f-1, compose a complete system of con- 
comitants of f under T in the domain R(1, T, A) to which fi, f_1 belong. 
The independence of the expressions ¢ is evident. For, were they 

linearly connected, so would be the m+ 1 linear functions of them, 
do, -**, dm, but these are arbitrary. 
Let f’, the transformed of f by 7, be expanded in terms of the argu- 












i ments 
far’ = Bors’ + (Bi — a, + A)z’; 
m 
m m—t t 
f= (7) enh Ia" 
} i=0 
A | Then the function ¢,,-»;’ is evidently the same function of ao’, -+-, Gm’ 
that ¢n—2; is of do, ---, dn; moreover, if we apply the inverse of 7 to f’ 






|| and use the relations (2) we get 


f = > ( : ) tian we Te 4, 





an expansion which must be identical with (3) since (3) is unique. Hence 
the expressions ¢,—2; are invariants of f under T satisfying the invariant 
relations | 





Ud 


Pm2i = pr" *D om—2: (2 saa 0, we m). 





Any concomitant of f under 7 can be expressed in terms of fi, f-1, ¢@m—2i 
(1 = 0, ---, m) by means of (1) and the inverse of the following m + 1 
linear substitutions on do, «++, Gm: 
















Pm-2i = Pm—2i(Ao, is. Am) (a _ 0, roo m), 





hence the theorem is proved. 

2. Systems belonging to the domain of rational polynomials. If we seek a 
fundamental system of concomitants which belong to the domain 
R(1, T, 0) of rational polynomials in do, ---, Gn, 1, 22 and the parameters 
of the transformation, we will be concerned with linear expressions in 
terms such as 
3 IT, = Pm—2i, *Om—2ig? ++ fr"f_1". 









The invariant relation for J, is 


(4) I,’ = per —-atapwe-af 
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and a linear expression y in terms 7, is a concomitant if and only if 
=r;(m — 2t) — 8: + 8 as well as =r — s. are the same for every term. 
A necessary condition that y belong to R(1, 7, 0) is that, for each of its 
terms, 


= 
II 


=ri(m saa 27) -—= § a So 

= 7r;,(m — 2) + 7:,(m — 2h) +--+ — 8 +& = 0. 
This amounts to a sufficient condition also, for, although not all products 
7, are rational, those for which vy = 0 can be arranged in conjugate pairs 


(I,, [_,) and the power of D in the invariant relation for 7_, will be the 
same as the power for J,. In fact, 


(9) 


I_, = P—(m—2i,) “P—(m—2ig) @ ss i IeF 0", 
for which the power of D is D®"-°-", But, if v = 0, 
=rj(m aad 1) —-s = Dr — Se. 


We can now replace the terms of the pair (J,, J_,) by J, + J_,, J, — I_,, 
respectively, and the latter binomials belong, essentially, to R(1, 7, 0). 

Any concomitant multinomial is here reducible in terms of invariant 
monomials. The question of the finiteness of a complete system, as 
well as the problem of determining it explicitly are, therefore, solved by a 
known lemma due to Hilbert, viz.: If an infinite system of monomials in 
n letters be formed according to any law sufficiently definite to locate an 
arbitrarily chosen monomial within or without the system, then there 
will always exist, within the system, a finite set of monomials such that 
every monomial of the system is divisible by at least one of the set. 

In the present case the letters involved are ¢gm-o; (¢ = 0, «++, m), 
fi, f-1, and n = m + 3, while the law by which the system is formed is 
embodied in the linear diophantine equation 


8 + rom + ri(m — 2) +72(m — 4) + -:- 


(6) 
= --- +7,_20(m — 4) + rei(m — 2) + ram t+ 8, 


which is to be satisfied in positive integers (including zero) r;, s;. The 
terms on the two sides of this equation, adjacent to the equality sign, 
are 2rjm—1, 2ym41 if m is even, and ry(m—1), Ty(m41) if m is odd, and in the 
former case go exists and is included in the irreducible system. 

We have now proved the following 

Tueorem. A fundamental system of concomitants of f under T in 
R(1, T, 0) is given by the irreducible solutions of the linear diophantine 
equation (6). The number of concomitants in the system is equal to the 
finite number of these irreducible solutions, increased, if m is even, by unity. 
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The enumeration of particular complete systems for special values of 
m is the same for the situation treated in section II as in the present general 
theory, and these details are omitted to be taken up in that connection. 
We add, also, that this theory holds if the quantity under the radical A 
is a square, so that A is only apparently an irrationality, but does not 
hold if A = 0. 


II. THe INSTANCE OF EINSTEIN’S RELATIVITY TRANSFORMATIONS. 


1. The transformations. Two moving systems of reference S and S’ 
are conceived, which, for the sake of concreteness, may be taken to be 
two platforms on each of which are installed instruments for taking 
measurements, such as clocks for measuring time, rules for measuring 
lengths, and so on. Let these two systems have the relative velocity v 
in the line 1. Suppose that systems of rectangular coérdinates are at- 
tached to S and S’ in such a way that the z-axis of each system is in the 
line 7, and let the y-axis and the z-axis on S be parallel, respectively, to 
the y’-axis and the z’-axis on S’.. Supposing the origins to coincide at the 
time ¢ = 0, let the coérdinates on S be denoted by zx, y, z, t, and those 
referring to S’ by 2’, y’, 2’, . Then, as was shown first by Einstein, 


(7) t = p(ct’ + oz’)/c, z= pel’ +2')e, y=y’, 2=2’, 
where 
p= 1/ vc — v’, 


and c is the velocity of light.* 

Let the first two equations of (7) be denoted by 7, then 7 is unitary, 
and when we treat its invariant theory as a special situation under section 
I we have D = 1. Instead of distinguishing the two types of concomitants 
with respect to domains of rationality we now refer to them merely as non- 
absolute (relative) systems and absolute systems. 

When (1) and (2) are particularized to correspond to 7 we find that 
fi, f-1 become, essentially, 


(8) Eé=ct+a, n=cl— 2. 


These are universal covariants of 7 for all values of the relative velocity v, 
for which the invariant relations are 


where 
le+ev 


P VNe=v 


* Einstein, Annalen der Physik, vol. 17 (1905). Lorentz, Einstein and Minkowski, Das 
Relativilitsprinzip (1913), p. 27. R. D. Carmichael, The Theory of Relativity (1913), p. 44. 
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Let 
f = aot™ + mat™z + +--+ + a,2”, 


where do, ---, @, are constants, or arbitrary functions of c, y, z, then the 
expansion (3) is given by substituting, in f, from the inverse of (8), i. e., 
(9) t= (£ + n)/2c, x = c(E — n)/2c. 


As it is evident that ¢,,-2; contains the constant (2c)” in the denominator 
we write 
(20)"om—2i = Vm—2i; 
whence follows 
Vm—2i = p™ Yao; (i = 0, ---, m). 

The concomitants are here functions of the parameters in 7 but they 
are, in fact, free from the relative velocity of the systems of reference. 

We note that these systems become orthogonal invariant systems 
when the velocity of light c is replaced by vV— 1, the covariant — £y then 
becoming the absolute, x? + 0. 

2. Calculation of the non-absolute system of f. The invariants ¥,,-»; can 
be derived in explicit form when m is general. Noting that 


h+k i . } k - 
(E+ n)*"(E— yk = e| dc-x(, = (7) jews 


it is evident that the transformed of 
p= (Jarre 

; “ j=0 J 

by (9), is 
“oT m\({m—J canes 
ao) f= LEEK (")(FT7) (4) aciernieo 
t) 
Hence 
(11) = Yn-2i = 2 D(— 1(" bs aay (7) ae ({=0, ---, m). 
7 juo t=0 J 1—t t 

A few special cases of this formula are added to facilitate writing down 
particular systems. The invariant ~—(m—2:) may be obtained from Ym—2: 
by changing the signs of all odd powers of c in the latter, i. e., the y’s 
at equal distances from the ends of expansion (10) are conjugates. Hence 
the four y’s written below suffice to give at once the explicit complete 
systems for all orders up to m = 7 inclusive. 


= a) + mac + (3) ae +eee + ("") ae’ + +++ + Onc”, 
= may + (’) (m — 2)ayc + (3) om — 4)ac? + --: 


‘ ("") (m — 2j)ajci + +++ — manc”, 


< 
3 
| 


ae 
aa, 
— 3 
ee 
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21(3) ans = m(m — 1)ao + (1") om — 1)(m — 4)aic 
m ° . 
+ - ) (om — 9m + 16)ac? + --- 


+ ("") (ms — 4p Fim + faye + --- 
+ m(m — 1)a,c”, 
+ (7°) (me — 3(2j + 1)m? + 2(6j? + 3j + 1)m 


— 4(2)) + j)Jajc? + --- — m(m — 1)(m — 2)a,,c™, 
et cetera. 

3. Absolute invariants of relativity. A complete system of absolute con- 
comitants of f under 7 is constructed from the irreducible solutions of (6). 
Thus, if m = 2, the sets of values of s2, ro, T2, 8: respectively, in these 
solutions, are 1, 0, 0, 1; 0, 1, 1, 0; 0, 1, 0, 2; 2, 0, 1, 0. Hence the 
system for the quadratic is 


(12) vy: o, J =n, 8: Pope, €a1: Pod? + Yon’, 


where a colon is used instead of the equality sign to indicate that irrelevant 
constant factors are to be deleted. 

We arrange these solutions in tables as below (ef. table for m = 2), 
juxtaposing under a double notation, like ¢.;, the solutions representing 
conjugate products. If a solution is symmetrically placed with reference 
to the median line of the table the corresponding product is its own 
conjugate. We omit writing the systems in the form (12) as all types 
can easily be read off from the tables. 

The number of concomitants in the absolute system of a quartic is 12. 


m 
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m = 
82 ro r, Rr ; 
Jir1iolola 
8 10;1s/1to. 
0 1.0/2) 
é., Ne Mate I 
2;/0;110 
m=3 
| Se To rT) re r) F i. 1 
iJ 1 0 0.0 .0/)1 
lr 0 1.0/0.1) 0— 
in |0.0.°1/1 0/0] 
‘ Oo 1 : 0. 3 0 0) | 
“0 0 3/0 1/0 
| 0 0 1:0 0/1) a 
“100 0 1 0/0) be 
0 1 0/0, 0/3) “3/ | 9 
“3 /0lofoj1lo] | 
8 1 0 1 0/2 | 
2 0 1!:0:'1/0 
0 1/0/2/0/1 
“")1)0/2]/0/1]/0 
The actual invariants and covariants represented in these tables are 
now given (cf. 11 and 12). 
m= 1. | 
J=cCCl—27?, a=a?—cCa?’, Bua=f, Ba = Cat + aoz. 
Mi 


m = 2. 
J, Y=@ —Ca, & = ay” — 4c’a,? + cian? + 2c*aod, 


€41 = (Ao + Ca) (C7? + 2”) + 4c?aitz, 
e-1 = a;(c*l? + 2”) + (ao + C’ar)iz. 


: 
| 
} 

















OLIVER E. GLENN. 






m = 3. 
| J, f = ay ‘ids 9c*a;" + 9ctay" - c®a3" + 6c" ade on 6c'a,a3, 





n = ag — Ca? + cla? — cas? — 2c?apa, + 2c*a1as3, 


641 = (Ao + 3caq, + 3c?a2 + c*a3) (a9 — ca, — CQ, + c3a3)3 





+ (ao — 3ca, + 3c2a, — c¥a3)(ao + ca; — ca, — c®a3)', 
tai = (do — C’a2)t + (a, — C’a3)2, 
| iy = (aq, — ca3)ct + (do — c’az)z, 

Kay = (yo + 3c?a2)(c7t? + 3tx?) + (38a; + c’a3) (3c? r + 2°), 

; k-1 = (3a; + c’a3)(ctt? + 3c%tx”) + (ayo + 3c%a2) (37x + 2x), 
1 = A(t? + 2?) + 4BcPtr, AX = B(ct? + x*) + Altz, 
war = Ct+ Da, wi = Det + Cr, 















where 

A = a,’ — 3c’a,;* — 3cta.* + c®a3? + 2c?apa2 + 2caia3, 
AoA, + C’apa3 — 3c°a\a2 + clara, 
ao? + 3c%a.* — S5e?agay? — Sctagan” + 3c®%apa3? + c?ao?a. + Yc*a;?a2 
+ c'aca;? + 2ctapaja; — 10c®aa.a3, 
ac°a, + 3c?ag?a3 + Yctaja2”? — Seta;2a3 + c®aya;? — 5c®a.*a; 


+ 2ctapa.a3 — 10c*agaya, + 3c?a,;*> + c8a;'. 





A single syzygy connects the quantics of each of the first two of these 
systems, as follows: 


D1 = ad — cf? + 62 = 0, 
= J? — 6.2 + 4ce_? = 0. 







III. TeERNARIANTS. 
The general ternary transformations 
t= La’ + Ly’ + 132’, 


Si4y = max’ + my’ + m;32’, 










z2= ma’ + my’ + nz’, 
have three poles in a plane, and the linear ternary quantics representing 


the lines joining these poles in pairs, are covariants of S. In fact, assuming 
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that S transforms 






(13) f = ax + my + azz 
into kf’ we readily find that k is a root of the characteristic equation 
(14) k3 —_ >, k? + rk ac D = 0, 






where 2, (¢ = 1, 2) is the sum of all of the principal minors of order i, 
of the determinant D of S. 

1. Invariants under rotations of three-dimensional axes. If S is the trans- 
formation which rotates a set of rectangular axes in the three-space into 
another rectangular system with the same origin, then, l;, m,;, n; are direc- 
tion cosines connected by a variety of well-known relations. Then 
D = + 1, and the equation (14) can be reduced to 


(15) ki — ak? + ocak —o = 0, 

















where o = sgn D; i. e., is + 1 or — 1 according as D is + 1 or — 1; 
and a is the sum of the direction cosines occurring in the principal di- 
agonal of D. Without loss of generality we can now substitute 







a=oa+ 2¢ cos @, 





6 being an auxiliary angle, whence the three roots of (15) become a, 








P . : ‘Qn 
ce*, oe (i = v—1). Replacing k, in kf’ = f, by these three values, i ul 
in succession, and solving for the ratios a; : a2 : a3, we find the three linear + 
covariants of S to be = 





far = (ls + onge*®) x + (m3 + one*)y + (ns — lh + mooe**+e**")z, 
fo = (ly + on)x + (m3 + one)y + (n3 — Lh + mo 4+ 1)z. 


Three linear contravariants, representing the poles, are the eliminants 
of these three covariants taken, in pairs, with uz + vy + wz, but contra- 
grediency is equivalent to cogrediency under S. 

The general ternary quantic of order m, 


(16) 












m 
f(z, y, 2) == | pare y"2 (r+s+t =m), 






I ee ee 





has a unique expansion* in terms of f41°%, fi‘, fo‘ as argument forms: 


m—f 


“fm m—t a ere 
f aa > ( t )= ( i ) ebtade” f-i‘ ify a 
¢*=0 


=U 





The 3(m + 1)(m + 2) coefficient forms ¢ are invariants of f under S, 
linear in the coefficients a,.,, and belonging to the domain of complex 


* Transactions Amer. Math. Society, vol. 15 (1914), p. 82. 
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numbers. They satisfy the invariant relations 


~ , —— t _ 0, a m 
(17) ks = geet 2 ¥ =(0, ---,m-—t/)’ 
= Q, » mM 


in which p = ce’. The theorem below follows: 

THEOREM. A complete system of relative concomitants of f, under the 
transformations S of determinant o, is composed of fii‘, fo’, and the 
3(m + 1)(m + 2) invariants ¢\%) 9. 

In order to construct explicitly the invariants (17), it is convenient 
to solve for the inverse of the system of equations (16) and substitute the 
resulting linear expressions in f.:°°’, fo”, which are the values of 2, y, z, 
in f. 

The determinant of f.:°%, f_1°”, fo‘ can be put in the form 

A = a(l3n2 — m3n)(1 — e)(1 — e~*)(e-* — e”), 


and the solution of (16), and use of relations among direction cosines, 
gives 
Ar = Aifsi — Agifil? + Aofo, 


Ay = Bufi® — Burfi + Bofo, 


: ' Az = Cuafa™ —_ Cu fa™ + Cofo™, 
in which 


Au = (e*” — 1)[o(lim3 — lls) — one*" — m;(e** + 1)], 
Bi, = — (e*" — 1)[o(mels — mym3) — onye*” — 13(e*" + 1)], 
Car = (e* — 1)o(msn — 13ne), 

Ag = (e* — e-”)[a(lym3 — bls) — one — m3(e® + e-*)], 

Bo — (e — e-)[a(mels — mym3) — on, — I;(e® + e-"*)], 


Co = (e — e~*)a(mgn, — Isn2). 


Through substitution in f, we obtain, by a well-known principle, 


gn” = f(A, B_, C_1)/A", 


and hence 
; m t{=0Q0,--- m 
Cas = Arete | a 
yg t-—2 1 0g m—-i-t eg ee 
where 


“ a @ F) 
a1 A+, 0A_; By oB_, CH 9c , 


| a 3 a 
Ao = Avg 4 + Boag t+ Cong. 








~ 
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2. Absolute — For a fixed value of t 9%), is conjugate 
to git (¢ = 0, ---, m — t); hence if 


m 
rt) 
(t, 0)" ‘4 (t, a) ‘1 52 43 
=IT¢ CEA Pu—t—th ei fasv™ 1%) fo 
t=0 


is any product from the relative system, the conjugate product is 


ft) 


wai (t,o )"¢ (t,@) S89 
| = = P-~(m—t— 24) P— se iad far 


t=0 


orf coy "® 
and the exponent of p in the invariant relation for J, is 


->dr rio(m — t — 2) — 8 + &. 

‘=0 i= 

The concomitants J, + J_,, deprived of constant factors, are both real. 
Application of Hilbert’s lemma to the theory of absolute concomitants, 
as in I, 2, gives, therefore: 

THEOREM. A fundamental system of absolute concomitants of f, under 
the rotational transformations of determinant a, is given by the finite set 
of irreducible solutions in positive integers r;, s; (zero values being included) 
of the linear diophantine equation E = 0. The number of concomitants in 
the system is equal to the number of irreducible solutions increased by 
3(m + 4) if m is even and by 3(m + 3) if m is odd. 

The numbers 3}(m + 4), 3(m + 3), added to the number of irreducible 
solutions, correspond to the existent absolute invariants fo‘, go”, 
where ¢ is such that m —t is even. These are not furnished by the 
solution of E = 

The systems considered in the present section III may be interpreted 
as invariant systems of the curve f = 0 where f is transformed by the 
ternary substitutions furnished by the formulas for axial rotations in 
three-space. They may also be interpreted, in the sense of Boole, as 
systems of invariants of the three-dimensional surface 


f(z, Yy; z) =1 


under the operations of rotation of rectangular coérdinate axes. 


UNIVERSITY OF PENNSYLVANIA, 
September, 1917. 
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A THEOREM ON EXHAUSTIBLE SETS CONNECTED WITH 
DEVELOPMENTS OF POSITIVE REAL NUMBERS.* 


By Henry BLUMBERG. 


1. We start with any aggregate A whatsoever, and deal with ‘‘develop- 
ments’’ of positive real numbers é in the form of an infinite sequence 


(D) £ = (2%, Te, -** En, °°*d; 


where z, belongs to A. By a ‘development of é,’ we here understand 
simply an infinite sequence of elements of A, associated with £ according 
to any given law, as yet—but not eventually—unrestricted. The equality 
sign in (D) signifies nothing more than that the infinite sequence is 
associated with & We assume at once, as the term ‘‘development”’ 
might indicate, that two different &’s cannot have identical developments (D). 
We do not demand that every é shall possess at least one development, 
nor that the development of £ shall be unique. However, we do suppose 
that no — has more than a finite number of different developments (D). 

If & possesses at least one development (D), we call it ‘‘developable’’; 
otherwise, *‘non-developable.”’ 

If the infinite sequence {2x, %2, --- Zn, «+: } is a development of a real 
number £, we say that it is a ‘* proper development’’; if no & exists that has 
the sequence as a development, we call it an “‘improper development.”’ 
In the former case, é is called the ‘prototype’ of {x, 22, +++ ®n, +**}. 

According to the above, the prototype of a proper development is 
unique; and the development of a developable number may be multiply 
but not infinitely “valued.” 

In the case of the ordinary infinite decimal development, A consists of 
the set (0, 1, --- 9). Here every é is developable, but rational numbers 
may have two developments. A will consist of the set of positive integers, 
if we represent £(< 1) as an infinite continued fraction in the form 


1 

¢=— 
” a1+1 _ 
X2+ 


* Read before the American Mathematical Society, December, 1913. We use (after Denjoy) 
the term “exhaustible’’—instead of the phrase, “of first category’ (Baire)—to denote a set that 
is the sum of a countable set of non-dense sets; and later,—see Theorem below—the term 
“residual,” to denote the complementary set of an exhaustible set. Cf. Denjoy, Journal de 
Mathématiques, ser. 7, vol. 1 (1915), pp. 122-125. Instead of restricting ourselves to positive 
real numbers, we might discuss all real numbers; but the gain would be negligible. 
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requiring xz, to be a positive integer. In this case, rational numbers are 
non-developable. 

For our purpose, we demand that the development (D) shall possess 
the 

Property P. If in (D), the elements x;, 2, --- x, are fixed, and the 
remaining elements z,, y > n range in every possible manner over the 
aggregate A, then the set of prototypes of the proper developments 
thus obtained constitute the totality of developable numbers in one and 
the same interval—closed or open on one or both sides—of the linear 
continuum.* 

It is to be understood that such an interval is allowed to extend to «, 
if necessary. We distinctly do not demand the unique existence of such 
an interval; but there is always a definite “‘largest,’’+} which may be 
obtained from any interval of the described character, by extending the 
latter as far as possible both to the left and the right, with the restriction 
that no interior developable numbers shall be allowed that do not belong 
to the set of prototypes obtained in the definition of Pf. We shall speak 
of this largest interval as ‘‘the interval associated with the sequence 
(Za, Ze, *** Sap.” 

Property P is evidently possessed by the ordinary decimal develop- 
ment and by the continued fraction development described above. 

The object of the present note is to communicate the following: 


TueoreM. Let (C) be any condition whatsoever that mates—uniquely 


or not—with every finite sequence (21, %2, +++ Xn) of elements of A a finite 
sequence (x,', Xo’, --+ x,') of elements of A. Let S be the totality of develop- 
able real numbers & possessing no development (D) in which it happens 
infinitely often that the sequence (x1, 22, «++ Xn) is immediately succeeded 
by one of its mates, (2;', Xo’, +--+ Xp’), so that 

Losi = 2, Laie = Ze’, -°* Lapp = Tye 


Then S is exhaustible, and the complementary set, consisting of non-develop- 
able numbers and of those developable numbers that have at least one develop- 
ment in which it happens for an infinite number of values of n that the 


* Our desire here is not that of attaining, as can be done without great difficulty, postulates 
of extreme simplicity. It is rather that of at once formulating the essential property of the 
developments (D), that is possessed by the well-known developments and is sufficient for the 


proof of the Theorem of tnis note. : 
t Except possibly when the set of prototypes defined in Property P is the null-set; but this 


case is trivial for the applications of P. ” , 
t The largest interval may be defined also as the “sum”’—in the sense of the Theory o 


Aggregates—of all possible intervals of the described character. 
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sequence of the first n elements is immediately succeeded by one of its mates, 
is a residual set.* . 

Proof. Let S, represent the set of developable numbers that possess 
no development (D) in which it happens after n = k that the sequence 
(a1, %2, --+* Xn) is immediately succeeded by one of its mates according to 
(C). It follows, by the use of the fact that no number has an infinity of 
different developments, that every element of S belongs to at least one S,. 
To prove that S is exhaustible, we shall prove that S, is a non-dense set. 
This will be proved, if we show that in every neighborhood of a given 
developable number £, with the development (D), there is an interval 
free from points of S;. If & is not a limit from both sides of developable 
numbers, the existence of such an interval is obvious. We may and do 
assume, therefore, without loss of generality, that £ is a both-sided limit 
of developable numbers. With every sequence (x, 2%, --- 2), there is 
associated, according to Property P, a definite interval J,, containing &. 
As n approaches «, the length m, of J, must approach zero. For 


I,2lh21;2:::; 















and if m, does not approach zero, J, approaches a definite interval J— 
closed or open on one or both sides—containing ~ As € is a both-sided 
limit of developable numbers, J must contain a developable number 
é’ + £ This number, lying in J,, has as the first n elements of one of 
its developments the sequence (x, %2, --- 2,). Since this holds for every 
n, and é’ has no more than a finite number of developments, it follows 
that at least one development of ©’ is identical with the development (D) 
of é, contrary to the uniqueness of the prototype of a proper development. 
Consequently, 













lim m, = 0. 

1D 
Let now n > k, and let the sequence (2x;’, x2’, --- x,') be a mate of 
the sequence (x, %2, --- x,) according to (C). The interval J,’ associated 
with the sequence (1, t2, +--+ @n, 21’, 22’, --- z,') contains no element of 
S,, since J,’ contains only non-developable numbers or developable 
numbers having at least one development beginning with the sequence 
(1, Xo, +++ Ln, U1’, to’, +++ 2p’). Moreover, J,’ is contained in the interval 
I, associated with the sequence (x, 2, z,). Since, by taking n 





* Condition (C) may, in the terminology of E. H. Moore—see his Introduction to a Form of 
General Analysis (1910), preface—be described as a function on M to M, where M stands for the 
set of finite sequences of elements of A. These finite sequences enter fundamentally in the 
writer’s paper, On the Factorization of Expressions of Various Types, Trans. of the Am. Math. 
Soc., vol. 17 (1916), pp. 517-544, where they are called “parentheses.” 
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brought within any given neighborhood, however small, of &, it follows 
that the interval J,’, which is free from elements of S,, may be like- 
wise brought within such a neighborhood. The non-density of S, is thus 
established. 

Since the decimal development and the continued fraction develop- 
ment described above are special cases of the general development (D), 
we have the following consequences, formulated, for the sake of simplicity, 
for the set of numbers between 0 and 1: 

CoroLLaRY 1. Let (C) be any condition that mates with every finite 
sequence (2X1, %2, +++ X,), where x, is one of the integers 0, 1, 2, --+ 9, at least 
one sequence of the same character. Then the set of positive real numbers < 1, 
in whose decimal development the sequence (x1, %2, +--+ Xn) is immediately 
followed by one of its mates for only a finite number of values of n, is 
exhaustible. 

Coro.uary 2. Let the positive real number — (< 1) be represented as 
an infinite continued fraction in the form 


1 — 
m+ 1 
e+ e's, 


the x's being positive integers. Let ‘C) be any condition that mates with 
every finite sequence of positive integers at least one sequence of the same 
character. Then the set of positive real numbers < 1, in whose continued 
fraction development defined above, the sequence (21, 2, +++ Xn) is immediately 
followed by one of its mates for only a finite number of values of n, is exhaust- 
ible. 

There is no difficulty in seeing that the Theorem applies to all the well- 
known developments of real numbers. In addition to those already referred 
to, we mention the decimal development in the scale of k, the generalized 
decimal development of Strauss,* and the development as an infinite 
product, due to Cantor.f 

For purposes of illustration, we mention several particular cases of 
Corollary 1. 

(a) Let (C) mate with every finite sequence the integer 1. Then, 
according to Corollary 1, the set of decimal fractions in which 1 occurs 
only finitely often is exhaustible. 

(b) Let (C) mate with the sequence (2, 22, --- 2n—-1) a Sequence of 
fn +2 terms, the first and the last being + 1, and the fn others = 1; 
here f, stands for a given function of n taking only positive integral values. 


* Acta Math., vol. 11 (1887-88), pp. 13-18. eta eei 
t See Hobson, “The Theory of Functions of a Real \ ariable”’ (1907), p. 48. 
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Then according to Corollary 1, the totality of decimal fractions in which it 
happens infinitely often that an unbroken sequence of 1’s commences exactly 
at the (n + 1)th place and ends exactly at the (n + f,)th place, is a residual 
set. 

(c) Let nm, be the number of 1’s in the first n figures of the decimal 
development of ¢ Then as follows readily from (6) or Corollary 1, the 
totality of the numbers & for which n,/n has, as n approaches «, every number 
between 0 and 1 as a limit, is a residual set. 

2. Remarks cn generalizations and connection with certain results of Hardy 
and Littlewood. (a) The use of the term “immediately” in the clause, 
‘that the sequence (x, %2, --- 2,) is immediately succeeded by one of its 
mates,’’ involves less of a restriction than may appear at first sight. For 
example, there is no gain whatsoever in generality in replacing ‘‘immediately 
succeeded by one of its mates ...’’ by **succeeded by a mate (2x;', 2", +++ Xp’) 
that begins exactly at the (n + f, + 1)th place of the development, so that 


, 
Ta+fti = M1, Tnisit2 = 2, cee, 


where f, stands for a given function of n independent of condition (C) 
and taking only positive integral values. For, by using instead of the 
given condition (C), one that mates with (2, m2, --- 2,) every sequence 
(Ln41) Eng2) °°* Lats.) M1) Tey °** Lp), Where La41, Ln42, °°* Fazs, take 
independently all possible values, we are led back precisely to the situation 
of the Theorem. Again, it may be shown in like manner, that there would 
be no gain in substituting for the sequence (2, 22, --- 2,) the sequence 
(Xy,, Lani, *** Z,,.), Where A, and yu, are given functions of the character 
of f, described above; nor is anything gained in employing simultaneously 
both apparent generalizations just described. 

(b) The supposition that no & possesses more than a finite number of 
developments may be replaced by the following weaker condition: If 
{X1, 2, *++ Xp, +++} 1S a given proper development, and if £ has, for every 
value of n, at least one development beginning with the sequence (x, 22, 

z,) then & has the given development as one of its developments. 
However, if this modification is introduced, the wording of the Theorem 
should be changed to read ‘possessing no development (D) in which it 
happens more than k; times . . .”’ instead of “possessing . . . infinitely 
often,’ where k; is an integer depending on ¢, but not on its various 
developments; and the latter part of the Theorem should, of course, be 
correspondingly modified. 

(c) The generality of condition (C)—see also the first remark—is 
such that one is tempted to say, in a loose description of the Theorem, 
denoting the sequence (a, x2, ++ Z,) as an “approximate development of 
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t,” that ‘‘the set of those real numbers that have only a finite number of 
approximate developments in which a given thing happens, is almost 
always exhaustible.” If we conceive, as has been suggested, of an 
exhaustible set as one ‘qualitatively poor’’ in elements, and a set of 
measure zero as one ‘“‘quantitatively poor,’’ the Theorem offers an un- 
expected contrast with results of Hardy and Littlewood on the measure 
of certain point sets.* For example, in contrast even to the particular 
case (c) of Corollary 1, one of the theorems of Hardy and Littlewood 
statest that the totality of real numbers between 0 and 1 for which m/n, 
as n approaches ~, has the limit 1/10 is of measure 1. 

(d) The extension of our Theorem to more general sets than that of 
the real numbers—in particular, to the set of points in n-space—may be 
made with only slight modification of our assumptions; but we shall not 
enter here into the discussion of such extensions. 

UNIVERSITY OF NEBRASKA. 


+ Acta Mathematica, vol. 37 (1914), pp. 155-190, especially p. 183 et seq. 
t Loc. cit., p. 186. 





STAMFORD 





RIES 


Lui 








SOLUTION OF THE DIFFERENTIAL EQUATION dz’ + dy? + dz* = ds* 
AND ITS APPLICATION TO SOME GEOMETRICAL PROBLEMS. 





By ALEXANDER PELL. 









In this paper we give the solution of the equation 





(1) dx? + dy? + dz* = ds’, 




















where 2, y, and z are functions of a single parameter, in a different form 
from those given by E. Salkowski* and L. P. Eisenhart.t The new form 
shows that the codrdinates of curves having the same differential element 
of are differ from one another by the values of the coérdinates of certain 
minimal curves. The formule for the direction cosines of the tangents, 
principal normals and binormals enable us to give simple solutions of 
some geometrical problems. 

The equations of spherical curves are deduced, in which the differential 
of arc is expressed rationally. 

1. Parametric Representation of Curves. If y and F are arbitrary an- 
alytic functions of a parameter u for a certain domain, an easy computa- 
tion shows the truth of the following identity 


2 


‘ y’"" uF’ , .s P rr ° Fr’’ 
} (u hd F’’)2 =. 


where the primes indicate the derivatives of the functions y and F with 
respect to u. 


If we put 
dx _ _* wv mr ” dy _ 3 - ‘ wr ° ” 
—— a Vy" — uF”, a ee + iuF”, 
dz ds 


yyr 4? Ld 
—=4Uu +F = 7 
du v . du ; 
* E. Salkowski, Ueber algebraish rectifizierbare Raumkurven, Math. Annalen, Vol. 67. 
+ L. P. Eisenhart, Fundamental parametric representation of space curves, Annals of Mathe- 
i! matics, Vol. 13. 
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and integrate, we get 


ea tu — yu +F, 


(3) 


i(* oy" — uy ++ uF — F), 
z=uy"’—-y4+F’, s = F’, 


These expressions on account of (2) give the solution of the equation (1). 
Now 2, y, z are the cartesian coérdinates of a curve c and s is its are. 
The above solutions can be put in a different form by adding and 
subtracting 
1—- wv 


1l+wv 
2 . ; 


rs 9 F”, and uF” 
to x, y, z respectively. Then if we put y — F = g, the formule (3) 


become 


i-* ” , l-o2 ” 
eee +O - eta Fs 
4 (1 -—" , b+ © on, 
” y = i( pe mul tet 5“ PF"), 


z=ug”’ —¢'+uF", s =F’, 
The expressions (4) may be written 
x=2,+ &, Y = Ynt+n; Z2=int f, 


where 2m, Ym, Zm are the codrdinates of the points of a minimal curve I, 
since 


1+ ‘ 


1 — wu ; 
— gy’ +uy’ —¢, yn =i( Se" uy! +e), n= ue" ¢, 


= 
and &, 7, ¢, containing F’”’, namely 


1-w 1+wv a 
& a“ 9 at n —_ 1 “9 a c = uF”, 


In = 


are the codrdinates of the points of a curve lying on a sphere of zero 
radius for # + 7? + °° = 0. 

_— dtm AYm d2m 

. du’ du’ du 
of C lie on the corresponding tangents to I. 

2. Generality of Equations (3). The codrdinates of any curve may be 


are proportional to &, 7, ¢ respectively, the points 
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written in the form (4). Suppose that a curve is given by the following 


equations 
= fir), = fr(v), = fs(v), 
where fi, fo, fs are analytic functions of v in a certain domain. Form 
ds = [(fi'(v))? + (fa'(v))? + (fa’(v))*]}'7de. 


From (4) we have 


dz - (’ a gl" 4. 1 =P" -_ uF”) du, 


2 2 
(5) dy = (7 5* oS P+ uk") du, 


dz = (ug’” + uF’”’ + F’’)du, ds = F’'du. 
Hence we have 
dx — idy = (¢/" + F’”’)du, dz — ds = u(¢’” + F’”’)du. 


Therefore 
dz — ds 
(©) a 


If the curve to be dealt with is a straight line then dz/ds, dy/ds, dz/ds 
are constants and therefore u is a constant. Hence a straight line cannot 
be represented by the formule (4). To discuss fully the case of u a 
constant we consider another parameter 


_ dz+ds 
“dx — idy’ 


which gives a similar representation of the codrdinates of a curve as given 
by (4) in terms of the parameter u. In fact, by making 


dx — idy = y’"'du, ds — dz = — 2F” — iiy’"'du, 


we get by the definition of a the formule (3) and then pass to (4) in the 
indicated manner. We see now that in the case of a straight line both u 
and w are constants and conversely, if u and @ are constants the curve 
under consideration is a straight line. But if u is a constant, 7 may be 
a variable and conversely. For the relation between u and @ can be 
given either of the forms 


oF” - oF” 
ut eg” - Fr” > U, e=> @ +o 4 Fr" 








es 


THE DIFFERENTIAL EQUATION dz? + dy? + dz? = ds?. 145 
Suppose now w is a constant c, then 
QF” 
u=c- og” + Fu 
and (c — a)(9’" + F’”’) = 2F”. Substituting into the analogues of (5) 
for a, we get 








— 1 
dz = (g'" + pry ( + ct) ay dy = i(g’” + + FP’) C9 aa, 

dz = (g" + + FP’): (c 2 %) | ai, 

and hence 
ae 

l—c eae 

or 

' 1 ‘Le 

(7) 9 3 z+ Le y +cz= 


where A is an arbitrary constant. The equation (7) shows that the curve 
(x, y, 2) lies in an isotropic plane in case either u or @ is a constant, and 
can be represented by equations of the form (4) either in terms of u or 
wu. So that only in the case of a straight line the representation (4) fails. 
From (4) we see that 


(8) tp Et we 6. 
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So that ¢, y’, ¢’’ and F”’ are now known and we can write the expressions 
for x, y, z in the form (4) except in the case of a straight line. 
3. Algebraic Curves. If the curve under consideration is an algebraic 
curve we have 
x = F,(2), y = F,{z) 
where F, and F, represent algebraic functions of z. Hence dx/dz, dy/dz, 
ds/dz are algebraic functions of z, and from (6) z is an algebraic function 
of u. That is z, y, z are algebraic functions of u and from (8) ¢ is an alge- 
braic function of u. It follows then that in the case of an algebraic 
curve F’” and ¢ must be algebraic functions of u. The converse is also 
true. For if F’” and ¢ are algebraic functions of u, x and y are algebraic 
functions of z and the curve is an algebraic curve. Therefore a necessary 
and sufficient condition that the curves represented in the form (4) be Mil 
algebraic curves is that F’’ and ¢ be algebraic functions of u. Since 
ds = F’’du, we see that if F’ is an algebraic function of u, the algebraic 
curves corresponding to that value of s are algebraically rectifiable. | 
4. The Fundamental Formule for the Curves Represented by (4). We ) 
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denote the direction-cosines of the tangent, principal normal and binormal 
to a curve by a, 8, y; 1, m,n; \, wu, v respectively. Then 


1—-w 1+ ‘ 
ee weatt Sede B=1t—)—-xt wW, y=ux +1, 
- _ 








where 
AAA 
yg” + F 
x = ‘ ae sn . 


Let us call o the are of the spherical indicatrix of the tangents, and 


that of the binormals. Then do = vx? — 2x’ du, and if p denotes the 
radius of curvature, we have 
ds F” 
e” de” be. 


| 9 rs , 
—_— = 2x 


If we make use of Frenet’s formule, we find 











eo da em _ dx 
~ Pds? m= P ds? n= Pads’ 
so that the direction-cosines of the principal normals become 
1 1-wv 
peagleestte y a=} 
Vy? — 2,’ ' * . 

i l+u, 
— a d. 
Vy? — 2," q xX tuxt 
n= Ts - {ux’ + x}. 

Vx”? — 2x 


For \ = Bn — ym, etc., we obtain 


—1 l-w 
_ ja - x 
Ve —2y'l 2 & x) Fux tly, 
1 <2 
~ a oe 
w= eal 2 & x") —~ ux -— 17, 
Wi agence tu(x’ — x?) — x} 
Vx? — 2y’ . ; 
and 
Pee U ” 
do, =i-* SxX EX ay, 


x ~iy 
If + denotes the radius of torsion, then 


eee OM ett at t.~ -~=watx 
doy “oe tx” #«#* oer 
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Since 
_ =x" d 
do, = i( - ) 
1 xX x? -_ 2y’ Uu 
we have 


1 = i( f xdu — log Vx? — 2x’). 


Therefore if x is the derivative of a function M(u), o; is expressible with- 
out any sign of integration. We shall see that this is the case for all 
spherical curves. 

5. Plane Curves. By using formule (3) we obtain the coédrdinates of a 
plane curve in terms of the parameter u. For the sake of simplicity we 
suppose that the plane of the curve is the zy-plane. Hence, if we take 
z = 0, we find that to within an additive constant 


F = — uy’ + 2y. 
Substituting the values of F and F’ in (3), we get 


1 , Wf Seed ” ’ 
r= py -wty, yai(e5*w+w-y), 


s=F’=y'— uy”. 


The formule for a, 8, y are quite interesting for the plane curves in 
terms of the parameter u. They are 





1+w _ 1l-wv _ 
a=--3™, p=-i-5*, 7=0. 
Since dz/ds = ux + 1, in the case of plane curves x = — 1/u. So that 


for all plane curves the ratio (¢’”’ + F’’’)/F” has the same value, — 1/u. 
Another interesting fact is that the slopes of the tangents to the plane 
curves are given by the formula 


1- wv 
ser 
and are independent of the function y. We find also for the plane curves 
= wy”, 
and for the tangent lines the equation 
i(1 + u*)y + (1 — w)a + 2(uy’ — y) = 0 


6. Spherical Curves. To deduce the equations for spherical curves we 
assume that the center of the sphere of radius unity is at the origin so 
that the codrdinates x, y, z of the spherical curve satisfy the equation 


r+y+2 =1, 
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which for the expressions (4) necessitates the relation 
g” a Qo" ai QF" _ 1. 








Hence 
n 9 —1— 29" 
F"’ = 20 ; 
and the equations (4) for a spherical curve become 
1— u? ™ ; 1 — uv s ~ 2o¢" — 1 
7 © 2 g¢ tug -—¢t 9 . 26 ’ 
f1t+ev , ' 1+ 9 — 29" —1 
y = i( 2 eu te) tinge © 26 ’ 
ae a e” ine 2¢¢" = % 
z= ug gtu 20 , 
ds =* ee se. 
2¢ 
| The function designated by x we obtain by computing (¢’” + F’’’)/F” 
| and find 
| -—¢? _—4dleg¢ 
b) xe du * 


Substituting this value of x into the formule of § 4 we obtain the corre- 
sponding formule for spherical curves. We call attention to the formula 
for do,, which after integration is reduced to 

1 do 


ne tes" 























A GENERAL METHOD OF SUMMATION OF DIVERGENT SERIES. 
By Luoyp L. Smart. 


INTRODUCTION. 


In articles by Hardy and Chapman in the Quarterly Journal of 
Mathematics, vol. 42 (1911), and by Chapman in the Quarterly Journal, 
vol. 43 (1912), a general definition of summability of divergent series 
is given and its general properties discussed. Silverman also, in his dis- 
sertation ‘‘On the Definition of the Sum of a Divergent Series,’’ discusses 
certain general definitions of summability. In the present paper, a 
similar general definition is given, but in such a form as to include as 
special cases most of the known particular methods, namely, the defini- 
tions of Cesaro, Hélder, Riesz, de la Vallée-Poussin, Plancherel, LeRoy, 
Borel’s integral definition, Borel’s exponential and generalized exponential 
methods, and the so-called Euler power series method. Certain general 
properties of this method are developed: the summability of convergent 
and properly divergent series, and the continuity, integration, and dif- 
ferentiation of uniformly summable series. Applications of these general 
results are then made to the various particular methods included as special 
cases under this general method. 


THE GENERAL METHOD. 
Let f; be a function of the variables n and 2, defined for all positive 


integral values of 7, and for all positive values of n and x. Let > a, be 


any given series, convergent or divergent. 
If the expression >> a;f; has a repeated double limit S: 
t=0 


n 


(1) LL d asin, 2) = 5, 


n i=0 


where J, stands for lim, we shall say that the series Za, is swmmable 
n no 


(A,), by the summation-function f;(n, z), and that S is its Sum (or gen- 


eralized sum). 
In the above double limit, it is meant that n shall > © first, while 


x is held fixed, and then z > ©. 
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We shall say that a series of functions >> a,(u) is uniformly summable 


0 
(A;) when the limit (I) is approached uniformly with respect to w in 


some interval (a, b); that is, when the simple limit J, >> a:f,;(n, xz) = S,(u) 
i=0 


say, is approached uniformly with respect to u in (a, b) and uniformly 
with respect to x for large values of x, and then the limit as zr — «: 
LS.(u) = S(u), is approached uniformly with respect to u, according to 


the usual definition of uniform approach to a simple limit. 

Theorem I. If two series Ya, and Yb, are summable (A,;) with Sums 
A and B, then the series Y(a, + b,) is summable (A,;) with the sum 
Ax B. 

The proof of this proposition is obvious. 

Theorem II. If La,(u) is uniformly summable (A,;) with respect to u 
in an interval (a, 6), and if the terms a,(u) are continuous functions of 
u in (a, b), then its Sum S(u) is a continuous function of u in (a, b). 

This proposition is a direct: consequence of the continuity of a uniform 
limit of continuous functions. 


Theorem III. If 5° a,(u) is uniformly summable (A,) in an interval 
0 


(a, b) with Sum S(u), and if the terms a,(u) are integrable in this interval, 
then the series obtained by integrating the given series term-by-term: 


> [ an(uau, is summable (A;), with Sum equal to [sqwdu, where 


(cj, C2) is contained in (a, b). 
If J” means a uniform limit as n — «, the theorem on integration 
n 


of uniformly convergent series shows that the process J” followed by the 


process f yields the same result as the process [ followed by the 
process L:. - 
By hypuatinedis, 
(a) Stu) = L'(L Law) fin, 2) ). 
Then 
(b) f "S(u)du = f L' (Li Daw filn, x) ) du, 


Remembering that im and >> are permutable processes, we obtain 
Cc i=0 
from (b), 














SUMMATION OF DIVERGENT SERIES. 151 


(c) [sau = L(L > film, r) [atwau), 


which proves our theorem.* 

Theorem IV. If Ya,(u) is summable (A;) with Sum S(u), and if the 
terms a,(u) are differentiable, and if the series Ya,’(u) obtained from 
Ya,(u) by term-by-term differentiation, is uniformly summable (A,) with 
respect to wu in (a, b), with Sum o(u), and if the terms a,'(u) are integrable, 
then 


o(u) = f 8(u). 


This theorem may be proved by applying the theorem on integration 
to the series 2a,’(u) in the same way as for the analogous case of uniformly 
convergent series. 

So far, no restrictions whatever have been imposed upon the summa- — 
tion-function f;(n, zx). In order to make summability (A;) an actual 
generalization of convergency, we subject the function f,;(n, x) to certain 
general restrictive conditions, and set up the following definition. 

Definition. If f;(n, x) satisfies the following conditions: 


1°. When n and z are fixed, the sequence (f;) is positive and de- 
(II) creasing; 


2°. J, L sin, z) = 1 for 7 fixed; 


and if limit (I) exists: 
LL Lasicn, 2) = 8, 


then we shall say that the series La, is summable (A;’) with Sum S. 

We then have the two following fundamental results: 

Theorem V. If Sa, is convergent with sum S, it is also summable 
(A,’) with Sum S. 

For, let € be any arbitrarily small positive number < 1, then since 
the given series is convergent, we can determine m so large that 


m+p 


(a) La) <5, (p = 1, 2, 3, +++); 


i=m | 


let m now remain fixed, and then by 2°, integers X and Ny (depending on 


X) can be determined so large that 


* This proof can be carried out using a weaker uniformity than that demanded in the definition 
given for uniform summability; for it is evidently sufficient to demand the uniformity of 





L s a;(u)fi(n, x) for every fixed x separately instead of requiring it for all z’s simultaneously, and 
nu 


then, as before, the uniformity of L ( ). 
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€ 


m—1 
(b) [fi(n, z) -— 1]<qy, i= 0,1,2,-+-,m—-1; A= ail, 


for every x > X and n > Nx, and 





© ine ~ 1g 
for every x > X andn > Nyx. 
Write 
| jm—1 m—l @ ° 
Lasin, z)-S'< DLaf;-—La, +\La + Sayil. 
° _ es 0 m ‘= | 
By (b) we have " | 








by (a), | | 
< € 
2a<p 


and by Abel’s lemma, using 1° and (c), 





vad: < \fn(n, z)| +5 < 5: 


Sj Lads -—-S <e 
for every x > X and n > Nx, hence it follows easily that 
LLYos-s 
Theorem VI. A properly divergent series is not summable (A,’) with 
finite Sum; that is, if LYa = + o, then LL afi= +o. 


t 
If we put >) a, = s;, we have identically 
p=0 


(a) as = Lath — fiss) + Salo 


Let K be any arbitrarily large positive number, then we may write 
8; = K+,7r; for i > m, where 7; > 0. 


Substituting this in (a), we get 
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afi = (6s — KY Se — Sen) + KL e Son) 
(b) + Url — fis) + Sale 


= ¥ (6: — KY Sa — Son) + fo + DSi — Sn) + 1h 


i=0 


Now keeping m fixed, and passing to the limit J, L, applying the condi- 


tions 1°, 2°, and noting that the last two terms are always positive, we get 
LL2adi >, 

and since K can be made as large as we please, it follows that 
LL Yas = + @. 


PARTICULAR METHODS. 


For the various particular methods included as special cases of our 
general definition of summability, we have the following summation- 


functions: 
Cesdro’s Method:* 


: _ n(n —1):--(n—1+4+1) 
Iu) = an) +n iF 1) 
where k is any real number except a negative integer. 

Hélder’s Method:+ 


+ \ ; 
fine) =(1- 44) © = 0,1, +n), 


where k is any real number. 
Riesz’s Method:t 


(¢ = 1, 2, 3, +++, M), fo(n, x) =1, 


fi(n, 2) at {1 - } = 1, 2,3, ---, n), fo(n, x) = 1, 


where (n) is a positive monotonic function of n, increasing to © with n. 
Vallée-Poussin’s Method: || 


fil ’ n(n — 1)---(n—ti+1) 
(n, 2) = = 
aii (n + 1)(nm + 2)---(n +2) 
+ Cesaro, Bulletin des sciences math., sér. 2, vol. 14, pp. 114-120; Chapman, Proc. London 
Math. Soc., ser. 2, vol. 9, pp. 369-409; Knopp, Sitzungsberichte der Berliner Math. Ges., vol. 7, 
pp. 1-12. 

+ Holder, Math. Annalen, vol. 20, pp. 535-549. 

t Riesz, Paris Comptes Rendus, vol. 148, pp. 1658; vol. 149, pp. 18-21, 909-912. 

|| Vallée-Poussin, Bull. de la Classe des Sciences de |’Académie Royale de Belgique (1908), 


pp. 193-254. 


(i = 1,2, ---, n), fo(n, x) =1. 
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Plancherel’s Method:* 


n(n—1)---(n—24+1)_ .. _ _ _ 
fi(n, x) = (n + 2)(n + 3): ‘ -(n re i+ 1) (i - i, 2, ’ n), fo(n, x) 1. 


Leroy’s Method:t 
_ P(iem? + 1) 
film, 2) = “TE $1) 
Euler’s Power Series Method: 
fi(n, x) = e~?, 


Borel’s Integral Definition:t 


fi(n, 2) = | . = dt. 


Borel’s Exponential Definition:§ 


fi(n, x) = e*{E,(z) — Ei-(2)}, 
where . 
E,(z) = D5. 
‘aot! 
Borel’s Generalized Exponential Definition:|| 
fi(n, z) = e*{E,(2*) — E;-4(2*)}. 

It can be shown without much difficulty that all of these special 
summation functions, corresponding to the various particular methods 
discussed above, satisfy the conditions (II) imposed on the function 
fi(n, x) for summability (A;’), and hence all of these special methods 
appear as special cases of our general definitions of summability (A,) 
and (A,’). If we now apply our general theorems I-VI to these various 
particular definitions of summability, we get a number of results, some 
new, and some already well-known, but the important point here is that 
they all follow at once from a few general propositions. 

Thus, all convergent series are summable by all of the particular 
methods enumerated above, with a generalized Sum equal to the ordinary 
sum, and properly divergent series are not summable with finite Sum by 
any of these methods; and if a series of functions is uniformly summable 
by any of these methods, it has properties with respect to continuity, 
integration, and differentiation analogous to those for uniformly con- 
vergent series. 

4 Plancherel, Rend. Cire. Mat. di Palermo, vol. 33, pp. 41-66. 

¢t LeRoy, Annales de Toulouse, sér. 2, vol. 2, pp. 317-430. 

t Borel, Lecons sur les séries divergentes, p. 98. 


§ Borel, Lecons sur les s¢ries divergentes, p. 97. 
|| Borel, Legons sur les séries divergentes, p. 129. 


UNIVERSITY OF WASHINGTON, 
March 19, 1918. 














ON QUATERNIONS AND THEIR GENERALIZATION AND THE HISTORY 
OF THE EIGHT SQUARE THEOREM. 


By L. E. Dickson. 


1. Objects of the paper. We shall present the history of the generaliza- 
tions to four and eight squares of the familiar formula 


(1) (a? + b*)(a? + B?) = r? + 8°, r = da — bf, s = aB + ba, 


and an elementary exposition of Hurwitz’s proof that such a formula 
holds only for 2, 4 or 8 squares. For these three cases we shall show 
that the formula admits of a simple interpretation concerning the norms 
of numbers which are ordinary complex numbers, quaternions or numbers 
of Cayley’s algebra with 8 units. No knowledge of quaternions or the 
latter algebra will be presupposed, but their more fundamental algebraic 
properties will be developed in detail. 

A clear exposition will first be given (§§ 1-5) of the main results of 
our subject. This will be followed ($§ 6-28) by an account of its history, 
which is believed to omit no paper on the eight square theorem and its 
generalization 

2. Ordinary complex numbers. Let a and b be any real numbers. 
Then the complex number a + bi is said to have the norm a* + 6b*. For- 
mula (1) evidently expresses the property that the norm of the product 
r + si of the complex numbers a + bi and a + Bi equals the product of 
their norms. 

To prepare the way for our introduction to quaternions and Cayley’s 
algebra, we shall present briefly W. R. Hamilton’s definition of complex 
numbers by means of couples of real numbers. Two couples (a, 6) and 
(a, 8) are called equal if and only if a = a, b = B. Addition and multi- 
plication are defined by 


(a, b) + (a, B) = (a + a,b + 8), (a, b) (a, 8) a (r, 8), 


where r and s are given by (1). If m is any real number, we define 
m(a, b) and (a, b)m to be (ma, mb). Writing 1 for (1, 0) and 7 for (0, 1), 
we have 


(a, b) = (a, 0) + (0, b) = a(1, 0) + 0(0, 1) =a + br. 
The previous definition of addition and multiplication of couples gives 


(a+ bi) + (a + Bi) =at+at (b+ B)i, (a + bi)(a + Bi) = r+ si. 
155 
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3. Quaternions. Consider quadruples (a, b,c, d) of real or complex 
numbers a, b,c, d. Define addition and multiplication by 
(a, b, c, d) + (a, B, y, 6) = (a +a,b+ B,c + 7, d + 4), 
(a, b,c, d) X (a, B, y, 6) = (A, B, C, D), 


I 


where 


(2) 


A = aa — b8 — cy — di, B= aB+ ba + ci — dy, 
C= ay—bi+cat+ds, D=ai+ by —c8 + da. 
’ No attempt will be made here to explain why we select these values for 
A, ---, D; it is not our purpose to explain how quaternions were discov- 
ered or how they may be made to enter naturally,* as we aim merely to 


give a logical basis for quaternions. Consider the four particular quad- 
ruples 


1 = (1,0,0,0), «= (0,1,0,0), 7 = (0,0,1,0), & = (0,0,0, 1), 


II 


called the units. Define m(a, b,c, d) or (a,b,c, d)m to be (ma, mb, me, 
md), where m is any complex number. Then 


(a, b,c, d) = (a, 0,0,0) + --- + (0,0,0,d) = a+ bi + cj + dk, 


*) 


] 


“9 


=f=kK=-1, y=k, n= —k, 


3 
8) gk =1, kj = —-1, Wt=y, th= —j. 


Henceforth we discard the quadruple notation and employ 
q=at+bh+cea+dk, Q=at pit y + bk, 


called quaternions. In view of our earlier definitions, their sum is a + @ 
+ (b+ 6)i+ --- and their product is A + Bi+ Cj + Dk, where A, 
--+, D have the values (2). This product may be found by performing 
the multiplication as in formal algebra, care being taken not to permute 
two factors 7,j,k, and then simplifying the result by use of (3). For 
example, (7 + 27)(7 + k) =k —j —2+4+ 27. Note that, while multipli- 
cation is not commutative, it is associative since (ij)k = — 1 = i(jk), ete. 

The quaternion q’ = a — bi — cj — dk is called the conjugate to q. 
We readily verify that qq’ = q’¢q = a? + b? + c? + d?’, which is called the 
norm N(q) of gq. For the moment, let a, b, c, d be real numbers, so that 
q is a real quaternion; if g + 0, then N(q) + 0, and q has the inverse 
qq} =q/N(q). Thus, if g + 0, qQ = q has the unique solution Q = q7'qi, 
and Qq = q; has the unique solution Q = qiq~', so that both right-hand 

* This topic is presented in an elementary manner in Dickson’s Linear Algebras, Cambridge 


University Tract No. 16, pp. 9-12, and from another standpoint in his article “On the relation 
between linear algebras and continuous groups,” Bull. Amer. Math. Soc., 22, 1915, 53-61. 
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and left-hand division are always uniquely possible if the divisor is a real 
quaternion not zero. 

The conjugate of gQ equals the product Q’q’ of the conjugates of the 
factors taken in reverse order, as shown by interchanging the Roman and 
Greek letters in the sums (2) and afterwards changing the signs of b, c, 
d, B, Y 6. 

The norm of gQ is qQ-Q’q’ by definition. By the associative law, this 
may be written g(QQ’)q’. Since QQ’ is an ordinary number, it is commu- 
tative with q’ in view of our earlier definition of m(a, b, c,d) and (a, b, c, d)m. 
The result is now the product of the norms qq’ and QQ’ of gandQ. Hence 
the norm of a product of two quaternions equals the product of their 
norms, 2. €., 


(a? + b? + c? + d*)(a? + B* + y? + 8’) 


(4) 
= A?+ B?+ C?+ D? (A, ---, Das in (2)). 


Much earlier than Hamilton’s invention of quaternions in 1843, Euler* 
discovered formula (4) while investigating the elegant theorem that every 
positive integer is a sum of four integral squares, the theorem following 
from (4) if proved for every prime number; he also used (4) in his later 


paper on orthogonal substitutions. 
4. Cayley’s algebra. A. Cayleyt defined an algebra with the 8 units 
1, 7;, ---, 7, such that 7;27 = —1,---,7? = —1, 


iyle = 13 = — tot, tel3 = 1, = — L3l2, 13) = 22 = — %123, 


and six similar sets of six relations with 1, 2, 3 replaced by 1, 4, 5; 6, 2, 4; 
6, 5, 3; 7, 2,5; 7, 3, 4; 1, 7, 6; respectively. Then 


(to + Xyty ++ +++ tytz) (Ho! + ay'ty ++ +++ 7'tz) = Act Ari + +++ + Arti, 


° — ° , me , ’ 
where, if we employ the abbreviations jk = xja,’ — x,%;', OF = Xoxj’ + XjX0', 


Ao = Xoo — X01! — +++ —2yt7', Ay = 23+ 45 + 76 + 01, 
A, = 314 46 + 57 + 02, A; = 12+ 65 + 47 + 03, 
A, = 51 + 62 + 73 + 04, A; = 14+ 36 + 72 + 05, 
A, = 24+53+174+06, - A, = 254+34+4 614 07. 


He called Sx,2 the modulus (norm) of 2» + --- + a7; and stated that the 


*Corresp. Math. Phys. (ed., P. H. Fuss), I, 1843, 452, letter to Goldbach, May 4, 1748. 
Novi Comm. Acad. Petrop., 5, 1754-5, 3; 15, 1770, 75; Comm. Arith. Coll., I, 230, 427. 
+ Phil. Mag., London, (3), 26, 1845, 210 [30, 1847, 257-8); Coll. Math. Papers, I, 127 [301). 


In A, his 87 is a misprint for 73. 
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norm of a product equals the product of the norms of the two factors: 


(5) (> x) (,"") «Das. 
i=0 i=0 i=0 

The last result, as well as another important property of the algebra, 
can be proved without computation by representing the algebra as a 
quasi-binary algebra.* Since 1, 7;, 72, 73 satisfy the relations (3) for the 
quaternion units, we may replace them by 1,7, j,k. Then the remaining 
four units are e = 24, ie = 75, je = %, ke = i;. Hence every number of 
the algebra is of the form g + Qe, where q and Q are linear functions of 
1, 7,7, k and hence are quaternions. It can be verified that Cayley’s 49 
relations, giving the product of two equal or distinct units 7, ---, 77, are 
together equivalent to the single formula 


(6) (q + Qe)(r + Re) = qr — R'Q 4+ (Rq + Qr’e, 


where 7’ and R’ are the quaternions conjugate to r and R. The reader 
need not verify the equivalence stated, but may take (6) as the rule of 
multiplication for the numbers of the algebra to be considered henceforth, 
since Cayley’s algebra has been introduced here merely for historical back- 
ground and will not be further employed in his form. 

Define the norm of g + Qe to be qq’ + QQ’, which is a sum of 8 squares. 
Taking r = q’, R = — Q, in (6), we get 


(q + Qe)(q’ — Qe) = qq’ + QQ’, 


so that the norm of g + Qe is its product by its conjugate q’ — Qe. Since 
multiplication does not here obey the associative law, we cannot conclude 
at once, as we did for quaternions in §3, that the norm of a product equals 
the product of the norms of the two factors. However, we obtain a short 
proof by use of a device. Express the right member of (6) in the form 
t+ Te by setting 


(7) t = qr — RQ, T = Rq + Qr’. 
Its norm tt’ + TT’ is seen, by direct multiplication and use of the fact 
that the norm of qr is r’q’, to equal a — 8 + y, where 
a = RarQ’ + Qr’'q'R’, B = qrQ’R + R’'Qr’d’, 
y = qrr’d + R’'QQVR + Rad + Qr'rQ’ = (qq' + QQ'\(rr’ + RR’). 


The last equality is a consequence of the fact that rr’ is an ordinary num- 
ber and hence can be interchanged with gq’, ete. Our device occurs in 
the proof that a = 8. Note that the conjugate of the first term of a 


* Dickson, Trans. Amer. Math. Soc., 13, 1912, 72; Linear Algebras, 1914, 15. 
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equals the second term of a, so that a is an ordinary number and hence is 
commutative with every quaternion. Hence a = R’aR + RR’, which is 
seen to equal 8. In the excluded case R = 0, evidently a = 8 = 0. 
Hence the norm of the product (6) equals the product of the norms of the 
factors. Thus we can write down an 8 square formula of type (5). 

Moreover, both right-hand and left-hand division except by zero is 
always possible and unique in our algebra composed of the numbers q 
+ Qe, provided we restrict g and Q to be real quaternions. Of the two 
types of division consider that in which the second factor r + Re and the 
product ¢ + Te are given, while the first factor q + Qe is to be found. 
Thus we seek to solve equations (7) for gq and Q. Multiply the second 
equation (7) by r on the right and replace gr by its value from the first 
equation; we get 

(rr’ + RR’)Q = Tr — Rt. 


Again, multiply the first equation by’ on the right and eliminate Qr’; thus 
(rr’ + RR')q = tr’ + R’T. 


Since rr’ + RR’ equals the sum of the squares of eight real numbers, it 
is zero if and only if r= R = 0. Similarly, equations (7) can be solved 
for r + Re unless gq = Q = 0. 

We have now accomplished one of the aims of the paper, having ex- 
hibited linear algebras in 2, 4 and 8 units for which the norm of a product 
equals the product of the norms of the factors (thus giving the 2, 4 and 8 
square theorems), and such that, if the codrdinates of the numbers of 
the algebra be restricted to be real numbers, both right-hand and left- 
hand division except by zero are possible and unique. While the three 
algebras have in common these two fundamental properties, they differ 
in other respects. For complex numbers multiplication is both commu- 
tative and associative, for quaternions it is associative but not commuta- 
tive, for Cayley’s algebra of 8 units it is neither commutative nor associa- 
tive. What additional properties must be given up to obtain a similar 
linear algebra in more than 8 units? We shall prove in §5 that there 
exists no linear algebra in more than 8 units for which the norm is a sum 
of squares and the norm of a product equals the product of the norms of 


the factors. 
5. Hurwitz’s Theorem.* We seek the values of n for which there exists 


* Géttingen Nachrichten, 1898, 309-316. Since experience shows that graduate students 
fail to follow various steps merely outlined by Hurwitz, we shall here give the proof in detailed, 
amplified form. As we shall employ (a;;) to denote a matrix and not a linear transformation, we 
must invert the order of factors in his products. 
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an identity (as to the z’s and y’s) of the form 
(8) (x," + ee + Xn) (yi? + eee. + ¥.*) = Zz," + st Ne + 2.", 


where 2;, --:, 2, are linear in 2, ---, 2, and also in y;, +++, Yn. Let 


(9) 25 = Anyi +--+ + ainYn (1 = 1, ---,n), 
where the a;; are linear functions of 2,, ---,2,. We employ the matrices 
Qi, Qi2 *** Ain Qj; Ga, *** Ani 
Gnt Ano *** Ann Qin Gen *** Ann 


where A’ is derived from A by the interchange of its rows and columns, 
and is called the conjugate (or transposed) of A. In case the diagonal 
elements a;; all equal a and the elements not in the diagonal are all zero, 
we shall write aJ for A, where J is the unit (or identity) matrix and has 
the property that JB = BI = B for every matrix B of n rows and n 
columns. The quadratic form 


D> by j2:2; = byy212 + Wbyoz122 + bozo? + --- (b;; = b;,) 

i, j=1 
is said to have the matrix B = (b;;), whose ith row is bj, bj, «++, Din. 
If we replace the variables z;, ---, z, by the expressions (9), we evidently 
obtain a new quadratic form in the variables y,, ---, y,; its matrix is 
known* to equal A’BA. In particular, let the quadratic form be 2z,? 
+ ----+2,°, whose matrix is B = J; then the quadratic form derived 
by replacing z;, ---, 2, by the expressions (9) has the matrix A’A, a fact 
which can be verified at once without making use of the standard theorem 
just quoted. Now we desire that the resulting quadratic form in y;, ---, 
y» Shall be the left member of (8), whose matrix is aJ, where a = 2,” 
+ ----+2,%. Hence there exists an identity (8) if and only if there exist 
n’ linear functions a;; of x;, ---,2,, whose matrix (a,;) is denoted by A, 
such that 
(10) A'A = (4,7 + --- + 2,2)1. 


Since each element of matrix A is a linear function of x, ---,z,, and 
since the sum of several matrices is a matrix whose elements are the sums 
of the corresponding elements in the matrices added, it follows that A 
= %4,A,; + --- +72,An, where Aj, ---, A, are matrices with constant ele- 
ments. Thus in A’A the coefficient of z,* is A,’A,, which equals J by 
(10). Let B; = A,’A; (@=1,---,n—1), whence A; = A,B; A,’ 


* Bocher, Introduction to Higher Algebra, p. 129. 
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= B,'A,’, and A’A equals 
(w1By + +++ + tnaBiiy + tn)An’ + An(tiBi + +++ + 2n-1Bn-1 + 2). 
Since A,’A, = I, (10) becomes 
(11) (a Bi! + +++ + 2n-1Bhiy + 2n)(21Bi + +++ + tar Bai + 2n) 
= (a2 + +++ + 2921. 
Thus B,’B; = I, B,’ + B; = 0, BiB, + B,’B; = 0, whence 
(12) B/ =—B;, Be =—-—I1, BB, = — BB; 
(Qk =1,---,n—1;7 +k). 


A matrix B = (6;;) is called symmetric if b;; = 6,;;, and skew symmetric 
if b;; = — b;; for every 7,7; thus B is symmetric if and only if B’ = B, 
and skew-symmetric if and only if B’ = — B. The latter condition im- 
plies that b = (—)"b if b is the determinant of the matrix B of n rows and 
n columns. Thus b = 0 if n is odd. By the first two equations (12), 
B; is skew-symmetric and its determinant is not zero, so that n is not odd. 
Hence there exists no identity (8) if nis odd. In what follows, we assume 
that n is even. 

Our next step is to prove that at least half of the matrices 


Gp t. BR Sh Bid --, Ao Bin 
(iy <n, ty < te <n, +++) 


are linearly independent. There are 2"~! such products since any one 
product either contains B, or does not, ---, and either contains B,_, or 
does not. Let G = B,, --- B;, be one of the matrices (13); it is symmetric 
if r = 0 or 3 (mod 4), and skew-symmetric if r = 1 or 2 (mod 4), since 
by (12) 

G’ = B,! --- Bi! = (— 1)B,, --- Bi, = (— 1G, 


wheres =r+r—-1+r—-2+4+-:---+1 =r(r4+1)/2isevenif r=0,3 
(mod 4), but odd if r = 1, 2 (mod 4). In particular, a product of two dis- 
tinct B’s is skew-symmetric. 

Consider the possible linear relations (with constant coefficients not 
all zero) which hold between the matrices (13). Such a relation R = 0 
is called irreducible if it is not possible to express R in the form R = R, 
+ R2, where R, = 0 and R, = 0 represent two linear relations holding 
between our matrices such that no one of these matrices (13) occurs as a 
term of both R; and R.. In particular, an irreducible linear relation does 
not involve both symmetric and skew-symmetric matrices, since it could 
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then be written in the form M = S, where M is the aggregate of the sym- 
metric matrices and S is the aggregate of the skew symmetric matrices, 
whence M’ = S’, M’'’=M, S’=-S, giving M=0, S=0. 

Let R = 0 be any irreducible linear relation between the matrices (13). 
By multiplying R by the product of a constant and a suitably chosen 
matrix (13), we get a new linear relation p = 0, one term of which is I 
and all the remaining terms are products of matrices (13) by constants. 
Thus if 4B,.B; is one term of R, we use the multiplier — {B.B;. We 
need also to know that if we multiply the matrices (13) on the left by any 
one (say M) of them, the products form a permutation of those matrices 
each prefixed with the factor + lor — 1. This is evident when the multi- 
plier is B,, since the product will contain or lack B, according as the multi- 
plicand (13) lacks or contains B,, in view of B,? = — J. If the multi- 
plier is Bz, we first replace B,B, --- by — B.B, --- and see that the for- 
mer argument applies. After proving in this manner our statement when 
the multiplier is any B;, we see that it holds when the multiplier is any 
product of the B’s. Returning to our new relation p = 0, we note that 
it also is irreducible, since by multiplying it by a product of a constant 
and a suitable matrix (13) we recover our initial relation R = 0, which 
was assumed irreducible. Hence p = 0 is an irreducible relation 


I — LCi, igigD iy igig + Ld:,i,i,;,8:,B:,B Bi, + sites 


involving exclusively symmetric matrices (13), so that no term contains a 
single B; or a product of only two B’s. Multiply all the terms of our re- 
lation by B; on the right; we obtain an irreducible relation which there- 
fore involves only skew-symmetric matrices (13), one term being B,. 
Since a product of four distinct B’s is symmetric, we conclude that c¢;,;,;, 
is zero if 7 is distinct from 7), 72,73. Since i may have any value = n — 1, 
we have c = 0 unless 3 =n-—1. To prove that every d = 0, take 
i = 14; then the coefficient of — dB;,B;,B;, is zero. The method used to 
prove c = 0 applies when the number r of factors B is = 3 (mod 4) and 
r<n-—1, since r+12=0. The method used to prove d = 0 applies 
when r = 0 (mod 4), since r— 1 = 3. Hence if our relation exists, it 
has the form 
I = kB,B, --- By-4. 


Since each member is a symmetric matrix, n — 1 = 0 or 3 (mod 4). But 
niseven. Hence n = 0 (mod 4). As in the discussion of G, below (13), 
the square of B, --- B, is (— 1)*J, where s = r(r + 1)/2. Hence k? = 1. 
Thus the 2"—! matrices (13) are linearly independent if n = 2 (mod 4); 
while for n = 0 (mod 4) they are either linearly independent or are connected 
by the relations which arise from I = + B,B, +--+ Bn; by multiplication by 
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the various matrices (13), but are connected by no further irreducible linear 
relations. 
To illustrate this result, let n = 4. Then the 8 matrices 


IT, B, B., Bs, BiB. BBs, B.B3;, B,B.B; 


are either linearly independent or are connected by only four irreducible 
linear relations; 


I =+ B,B.B;, B, = +- B.B3, B, =+ B,B;, B; = +- B,By. 


The latter express B,B.B;, B.B;, B,B;, B,B, linearly in terms of J, B,, 
B., B;, which are therefore in all cases linearly independent. 

For any n, one of the reduced products of J and B, --- B,_; by any 
matrix (13) evidently contains fewer than half of the B’s and the other 
contains more than half of the B’s. Hence if irreducible linear relations 
exist, they serve merely to express the latter products in terms of the for- 
mer. Thus in every case, the 2"-? matrices (13) which are products of 
at most (n — 2)/2 factors B are linearly independent. 

But if we are given any n? + 1 matrices (a,;“) each with n rows and 
n columns, we can find numbers 2; not all zero such that 


n2+1 
p r.(a;;) = 0, 
k=1 


n2+1 
ps 2,a;; = 0 (i,j — 1, 7 n), 
k=1 


since n? linear homogeneous equations in n? + 1 unknowns 2; have solu- 


tions not all zero. 
Hence 2"-? = n?. This is satisfied if n = 8, but fails ifn = 10. But 
if it fails for n = m, it fails for n = m + 1, since 


Quti-2 = 2.2"-2 > 2m? > (m + 1)? 


if (m — 1)? > 2, and hence if m = 3. We have now proved that n = 8. 

The case n = 6 is readily excluded. Then the 2° matrices (13) are 
linearly independent. But 5+10+1 of them are skew-symmetric 
(those with 1, 2 or 5 factors B). Between any 16 skew-symmetric six- 
rowed square matrices there exists a linear relation: 


16 16 
D ax(bi;) = 0; > 2b; =0 (i,j =1,---,6; 7 <9), 
k=1 k=1 


it being now necessary to examine only the 15 terms to the right of the 
main diagonal. But 15 linear homogeneous equations in 16 unknowns 
x, have solutions not all zero. 
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TueorEM. Except for n = 1, 2, 4, 8, there exists no identity (8) ex- 
pressing the product (%,2 + +++ + 2n*)(yi? + +++ + Yn?) as a sum of the 
squares of n bilinear functions of 4, +++, Xn and Yi, +++, Yn 


HISTORY OF THE SUBJECT. 


6. Gauss* remarked that the four square formula (4) is expressed in 
a simple way by 


(NI + Nm)(NX + Nu) = N(I + mp) + N(ly’ — md’), 


where |, m, d, u, \’, wn’ are complex numbers, ’ being conjugate to A, and 
u’ to wu, while NI denotes the norm of | ($2). 
7. C. F. Degen extended Euler’s formula (4) to eight squares: 


(P24 Q?+ R24 S?+ 7? + U2 + V2 4 X%) 
X(P+@PV+r484+ 0 + uv? + v? + 2’) 
= (Pp +Qqt+Rrt+Ss 4+ Tt + Uut+ Vo + Xz)? 
+ (Pq — Qp + Rs — Sr + Tu — Ut + Va — Xv)? 
+ (Pr — Qs — Rp + Sq # Tv + Ur + Vt = Xu)? 
+ (Ps + Qr— Rq — Spt Tx + Uv F Vu $ Xt)’ 
+ (Pt — Qu + Rv = Sx — Tp + Uq = Vr + Xs)? 
+ (Pu + Qt + Rr + Sv — Tq — Up + Vs + Xr)? 
+ (Pv — Qr = Rt + Sus Tr = Us — Vp + Xq)* 
+ (Px + Qv + Ru + St = Ts = Ur — Vq — Xp)’. 


He stated [erroneously as we saw in §5] that there is a like formula for 
2" squares. For the case of 16 squares he gave the literal parts of the 
16 bilinear functions, but left most of the signs undetermined, saying that 
the only difficulty is the prolixity of the ambiguities of signs. This paper 
has been overlooked by all subsequent writers on the subject. 

8. J. T. Gravest communicated to W. R. Hamilton Jan. 18, 1844 
(correcting some errors in signs in the formula communicated Dec. 26, 
1843), a formula which differs from Cayley’s (5) only in the interchange of 
6 and 7, and a second formula which becomes Cayley’s on writing 2», 
+++, 27 for a,b, ---,h. Hence Graves’s formulas need not be inserted 
 * Posthumous MS., Werke, 3, 1876, 383-4. 

+ Mém. Acad. Se. St. Pétersbourg, 8, années 1817-8 (1822), 207-219. There is a misprint in 
the sign of his term + Rt, here corrected. 


t Proc. Roy. Irish Acad., 3, 1845-7, 527-9; Trans. Roy. Irish Acad., 21, II, 1848, 338-341; 
Phil. Mag. London, (3), 26, 1845, 320. 
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here. At first he expected that it would be possible to give an extension 
to 2” squares. 

9. J. R. Young’s* formula, with s, t, u, v, y, z, w, x replaced by ay, -:-, 
ds, is 


(14) (Za) Yai) = (Zaye)? 
~ + (12 + 34 + 56 + 78)? + (13 + 42 + 57 + 86)? 
+ (41 + 32 + 58 + 67)? + (15 + 62 + 73 + 48)? 
+ (16 + 25 + 38 + 47)? + (17 + 82435 + 64)? 
+ (18 + 27 + 63 + 54)?, 


where 7j denotes a,a; — a,a;._ It was admitted to be equivalent to Graves’s 
formulas. Youngy stated that a like formula holds for 2” squares, but 
soon afterwards admitted that this is erroneous, saying that he was pre- 
pared to prove that the proposition does not hold beyond 8 squares. 

Youngt gave a long discussion to show that the extension to a sum 
Si, of 16 squares is impossible. He exhibited a special relation SjSj6’ 
= S,,’’ in which the roots of 8 of the squares in Sj. are proportional to the 
roots of 8 of the squares in S,,.’.. He§ noted that, fork = 2, 4, 8, a product 
of a sum of km squares by a sum of kn squares can be expressed as a sum 
of kmn squares. 

10. Cayley) investigated the possibility of a formula for 2" squares by 
introducing 2" — 1 symbols ao, bo, ---, not assumed to be commutative, 
but such that ao? = bop? = --- = — 1 and 


bolo =+4>=> - Cobo, CoApn = + bo = — ACo, Aybo =2+tC%=- body. 


Denoting this set of six equations by aoboco = +, let also agdoto = +, 
etc., where the sign is not necessarily the same as before, while the sys- 
tem of triples contains each duad once and but once, and the signs are to 
be chosen at will. Then 


(w + ado + bbo + - ++) (wi + aide + bibo + +++) = We + a2A0 + bebo + + --, 


where we, d2, --- are linear and homogeneous in w, a, --- and in w,, 4, 
Assume (I) that if any two triples with a common element, e a bo 

and e€oCodo, occur in the system, there occur also foaoco, fodobo, GoAodo, JoboCo; 

* Proc. Roy. Irish Acad., 3, 1845-7, 526-7. 

t Phil. Mag., London, (3), 30, 1847, 424-5; 31, 1847, 123. 

t Trans. Roy. Irish Acad., 21, II, 1848, 311-338. Outline in Proc. Roy. Irish Acad., 4, 1847 
-50, 19-20. 

§ Phil. Mag., London, (3), 34, 1849, 114. 

|| Phil. Mag., London, (4), 4, 1852, 515-9; Coll. Math. Papers, II, 49-52. 
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(II) that for any two pairs of triples, such as ecaobo, eocodo and fodoco, fodobo, 
the products of the signs of the triples in the first pair is the same as that 
in the second pair. Then 


(w? + a2 +b? + ---)(we? + ay? + by? + +++) = we? + a2? + do? + ++. 


The converse was not proved, but it was stated that conditions (I) and 
(II) afford a complete test for the possibility of the 2" square theorem. 
T. P. Kirkman,* to whom Cayley had communicated privately the 
preceding test, verified that, for 15 elements a, b, ---, triples can be chosen 
so that (1) is satisfied, but that (II) then involves a contradiction. 
11. F. Brioschif showed that, if n is even, the square of the determi- 


nant A = |a;;| of order n is a skew-symmetric determinant L = | 1,; | of 
order n with the general element 

i” = Ar1As2 — Ar2Qs1 + Ar3Qs4 — Ar4As3 + bhi + Arn—1Agn — ApnAgsn—-1 = — Sone 
Similarly, the square of C = | ¢;;| is | pi;|, where p,. = CriCse — +++. Let 


n 
AC _ | A;; , Ays _ > Gre, | Ai; | z= | L;; , Biss _ AnAg eit 
i j=1 


If the a’s and c’s are such that 
(15) lie = ls, = «+ = Pe ciia => t, Pi2 Ss eo S DPn—in => u, 


while the remaining /;; and p;; are zero, it is proved that Ly. = Ls, = --- 
= L,-1n = tu, and that the remaining L,; are zero. Now let n = 8 and 
take ai; = ay, ai; = — aj; (¢ + J) except for ay; = a5; = dog = Ag. = Asx 
= A73 = Ay = ds, and take also 


Qi2 = 443 = Ase = Ag7, A13 = Arg 


I 
Q 
p 
1 

| 


= Aes, G14 = A322 = Asg = A746, 
Aig = Aq7 = Ase = gz, Aiz7 = Aog = As3 = Acs, Aig = Aze = Ass = Azz. 


Assume like relations between the c;;._ It is stated erroneously that rela- 
tions (15) and the analogous relations between the A,; hold, so that 


DA;;” => tu, {= 2a,;’, u = ¢1;? (j = 1, ee 8). 


Although ly. = I34 = Ise = lg = 2ay;", it was pointed out by E. Sadunt 
that 
lis = 2(a11415 + Ay2A16 + 43047 + 14048) + 0, 


so that we cannot make ¢ = Ya,;?._ In a footnote, Sadun reconstructed 
Brioschi’s proof, and obtained (14) with 5 and 7, 6 and 8 interchanged. 

* Phil. Mag., London, (3), 33, 1848, 447-459, 494-509; (3), 37, 1850, 292-301. 

+ Jour. fiir Math., 52, 1856, 133-141; Opere Mat., V, p. 511. 

t Periodico di Mat., 14, 1899, 125-139; and pamphlet of 1896. 
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12. A. Lebesgue* gave an 8 square formula, communicated to him 
to Prouhet, which apart from signs becomes Cayley’s formula (5) if we 
write Zo, ---, x; for a,b, ---,h. 

13. A. Genocchif concluded that sums of 2” squares repeat under 
multiplication by an erroneous argument (false even for n = 2) based 
upon sums of two squares. The error was pointed out by Sadun (§11) 
and earlier by A. Puchta,{ who interpreted the correct 8 square formula 
by means of regular bodies with 9 vertices in space of 8 dimensions. 

14. E. Mathieu$ expressed Euler’s identity (4) in the form 


Sa *y => 8," S; = Zo" + 2" _ Lu" + Sious w? oe Ww + 1=0 (mod 2), 
Lo =LoLo HAE A LLw' ALipwLigny, 21 = XqXy! — BW Xo! —MyXigutLisvlw’; 


while x,”’ and x;,, are derived from x,’ by the substitution (z, wz), viz., 
(1,w, 1+ w), on the subscripts. But S,’’ is unaltered also by (0, w, 
1+ w). Hence of the 24 permutations on the four subscripts, 12 give 
one decomposition into 4 squares, and 12 give another. 

For w® + w + 1 = 0 (mod 2), Cayley’s formula (5) can be expressed 
in the form 


S3S3’ = Ss”, Ss = =2;’, Zs" = 22;2;', 
7 U ’ at / , 
X10 = Tol, — W1X%o — Lokige T+ Lip4ulo — LorBiincs 


+ Lizwelye a Lotus} $w+ we + Vi+w+w2l w+ wy 
where j ranges over the eight values 0, ---, 1 + w® appearing in 
s = (0)(1, vw, w’, 1 + w,w + w’,1 + wt w’, 1 + w’). 


The remaining z;’’ are derived from 2,’ by applying this substitution 
s, which may be written in the form (w’, w**'), the signs of the terms of 
z;"’ being determined so that the terms occurring in the above S,’’ occur 
with the same signs in S;’".. Now 2,” is unaltered by (w*, w*), while 
ao”, +++, a7” are permuted by (w*, w!); where 1/2 is replaced by the in- 
teger congruent to it modulo 7. Hence any symmetric function of these 


8 squares is unaltered by the 3-7-8 substitutions 


, az+b i we eas o 
ere. ad — be = 1, 2, 4 (mod 7). 


It is stated that these results cannot be extended to more than 8 


(w?, w?’), 2 


squares. 
= Exercices d’analyse numérique, 1859, 104; Introduction 4 la théorie des nombres, 1862, 65. 
+ Annali di Mat., 3, 1860, 202-5; Giornale di Mat., 2, 1864, 47-48. 
t Sitzungsber. Ak. Wiss. Wien (Math.), 96, II, 1887, 110-133. 
§ Jour. fiir Math., 60, 1862, 351-6. 
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j 


15. J. J. Thomson* verified Young’s formula (14) by means of rela- 
tions like 
(16) 12-34 + 13-42 + 41-32 = 0. 


16. E. Lueas statedt that there is a relation between the formula 
expressing the product of two sums of n squares as a sum of n squares for 
n = 4,8, 16, ete., and Sylvester’st square diagram formed of an equal num- 
ber of white cases and black cases, such that for any two lines or two col- 
umns the number of variations of colors is always equal to the number of 
permanences. If, in the accompanying diagram, we replace each white 
ease by a plus sign and each black case by a minus sign, we are led to 
Euler’s formula (4). 





17. S. Roberts$ argued that a 16 square formula is impossible. He 
assumed in effect that an m square formula must be of the type 


m m m 
(17) (Sas) (5: <.*) = PS (aye + +++ + AnCin)?, 
{=1 i=1l i=! 

where Ci, --++,Cim and ¢j;, +++,¢m; are permutations of + ¢), +--+, + Cm, 
and that the formula reduces to a 3m square formula by setting a; = c¢, 
= 0 (i > m2). In building the m square formula from the 4m square 
formula, he made free choice between the letters not already in the scheme. 
He derived an unique formula for m = 4 and for m = 8, but found after 
a tedious examination a contradiction for m = 16. 

18. Cayley considered the linear algebra with the units Fy = 1, F), 

--, £;, where E;? = — 1 (i = 1, ---,7) and 


E,E.E; = €1, E\EsE; = €2, E.EE, = €4, E3;E;E; = €6, 
E\E,E; = €3, E.E;E; = €5, EEE, = €, 


* Messenger Math., 7, 1877-8, 73-74. 
+ Assoc. frang. av. se., 6, 1877, 213-4. 
t Math. Quest. Educ. Times, 10, 1868, 74-6, 112 (diagrams for 8 X 8 squares and 16 * 16 
squares). Cf. M. Jenkins, ibid., 14, 1871, 22-25. 
§ Quar. Jour. Math., 16, 1879, 159-170. 
Amer. Jour. Math., 4, 1881, 293-6; Coll. Math. Papers, XI, 368-371. Incomplete summary 
in Johns Hopkins University Circulars, 1882, 203. 
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each ¢; being 1 or — 1, and the first symbol denotes the six equations 
E\E,=6E;=—EF2E,, F.E;=e6F,=—E;E.,, E;E, =«E, = — E,E3. 
For no values of the e’s is the algebra associative. We may set 
(Sa;E;)(2a,/E;) = ta;"E; (¢ = 0,1, ---, 7). 
Without loss of generality we may take e, = & =¢«,= +1. Then 
La,?)(Za,’") = La,"”, 


if and only if —e=¢€«=6« =e. In such an algebra, FE, FE. - FE; 

= F,-E,.E; and similarly for each of the seven triads above. For the re- 

maining 28 triads, E,E£;-E, = — E,;-E;E,. [We pass from one of these 

two algebras to the other by changing the signs of E.,---,E;. If we take 

€; = — 1 and change the sign of E;, we get Cayley’s earlier algebra (§4).] 
19. Cayley* remarked that (16) establishes Euler’s identityt 


(S2,;7)(Lyi?) — (Sr.yi)? = (12 + 34)? + (13 — 24)? + (14 + 23)?. 


The first step in forming this identity is to arrange the duads into a syn- 
thematic form: 12-34, 13-24, 14-23. The next step is to determine the 
signs. For 8 elements there is a single such synthematic arrangement; 
if 34, 56, 78 and each 1) are taken with positive signs, only one sign remains 
arbitrary, so that there are only two final schemes. For 16 elements, we 
have first to form 15 lines each containing the numbers 1, ---,16 in 8 
duads, no duad being repeated. Only four types are found; for each it 
is found to be impossible to choose the signs. Cayley states that earlier 
writers had tacitly assumed that only one of the four types is possible and 
hence had not given a complete proof of the non-existence of the 16 square 
theorem. The question of the distinctness of the four types, apart from 
notation, was mentioned, but not discussed, by Cayley. 

20. S. Robertst remarked that Cayley’s four types are all equivalent. 
But his directions for deriving the first from the second type are incorrect. 
Besides interchanging 13 with 14, and 15 with 16, and interchanging col- 
umns 13 and 14, and rows 15 and 16, it is necessary to interchange also 
rows 13 and 14, and columns 15 and 16. He indicated how his own pro- 

cess can be used to produce the four (equivalent) types. 
| 21. F. Studnicka§ employed the product of two determinants: 


TARY ORD 
ALLELES 


bee eer es 


i 


Se Rae eee 


aR. AE tae ane 


— 


| a b xy fax + by — ay’ + br’ Ny 


| —b' a ‘\-y 2'|\ > \ay—be a’z’ + b'y’|' 


* Quar. Jour. Math., 17, 1881, 258-276; Coll. Math. Papers, XI, 294-313. 

+ Quoted in Math. Quest. Educ. Times, 75, 1901, 40. 

t Quar. Jour. Math., 17, 1881, 276-280. } 
§ Sitzungsberichte K. Béhm Gesell. Wiss. Prag, 1883, 475-481. 
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Taking a’ = a, ---,y’ = y, we get (1). Next, let a’ be the conjugate to 
the complex number a, ---, y’ the conjugate to y; we get Euler’s (4). 
But he erred in employing the same formula when a’ and a are conjugate 
quaternions, ---, y’ and y conjugate quaternions, to deduce the 8 square 
theorem, since he overlooked the fact that the initial formula holds only 
when multiplication is commutative [Vahlen, §27]. 

22, X. Antomari* wrote (a,8;) for a;8; — B,a; and employed the iden- 
tity 


D = (Sa,2x;)(Sbiy;) — (Saiy,)(=bix,) = Vad; (ry;) GJ =1,-°°-,457>0. 
In view of (16), written in a, b and again in z, y, we get 
D = {(ayb2) + (rsys)} {(tiy2) + (asby) } 

+ {(aob3) + (ays) } | (xeys) + (aids) } + { (abs) + (rays) | {(riys) + (aybe) }. 


Taking a; and x; to be conjugate complex numbers and also 6; and y;, for 
j = 1, ---, 4, we get an 8 square formula. 
23. E. Lucas? stated that the determinant of the 8 equations 


ax+by+ezt+dt+ept+fqat+ogrt+hs =X,---,-hr+.---+as=S8 


is the fourth power of A = a? + --- + h*. To solve the equations, mul- 
tiply them by a, ---,h, taken with proper signs, and add. We get 


Ar = aX — bY —cZ — dT — eP — fQ —gR—- AS, -- 
As =hX + .--- + as. 


Squaring these and adding, we get La*-Yx*? = TX?. 
24. G. Arnouxt argued the impossibility of a 2" square formula for 
n> 3. 
25. Teilhet, de Montessus and Boutin§$ gave special numerical ex- 
amples of S,S,’ = S,”” for r = 16 and r = 32, where S, is a sum of r 
squares. 
26. E. Sadun discussed m square formulas of the type (17). Since 
the product terms in a,a, must cancel if p + t, we have 





(18) CrpCre — “o Csplsty Crp = + Cat, Crt = + Cap. 


Without loss of generality we may assume that the first row and first col- 
umn of the matrix (¢;;) is ¢1, ---,¢n. Then by (18) each diagonal term 
is + ¢,, whence m + 3. In the rth and sth rows, + c,, lies above cy», 

* Comptes Rendus, Paris, 104, 1887, 566-7. 

+ Théorie des nombres, 1891, 294. 

t Assoc. frang. av. se., 1896. 

§ L’intermédiaire des math., 3, 1896, 259-262. 

|| Periodico di Mat., 14, 1899, 125-139; also as a pamphlet of 1896. 
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and + ¢,, above c,. Hence m must be even. It is assumed that, if 
a; = c; = 0 (t > m/2), (17) reduces to a 4m square formula. Thus if 
m = 2*w, where w is odd, we would get an w square formula by continued 
halving. Hence w = 1,m = 2". The impossibility of a 16 square for- 
mula is established more simply than in the earlier papers. 

27. K. Th. Vahlen* noted the error in Studnitka’s deduction of the 
8 square theorem from the product of two two-rowed determinants and 
deduced that theorem by use of the product of two three-dimensional 
determinants [as had Antomari, §22]: 


(aa’ + bb’ + cc’ + dd’)(axx’ + yy’ + 22’ + tt’) 
= (ax + by + cz + dt)(a’2’ + b’y’ + c’2’ + dt’) 
+ (— b’x + a’y + dz’ — ct’)(— br’ + ay’ + d’z — c’t) 
+ (-— cx — dy’ + a’z + bt’)(— ca’ — dy + a2’ + DO’) 
+ (-— d’x+ cy’ — bz’ + a’'t)(-— dz’ + cy — b’z + at’). 


For a = a’, etc., this gives the formula (4) for 4 squares. Ifa’ is the con- 
jugate to a, it gives the 8 square theorem. He gave an analogous, much 
longer, formula which for a = a’, ete., becomes the 8 square formula, but 
when a’ is the conjugate to a, etc., does not yield a 16 square formula. 

28. E. Barbettet discussed the 4 and 8 square theorems in connection 
with magic squares. 


* Giornale di Mat., 39, 1901, 181-4. 
+ Les sommes de p-iémes puissances . . ., Liége, 1910. 
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NON-SYMMETRIC KERNELS OF POSITIVE TYPE. 
By Dr. Carouine E. SEExY. 


The properties of continuous symmetric functions of positive type 
have been studied by Mercer* with especial reference to the uniform 
convergence of series of their corresponding characteristic functions. In 
the present paper it is proposed to consider some of the analogous prop- 
erties of kernels not assumed to be symmetric. Unless otherwise stated, 
it is assumed that all the kernels A(s, ¢) considered are real, bounded, and 
nearly everywhere continuous. 

Let us recall some of the well-known theorems for the symmetric case. fT 

Definition. A function A(s, ¢) in an interval (a, b) is said to be of 
positive type if we have 


(A) [ . { K(s, t)h(s)h(t)dsdt > 0 


for every function h(s) of integrable square. 

(I) A necessary and sufficient condition that a symmetric function 
K(s, t) be of positive type is that its characteristic constants \, be all 
positive. 

Corollary 1. If a symmetric kernel is of positive type all its iterated 
kernels are of positive type. 

Corollary 2. All the iterated kernels of even order of any symmetric 
kerne! are of positive type. 

(II) The serie: 

yea meee 
where the ¢;(s) are the characteristic functions and the \; the character- 
istic constants of any symmetric kernel K(s, t), satisfies the condition of 
mean convergence.{ 

(III) The series 

i eden 


i=0 Ai 





* Philosophical Transactions, vol. 209 A (1909), p. 415; Goursat, Cours d’Analyse, vol. 3, 
p. 454. 
t Goursat, Cours d’Analyse, vol. 3, p. 449. 
¢t Weyl, Mathematische Annalen, vol. 67; Schur, Mathematische Annalen, vol. 66. 
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where the ¢;(s) are the characteristic functions and the \; the character- 
istic constants of a continuous symmetric kernel of positive type, converges 
uniformly to K(s, t).* 

Let the functions ¢;(s) and y,(s) be the characteristic functions of a 
kernel K(s, t) not assumed to be symmetric and let the numbers \; be the 
corresponding characteristic constants. Then we have 





J eslswle)ds = 0 #2). 
We shall assume the ¢;(s) and y,(s) and hence also the \; to be all real. 


Theorem I. Jf K(s, t) is of positive type in an interval (a, b) we have: 
(1) All the characteristic constants \; are positive. 


(  v.ovsteras) < oN vile)'as , f W ;(s)2ds. 


h(s) = agi(s) + B¢;(s). 


The condition (A) becomes 


(2) 


Let 


| 


of 
ff Ke, lees) + Bei(s)llagdt) + Be (aed 3 
— é3 
, Qs § A. 4 
| = f [29 + | fails) + Bes(9) ds 
Ja i j 
: == f oK )2ds + a8 Zak f eisdests)ds +&  oy(s)'as > 0 
ae — m ri dj , en A; a . isi 
and this condition must hold for every choice of a and 8. That is, the 
quadratic form in a and 8 must be semi-definite, and the conditions for 
semi-definiteness are 
= ‘@ils)?ds > 0, ~ ¢g;(s)*ds > 0. 
1 1 , 3 1 Cf ‘ 
I (+ * ~)f e.(s)¢,(s)as | Ss af gi(s)*ds - ra ¢;(s)*ds. 
Mi 


*See Mercer, loc. cit. The assumption of continuity here is essential. In fact, Toeplitz 
has constructed a bounded symmetric kernel of positive type, continuous except at one point, 
and such that the series 

2 gi(s)¢i(t) 
Po} i 


. \ 
is not uniformly convergent. See Mathematische Abhandlungen Hermann Amandus Schwarz ' 
gewidmet, p. 426. 


i 
i 
; 
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From these follow 
A; > 0, A; > 0, 


9 


peb 2 4X; wb . wb o 
|| elsdes(s)ds | Sa, a) ei(s)'ds | ¢(s)*ds. 


The second condition of (2) is obtained in exactly similar manner by 
letting h(s) = ay,(s) + BYy,;(s). 

It has just been shown that a necessary condition for a kernel K(s, t) 
to be of positive type is that the characteristic constants be all positive. 
It is not, however, true that this condition is also sufficient, as is the case 
with symmetric kernels. This can be seen from the following example. 

Let 

Ke. 0 = sin s (sin t+ sin 3/) | sin 2s = 2t 
2Vr 
This kernel has evidently, for the interval (— 7, 7), the characteristic 
constants \; = 1, \» = 2 corresponding to the characteristic functions 


sin s sin 2s 


gi(s)=——, ¢2(8) ==, 
NT NT 
sin s + sin 3s sin 2s 
Yils) = ~ ¥2(s) = —, 
Vr Vr 


and no others. Let h(s) = sins + asin 3s, where aisaconstant. Then 


or 


[ K(s, t)h(s)h(t)dsdt = 7**(1 + a), 
which may be made positive or negative by suitable choice of a. 

Theorem II. Jf a kernel K(s, t), with more than one characteristic 
constant, is such that for every positive number n there exists an iterated 
kernel K™(s, t), m > n, that is of positive type, then if the functions ¢;(s), 
y.:(s) are characteristic functions of K(s, t) we have 


0, 


{ g.(s)¢;(s)ds 


{ vils)¥(s)ds =0 (A; £2), 
that is, the ¢:(s) and y;(s) each form an orthogonal set. 

For the functions ¢;(s) and y;(s) are also characteristic functions of 
the iterated kernel K(s, t), corresponding to the characteristic constants 
\,”. Then from Theorem I (2) we have 





NON-SYMMETRIC KERNELS OF POSITIVE TYPE. 


b 2 4y i"; b b 
| ff exrestsras | < QF eteyras [ o1(s)Xas, 


and it is clear that for \; > \; the first factor of the right member ap- 
proaches zero as m increases indefinitely. Whence the constant of the 
left member is zero, and the functions ¢;(s) form an orthogonal set. The 
same argument holds for the y;(s). 

It may be noted that the hypothesis of Theorem II is satisfied by all 
symmetric kernels, since all their iterated kernels of even order are of 
positive type (see Corollary 2 of the known theorem (I)). 

It might be expected from this theorem that a kernel whose char- 
acteristic constants are all positive and whose characteristic functions 
¢i(s) and y,(s) form two orthogonal sets must be of positive type. That 
this is not the case is shown by the example given on page 174, for there 
we have 


f eils)ex(s)ds = Q, [ vls)vels)ds = Q, uy = 1, 


and yet the kernel is not of positive type.* 

Theorem III. Let K(s, t) be a kernel satisfying the hypothesis of Theorem 
IT, and let the functions gi(s), «++, Gms) and Pals), «++, Ym,(s) (where 
m, ts the number of independent solutions of the homogeneous integral equa- 
tion corresponding to the characteristic constant \;) be a set of its characteristic 
functions so chosen that 


[ culsdeulsds=0,  f yisls)¥alsds =0 (+B). 


Suppose moreover 


f vu(s)ds < N, f vals)ids < N, 


a 


where N is some number independent of iand k. Then the series 


5 ealsWal) + ¢ials)\¥a) + +++ + em(8)Yon(O) 
— di 





satisfies the condition of mean convergence. 
This theorem is an immediate consequence of Theorem II, of the 
definition of mean convergence, and of Schur’s theorem.t For 


*I am indebted to Dr. Gronwall for this example, as well as for other welcome suggestions. 


@ . . , 
+ The series 3 4 where the \; are characteristic constants of some kernel K(s, t) each 
i=1 “™ 


repeated m; times, is absolutely convergent since m; = the order of \;. See Schur, loc. cit., p. 508. 
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lim ff[geee® + - + om,(8) Pim, (t) 


uM, v=@ é=s] 


_ FH ealsda + ++ + gmls bmn | asae 


Xi 
a lim ad | |  gi(s)*Pa(t)? + <7 + Gam ($)"Womi(t)® 9 
< lim pa N*m; _ 0, 


9 
“My, v=O ti=p A; 


that is, the series is convergent in the mean. The final step is from 
Schur’s theorem. 

It will be noted that in the proof of Theorem I we did not make full 
use of the positive character of K(s, t), but only of the fact that condition 
(A) was satisfied for the restricted class of all functions that are of the 
form ag;(s) + 8¢;(s). It is evident that Theorems II and III are also 
true under this much weaker assumption. 





ELEMENTARY PROPERTIES OF THE STIELTJES INTEGRAL.* 


By H. E. Bray. 


This paper contains the proofs of certain elementary properties of the 
Stieltjes integral. The proofs themselves are elementary in character, 
in the sense that they do not involve point-set theory to any extent. This 
fact, and the wide possible application of the Stieltjes integral to subjects 
in mathematical physics, would seem to justify their collection by them- 
selves. 

The first theorem deals with the existence of the Stieltjes integral, 
and is merely introductory. The others lead up to a theorem on the 
change of the order of integration of an iterated integral, and to a theorem 
on integration by parts, the latter having been proved and used exten- 
sively by Stieltjes.¢ It is repeated here for the sake of completeness. 

Definition 1. Consider two functions, g(x) and a(x), defined at every 
point of the interval a <2 <b. Let (a, b) be divided by the n points 
XY <2 << 43 < +++ <2, into n+ 1 parts such that x4; — 2; = 6; S 4, 
i= 0,1, 2, ---, n, [vo = @, Xn4, = BJ, and let the points £; be chosen so 
that xz; < & < xi4;. The quantity 


lim z o(&) {a(tigs) — a(x}, 


if it exists, is called the Stieltjes integral of (x), with regard to a(x), between 
b 
the limits a and b. It is designated by f ¢g(x)da(x). 


Theorem 1. If a(x) is a function of limited variation, a=z=b, 
oh 


and if g(x) is continuous at every point of (a, b), then | ¢(x)da(x) exists. 


a 


The proof depends on the fact that, since a(x) is of limited variation, 


* The writing of the proofs of these theorems was suggested by Professor G. C. Evans; see 
Cambridge Colloquium Lectures, Lecture V. 
t Stieltjes, Recherches sur les fractions continues, Annales de la Faculté des Sciences de 
Toulouse, 1894. 
The concept of the Stieltjes integral has been extended by Radon, Sitzungsberichte der 
Akademie der Wissenschaften, Wien, 1913. 122, p. 1295. 
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we can write 


a(x) = a(a) + P(x) — N(x), 


where P(x), N(x) are limited non-decreasing functions.* 
Evidently 


¢(&:) {a(tiss) — a(zi)} = z g(é) {P(atin1) — P(xi)} 


~¥ o(t) (Ninn) — N(2)}. 


i=0 


It is sufficient, therefore, to prove the existence of 
f e(@aa(e) = lim & o(8) (8(esss) — BC}, 


where 8(z) is limited and non-decreasing in (a, b). 
Let M;(m,) be the maximum (minimum) value of ¢(x) in the sub- 
interval rz; < x < X44, and let 


n 


S,= > Mi{8(zi+1) = B(2x:)}, = D ms {8 (xis) — B(z;)}. 


i=0 


Evidently 


Ba 2 Be (1) 


if both sums are formed according to the same mode of division of (a, b). 
Also 
M{p(b) — B(a)} > Sr, = m{B(b) — B(a)} S< 8z, (2) 


where M(m) is the maximum (minimum) value of ¢ in (a, b), for 


DM {8(zis1) — B(z,)} = LX M;{B(xi41) — B(z;)}. 
By applying inequalities (2) to subintervals of (a, b) instead of to 
(a, b) itself, it is easily seen that, if S,,,n, is a sum formed by adding ne 
points of division to those of S,,,, 


Basin < ies Snjtns > Sn ° (3) 


* de la Vallée Poussin, Cours d’analyse, Vol. I, third edition, p. 72 et seq. The facts are as 
n 
follows: Regard the sum + = = | a(ri41) — a(z;) |, taken over the closed interval (a, z), as made 
=0 


up of terms of two classes, viz.: those corresponding (i) to positive (ii) to negative differences. 
Let P(x), N(x) be the upper limits, respectively, of the sums of the two classes of terms, for all 
modes of division of (a, x), and let 7x) be, similarly, the limit of r. If T(z) exists, a(z) is, by 
definition, of limited variation in (a, z). The existence of T(x), called the total variation function 
of a(x), implies that of both P(z) and N(z). T(z) = P(x) + N(z). These three are, of course, 
non-decreasing functions, and a(z) = a(a) + P(x) — N(z). 
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We can now show that every S, no matter how formed, is at least 
as great as every s. For suppose S,, < s,,; then, by (3), 


B sete < B., < Sn. < Snjtng 


which is impossible, in view of (1). 
The numbers S have a lower limit ZL, and the numbers s an upper limit 
l. To show that 


L=1= ff o(a)da(2) 


we have only to note that 


S.> s o(E:) (B(aiys) — B(t)} > 8p 


and to show that, by taking 6 small enough, S, — s, can be made as 
small as we please. 

Since ¢(x) is continuous in a closed interval, and therefore uniformly 
continuous, it is possible to choose 6 so small that, for any ¢ assigned in 


advance, 
€ 


M; — m; © 2(b) — Bla) 


+= 0,1, 2, ---,n. 
Hence 


S, —- 8, = Z {M; —_ m;} {B(Xi41) —_ B(x;)} <. 
The theorem is thus proved. 

In some of the theorems which follow it is convenient to be able to 
reduce the proof to the discussion of finite sums instead of integrals. 
We therefore introduce the following lemma: 

Theorem 2.* If a(s) is of limited variation, a < s < b, and if 


f gda = lim >> g(E.) {ee(s:41) — a(s;)} 


6=0 {=0 


exists, then 


f eda — ¥ ol) talsn) — a(s)} < OTC) 


=0 


where 7'(b) is the total variation of a in the interval (a, b), O; is the greatest 
oscillation of ¢(s) in the n + 1 intervals (s;, si4:), and 8; S &; S sip. 
Consider the sum 


¥ v(t) tals’) — (61, 


formed by a set of points (s,;’) which includes the set (s;). 


* This proof of Theorem 2 was suggested by Mr. H. L. Smith and is more ingenious and some- 
what shorter than that of the writer, for which it is therefore substituted. 
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Evidently 
{ eda — > (6) {a(Sizi) — a(s;)} | 
< J e(da) — ¥ o(&) alsin’) — a(s,’)} 


+ ¥ eG) false) — a(a)} — LX elG)falsins’) — a6} . 


But by choosing a small enough norm for the points s,’ the first term 
of the right-hand member, by our hypothesis, can be made as small af 
we please, and, since the second term is at most equal to O, | | da! =O,7'(b), 


| 


i=0 


f eda — ¥ o(8) falsin) — a(s)} < O70). | 


Definition 2. Consider a function a(x, s) which, for every value of 2, 
ec <a <d, is of limited variation in s,a<s <b. Let T(z, s) be the 
corresponding total variation function in s, for a given value of x. Evi- 
dently T(a, s) < T(z, b). 

If T(z, b) is a limited function of 2, i. e., if a positive constant A can 
be found, such that 


T(z,b) << K cs2se 


then a(z, s) is said to be a function of uniformly limited variation in s for 
all values of x in (c, d). 

Theorem 3. If ¢(s) is continuous, a < s < b, and if a(z, s) isa function 
of uniformly limited variation in s for all values of z in the interval 
c <a <d, and if at every point z in (c, d), a set of values of s,* dense in 
(a, b) and including a and b, can be found, such that for each value of s 


in the set a(x, s) is continuous in z, then $(z) = f ¢(s)d,a(z, 8) is con- 


tinuous, c < x < d. 
By Theorem 2, a positive constant K exists such that 


(2) — Volt.) tala, 8:41) — a(t, 8} < OK 
and 


®(x + Ax) — X o( Ei) {a(x + Aa, 8:41) — a(x + Az, s,)} < OK. 


* This set of values of s need not of course be independent of z. 
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Therefore 


[@(e + a2) — #(@)] - | ¥ o(t) fae + Ax, 8:42) — ale + Aa, 8) 


— ¥ ol) fale, sis1) — ae, si} | < 20,K. 


Now, if ¢ be assigned, a norm 6 can be found, so small that, since ¢(s) 


: , , 1 
is uniformly continuous, 0; < ri 7 and therefore 


|®(x + Az) — O(2)|< Je + Diol) {ale + Az, 8:41) — a(@ + Az, 8,)} 


=U 


= Y > o(&:) fa(z, Sinn) — a(x, 8,)} . 


This inequality holds for all modes of division of the interval a < s < b 
of norm 6. Let us select a mode, of norm 4, such that the points of 
division, a, 81, 82, «++, $n, b are all points at which a(z, s) is continuous in z. 
Then the term between absolute value signs is merely the difference of 
the continuous function of 2, >> ¢(£;) {a(z, siz1) — a(z, 8;)}, taken at the 


values x and x + Az, and therefore can be made as small as we please 
(< ¢/2) by taking Az small enough; whence it follows that 


ib(x + Ar) — B(x)| <e 


and the theorem is proved. 
Theorem 4. If y(x) is a function of limited variation, c < x < d, 


and if a(z, s) is of uniformly limited variation in s, a < s < b, for every 
value of z, c < x < d, and continuous in z for every value of s, then 


vs) = fale, s)er(o 


is a function of limited variation, a < s < b. 

It is required to show that a positive constant L can be found, such 
that, for any mode of division whatever of the interval (a, b), by points 
So = Q, 81, 82, +++, Smy Sm41 = J, 


¥ |W(ss41) — HG) |< L. 


By expressing (x) as the difference of two limited, non-decreasing 
functions, y;(r7) and y2(x), we have: 


U(s) = { ‘de beled ~ { ‘ended, 


OS ROLE ES a sme 
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and since the difference of two functions of limited variation is also of - 
limited variation, our theorem will be proved if we can show that 


v(s) = faz, s)dx(2) 


is of limited variation in the special case in which y(z) is a limited, non- 
decreasing function. It will be shown that 


> IW (si1) — ¥(s,) |< 2K[y(d) — 7(0)], 


where K, as before, is the upper bound of the total variation of a(z, s). 
Regarding the quantities s,, s:, --+, Sm, as fixed, and applying the 
approximation formula of Theorem 2, we obtain 


W(s;) — dL a(éi, S){¥(tint) — ¥(2)} FO; [y(d) — ¥(C)] 

. j = 0,1, 2, --- (m+ 1), 
where O;’- is the greatest oscillation of a(z, s;) in any of the intervals 
Lv; $ S Zi,1 = 0, l, 2, o* 6 We 

Since a(x, s) is continuous in z for each of the values s = a, 8, 8, ---, 
Sm, b, a single mode of division of the interval c < x < d can be chosen, of 
norm 6 so small that 
“ K 
2(m + 1)’ 


this inequality holding, at once, for all of the given values of s;. Hence 


O;? 


[W(sinr) — W(s,)| <) Lo fas, 8j41) — a(&:, 8;} (7 (ties) — ¥(zi)} 
i=0 


K _ —_ ° 
*S + 1 (y(@) — 7(c)] j3 = 0,1, 2, ---, m. 


(1) 


Now 


pw ta(é;, 8541) a a(é;, 8;)} (¥(2i41) = ¥(x;) } 


i=0 


“ X (P(Ei, 8541) — N(Ei, 8541) — P(Ei, 83) + N(Ei, 83) } {7 (ins) — ¥(2,)} 


(Do {P(E 8541) + N (Ei, 8341) — P(E, 8;) — N(E:, 83) {7 (eins) — 72d}, 


i=0 


IA 


since 
N(éi, 8541) 2 N(&i, 85), 
and this last expression can be written: 


2 (TEs 8541) — TEs 83)} (een) — HH). 
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Substituting this result in (1) and adding together the results for j = 0, 
1, 2, ---, m, we obtain 


Y |W(si1) — ¥(6) |< DD (TEs, 8141) — TEs 83) (eens) — Fa) 
+ K[y(d) — 7(c)]. 


t=0 
Changing the order of summation in the double sum, we obtain 


Y |W(san) — ¥(s,) SD (TE b) — TEs, a} Fen) — Fe} 

- 7 + Kiy(d) - 70) 
SKY (Hem) — H2)} + KIW@) — FO} 

since a is of uniformly limited variation in s. Hence finally 


EY |W(sis1) — W(s,)| < 2KA@) — FO). 
J “” 

Theorem 5. If ¢g(s) is continuous, a<s <b; if y(x) is of limited 
variation, c < a2 <d; and if a(z, s) is continuous in z for all values of s 
in (a, b) and of uniformly limited variation in s for all values of z in (c, d), 
then the integrals 


{ | 9(8)da(s, 8) |av(x), | (sid. f a(x, s)dy(x) 


exist and are equal. 


4 
By Theorem 3 ®(x) = { ¢(s)d,a(x, s) is continuous, and, by Theorem 
e/a 
o/ 
4, W(s) = | a(x, s)dy(x) is of limited variation. Hence, by Theorem 1, 


P(x)dy(xr) and { ¢(s)dW¥(s) exist. 


It is to be shown that, no matter how small a positive constant ¢ be 
assigned, 


[ a(x)a(2) - | o(s)d¥(s) | < «. 


The following relation, which is easily verified, will be used: 


> | - ¢(s;) fa(ry;, Si41) = a(x, S;) irae = y(x;)] 


¢(8i) | ya a(r;, Si41) { y (a 541) = ¥(2;) 


— Di a(z;, 83) {y (tin) — v(0))\]. 


sin a Ra Tne, AO i ae ll a FE LIOR of 
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Since @(x) is continuous, c < x < d, it is possible to divide (c, d) into 
m + 1 parts, of norm 6, so small that, by Theorem 2, 


€ 


(2) fa@ara) - Lace) tren) — v1] <4 


It is also possible to divide (a, b) into n + 1 parts, of norm 6, so small 
that 


DL &(25) {y(tin) — y(t} p> p> ¢(si) fa(2;, 8:41) 
(3) j= j=0 i=0 
= a(t, 8} |fvrin) — ve) <4. 


In fact, since ¢(s) is uniformly continuous in (a, b) and a(z, s) is of 
uniformly limited variation in s for every z, by Theorem 2, 6, can be 
chosen so that, for every z, 

e 4 


|®(z) — ¥ e(si) fale, sis) — ala, 8) < Sor, 


i=0 


where 7(d) is the total variation of y(z) in (c, d). 
From (2) and (3) it follows that, for norms 6, and 6,, 


™m 


f e@arar-L| Eels) tales, 800) 
(4) c j=0 i=0 
— a(x;, 8;)} | [y(tju1) — ¥(2;)] < xe 


and by virtue of the uniformity referred to above, (4) is true, a fortiori, 
for any smaller norms. 
Now let (a, b) be divided, norm 6,’(< 6,), into n’ + 1 parts so that 


{ o(s)d, f a(x, s)\dy(x) — > ¢(s;) | [ a(x, 8:4,)dy(z) 
(5) | a Cc i=0 we 


€ 


- [ a(x, si)dy(2) | <§ 
and let (c, d) be divided, norm 6,’(< 6,), into m’ + 1 parts so that 

2d ¢(s:) | f a(x, 8isi:)dy(x) — i a(x, sidr( a) | 
(6) = > ¢(8;) | dL a(zj, Siti) by(2j41) — ¥(aj)} — Lala, 8i) {y(25j41) 


_ vie)} |< §. 
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This can be done, for 6,’ can be chosen so small that 


fae, 8;)dy(zx) ans D alas 8;) {v(x 541) —_ ¥(x;)} | < 8Min’ +1) 


j= 
t= 0, 1, 2, ree’, 
where M >|¢(s)|. Hence 


| J alt, siasddr(a) — fal, sidr(2) | ws | Data: seas) (asa) 


— ¥(2;)} — Late, 8i) {y(@j41) — v(e,)} | < iM! $1)" 


From (5) and (6) it follows that, for norms 6,’ and 6,’, 


ff etraves) - X els) | Eales, seu) tales) — ve) 


- Late, 8i) (¥(2jn1) — v(e)} | < ¥ 
From (4) it follows, since 6,’ < 6, and 6,’ < 6,, that 
f e@aria) — L[ E esd tales, sen) — ales 00} | 
x [r(ia1) — (el) <5. 


and, using equation (1), 


[ v(s)d¥(s)| < ¢. 


| @@)dy(2) - 
Theorem 6. If ¢(x) is continuous, a < zx < b, and if a(z) is of limited 


b 
variation in the same interval, then the integral { a(x)dg(x) exists and 


is equal to . 
a(z)e(2)| — | o(x)da(2). 


Consider the sum: 


Y al) (e(te4) — ¢(zi)} 
a(&){¢(ai) — ¢g(a)} + a(&) {¢(a%2) — g(a1)} + +: 
+ a(En—1) fe (tn) a ¢o(Xn-1)} + a(En) {¢(b) _ g(Xn)}, 


5S Vins, Lint — Ti S 6, To = A, Xny1 = 5 and also, of course, 


where 2; < 
E; S$ LU i41 < 


Ser Ste 


i+1- 
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By adding and subtracting a(b)¢(b) — a(a)¢(a) and regrouping the 
terms we obtain 


DX a(t) fe(tis1) — ¢(vi)} = — o(a) {(Eo) — a(a)} — o(a1) fa(f) — a(Eo)} 
rn eae ¢(2n) {a(En) i a a(En-1)} ial g(b) {a(b) = a(En) } 
+ a(b)¢(b) — ala)¢g(a). 


saa a(x) ¢(x) ii 7 ¢(x;) {a(é;) i a(&;4)}. 


1 i=v 


In this last summation ¢_, denotes the point a, and £,,, the point b. 
But 


n~1 
lim > ¢(x,) {a(t;) — a(ti4)} = f ¢(r)da(x) 


6=0 i=0 
for £; — £;.,; < 26. Hence 
lim >> a(é;) fe(tia) — g(z,)} = [ alx)de(2) 
6=0 i=0 da 
exists and is equal to 
a(x)¢g(r)  — [ eta)da(a). 


Rice INSTITUTE. 




















A KINEMATICAL PROPERTY OF RULED SURFACES.* 
By J. K. Wuitremore. 


Let S be any ruled surface, not developable, with real rulings, C a 
real curve of S, not a straight line, intersecting all rulings considered, and 
g any such ruling; let the codrdinates of a point of C be 2o, yo, 20; suppose 
C rectifiable and let its are be v; suppose C has at every point a definite 
principal trihedral, and let a, 8, y be the direction cosines of the tangent, 
l, m, n those of the principal normal, i, u, v those of the binormal; let R 
and 7’ be the radii of curvature and torsion respectively; let y be the angle 
made by the direction chosen as positive on g with the osculating plane 
of C measured towards the positive binormal, ¢ the angle of the plane of 
g and the binormal measured from the rectifying plane towards the normal 
plane. (If g coincides with the binormal ¢ is not determined.) The 
surface S is given by 


(1) xz=2a+ ub, L=acosycos¢+lecosysin ¢ + Asin y, 


with similar equations for y and z, where wu is the length measured on g 
from C in the positive direction. Supposing y and ¢ to have finite first 
derivatives with respect to v the linear element of S is given by 


ds? = (du + cosy cos ¢dv)? + {cos?ysin? ¢ + sin?’y — 2u[sin y cos gy’ 
+ cos y sin ¢(¢’ + 1/R)] + w*[((sin ¢)/T — y’)? 
+ (cos ¥{¢’ + 1/R} + (sin y cos ¢)/R)?]}dv*. 


The coefficient of u? in (2) does not vanish identically since S is not de- 
velopable.t The linear element of a ruled surface may be given the form} 


(3) ds* = du,’ + [(u — a)? + B']dn,’, 


_— 
- 

to 
— 


where the curves (v;), that is », constant, are the rulings, u, is the length 
measured on a ruling from the orthogonal trajectory, uw = 0; the func- 
tion a, depending on v; alone, is the distance from this trajectory to the 
central point of the ruling (v,), so that the equation of the line of striction 
o is uy =a, and b also depending on » alone is the parameter of distri- 
bution. 

* Presented to the American Mathematical Society, April 28, 1917. 

+ Darboux, Théorie des surfaces, vol. 3, p. 294. 


t Darboux, vol. 1, 2d ed., p. 122. 
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188 J. K. WHITTEMORE. 


Comparing (2) and (3) it is evident that the necessary and sufficient 
condition that C be a is 


(4) sin y cos gy’ + cos ysin ¢(¢’ + 1/R) = 0. 
The parameter of distribution of S is* 
(5) b = — |a) MN’ | /ZL”, 


where L, M, N are the coefficients of u in (1), and the numerator of the 
second member is a determinant of which we have written the principal 
diagonal. If C is o and is not a geodesic of S, so that ¢ + 0, (5) gives, 
using (4), 

11 /Yy 
(6) b T sing’ 


Supposing now that C is the line of striction o of a ruled surface S, 
and that C is not a geodesic of S, let £, n, ¢ be the codrdinates of any point 
of the ruling g referred to the principal trihedral of C, and referred also 
to axes fixed in space and coincident with the principal trihedral; let d 
and 6 be differentials referring to the moving and fixed axes respectively. 
We havej 


é .& dn i Tn 
dv yt i= BR dv Sth +7 dv dv T’ 
£ = ucosy COs ¢, n = ucosysin ¢, ¢ = usiny. 


From these equations 


i 1 — ufsin ¥ cos gy’ + cos ysin ¢(¢’ + 1/R)]. 


én 
tien ulsin ¥(1/T — sin gy’) + cos y cos ¢(¢’ + 1/R)). 


6 , 
as = — ucosy((sin ¢)/T — y’). 
We find from the preceding equations 
6 6 ‘ . 
1 + rs = u’ cosy cos g{sin y cos gy’ + cos y sin ¢g(¢y’ + 1/R)], 


5¢ cos? y sin? g + sin? , , 
rr ie | ee T  — sin o 


* Darboux, vol. 3, p. 302. 
{ Eisenhart, Differential Geometry, p. 32. 
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: 1 2 9 > ae 
+ siny cos y cos ¢{ ¢’+ R = u’| (cos*y sin’? ¢ 


+ sin* y) (7- v =) + wad, ai (am y cos gy’ 


sin sin ¢ 


+ cos psin | o +p})|- 
Using (4) and (6) these give* 


os af ink a + 
dv “ut Say = 0, + "db * 

Equations (7) hold in the case, excluded from the preceding discussion, 
where g is a curved geodesic of S, and also with the proper modifications in 
the definitions of the coérdinates where o is a straight line. 

From (7) follows 

THEeorREM I. Every ruled surface S may be generated by a radius fixed 
in a sphere whose center moves with unit velocity along the line of striction 
and which turns about the tangent to this curve from the binormal towards the 
principal normal with angular velocity equal to the reciprocal of the parameter 
of distribution. 

There follow two corollaries: 

If two ruled surfaces have the same line of striction and equal parameters 
of distribution their rulings intersect on the line of striction at a constant angle. 
If a sphere moves so that it always rotates about the tangent to the locus of its 
center every radius fixed in the sphere generates a ruled surface whose line 
of striction is the locas of the center; all such surfaces have the same parameter 
of distribution. 

From (6), if ¢ is not a geodesic of S, follows 

THEOREM II. A necessary and sufficient condition that the parameter of 
distribution of a ruled surface S be equal to the radius of torsion of the line 
of striction at the corresponding point is that the ruling form a constant angle 
with the binormal of the line of striction at the point of intersection. 

The case where the line of striction is a geodesic is included in Theorem 
II, for it may be shown that in this case the parameter of distribution is 
equal to the radius of torsion of the line of striction when and only when 
the ruling coincides with the binormal. 

From (4) it follows if ¥’ = 0, sin ¢ + 0 and S is not a binormal sur- 
face (i. e., cos YW + 0), that for all ruled surfaces S, such that 6 = T ono, 
except binormal surfaces, 


(8) vy =0, ¢ +1/R= 
Such a surface we call a 7 surface. From Theorem I it follows that the 


(7) 


* Equations (7) follow from equations given by Cesiro, Geometria intrinseca, pp. 134, 135. 
Cesiro makes no application similar to that here given. 
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osculating plane of ¢ is fixed in the generating sphere of S, and conversely, 
that if the osculating plane of ¢ is fixed in the sphere S is a 7 surface or a 
binormal surface. A 7’ surface is uniquely determined by choosing any 
curve C as go, and any line intersecting C, not a binormal, as a ruling. 
We consider deformations connected with 7' surfaces, proving that 
any ruled surface S, on which g is not a geodesic, is applicable with corre- 
spondence of rulings to a 7 surface, and that a 7 surface, if Y + 0, may be 
continuously deformed while remaining a 7 surface. For any surface S, 
on which oa is not a geodesic, we have from (2) and (4) 
ds? = (du + cos y cos ¢dv)* TT 
+ (cos? y sin? ¢ + sin’ p) | 1+ “(4 - * .) Jaw. 
Using subscripts for a T surface S,, 


9 \9 ( ” S 9 ° 9 u° 9 
ds? = (du + cos ¥; cos gidv)? + (cos? y; sin? ¢; + sin? ¥;) ( 1+ T :) de 
1 


For applicability of S and S, the lines of striction must correspond. Ne- 
cessary and sufficient conditions for applicability are 
1 1 y\ 
with y,’ = gi’ + 1/R; = 0, and (4) holding for S. By differentiating the 
first of (9), we find on reduction by means of (4) 


cosy sing; _ cosysin ¢ 

















R, R 
If S is given, S, may be determined to satisfy these conditions as follows: 
yi may be chosen arbitrarily subject to the condition, | cos g, | = | cos p 


cos gsecy,| = 1. If we consider the deformation of a given part of S 
it is clear that the numerical value of y; is at most equal to the smallest 
numerical value of the angle of the ruling and the tangent to o on that 
part of S considered; if this value is zero the only possible choice is ¥; = 0, 
and o; is an asymptotic line of S;. When y; is chosen, cos ¢; is determined, 
then the sign of sin g;, hence ¢, and the positive R;. The torsion of a; 
is determined except as to sign, but if the deformation of S into S, is 
continuous this sign is also fixed. Then o; and ¢; and consequently S, are 
determined by the choice of y, except for the sign of 7 in non-continuous 
deformation. The statements made concerning the continuous defor- 
mation of a 7’ surface while remaining a 7’ surface follow from the pre- 
ceding discussion. It is obvious that the lines of striction of all 7 surfaces 
applicable to a given surface S have the same torsion numerically at cor- 
responding points. If the parameter of distribution of S is constant the 
line of striction of an applicable 7 surface is a curve of constant torsion. 
YALE UNIversity, 1918. 

















SYSTEMS OF LINEAR INEQUALITIES. 
By Luioyp L. Dives. 
The existence of a solution of the system of inequalities 
Q11%) + Ayo. + +++ + Aint, > O 
G21 + A22%g + +++ + Aont, > O 


(1) 


AmiX1 + Amete +--+ + Anntn > 0, 


and the character of the solution in case one exists, obviously depend upon 
the matrix of the coefficients. There seems however to be no terminology 
available for the characterization of the solution in terms of this matrix, 
and no well-recognized algorithm for the actual determination of the solu- 
tion. This is in marked contrast to the analogous situation in the case 
of the system of equations formed by replacing the symbol > by the 
symbol = in (1). In the present paper a study is made of the system (1) 
and also of a system of non-homogeneous inequalities from the point of 
view of the matrix of coefficients. The central feature is a concept analo- 
gous to the rank of a matrix, which we call the inequality-rank or I-rank 
of the matrix. In terms of this concept the principal results are expressed 
in Theorems I-IV. 
1. The I-rank of a Matrix. Let 


Qi; Aye Qin 

Qo; 22 Aon 
M = 

Ami Ome *s* Amn | 


be a matrix whose mn elements are real. For our purpose it is impor- 
tant to distinguish the case in which at least one column of M has elements 
all of the same sign. We make the 

DeFiniTION. A matrix will be said to be I-positive @r I-negative) with 
respect to a given one of its columns if all elements of that column are positive 
(or negative). In either case the matrix will be said to be I-definite with re- 
spect to that column. A matrix will be said to be I-positive (or I-negative, 
or I-definite) if it possesses a column with respect to which it is I-positive 


(or I-negative, or I-definite). 
191 
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192 LLOYD L. DINES. 


Suppose the matrix M is not I-definite with respect to the rth column. 
Then the elements of that column can be divided into three classes, viz., 
those which are positive: @j,, 7 = %1, 2, +++, Up} 


those which are negative: a@;,, j = Ji,J2) °° *)Jy3 
those which are zero: Gir, & = ky, he, - ++, kez; 


the number of elements in the respective classes being represented by P, 
N, and Z. 

Consider a matrix M,“ derived from M as follows: 

To each pair of elements a;,, a;,, the first positive and the second nega- 
tive, corresponds one row of the derived matrix, the elements of which are 
second order determinants 


Air Ait Air Ai2 Air Gir} Gir Gir+t Air Ain 
_ +, , TT 
QAjr Aj Qj, Aje2 Qjr Ajr-1 QAjr Ajr+y Aj, Ayn 
To each zero element a;, corresponds one row of the derived matrix 


Aki, Ake, a. QAkr—1, Okr+1y seta Aj-n- 


The matrix M,™ will then consist of the rows so formed, their number 
being P-N + Z. The sequential order of the rows will be determined by 
the convention that: (1) each (7j) row precedes every (k) row; and (2) 
of two (2j) rows that one precedes which has the smaller 7 or (in case of 
equal 7’s) that one which has the smaller /. 

The matrix M,” is then well-defined provided the matrix M is not 
I-definite with respect to the rth column. For the sake of uniformity it 
will be convenient to define M, in case M is I-definite with respect to 
the rth column, as the matrix of one row and n — 1 columns, all elements 
of which are + 1 or — 1 according as M is I-positive or I-negative with 
respect to the rth column. The matrix M,” will be called the I-comple- 
ment of the rth column of M, and may be represented by 


( ( ) 
ay r) 42” re Qy,-1 O1r4 i” oa a;,"” 
(r) (r) ee (r) ( ( 
M,” = a1 Qo Qo,—1 Qor4 ”” coe = 6Ge,”? 
( ( ( ( 
Gat’ Gus’ +*** Gant” Garot™ +** Gan” 


The n matrices M,, M,, ---, M,™ will be called the J-minors of n — 1 
columns of the matrix M. 
We may now form in a similar way the I-complement of any column 
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of the matrix M,™. The I-complement of the column headed by a;,” 
will be denoted by M,°". The n(n — 1) matrices M,, all possible 
choices of r and s being considered, will be called the I-minors of n — 2 
columns of the matrix M. More generally, we define recursively 
M 541°" as the I-complement of that column of M,“"-:: which 
is headed by the element a;,,.‘""",. We thus have relative to the 
matrix M a well-defined system of I-minors M,‘":::, (p = 1, 2, ---, 
n—1). The matrix M itself may be considered as the I-minor of n 
columns.* A noteworthy property of the system thus defined is that if 
M,‘"":: is I-definite, then M,,,°"""':-"» is I-definite. 

DEFINITION: A matrix will be said to be of I-rank k if it possesses at 
least one I-minor of k columns which is I-definite, but does not possess any 
I-minor of k + 1 columns which is I-definite. If none of its I-minors are 
I-definite it will be said to be of I-rank zero. 

As an immediate consequence of this definition there follows the 

Corouuary: The I-rank of a matrix is not altered if 

(1) any two rows or any two columns are interchanged; 

(2) all elements of any row or any column are multiplied by the same 
positive constant. 

2. Systems of Linear Homogeneous Inequalities. Relative to the system 
of inequalities 


Qy1%1 + Ayo%e + +++ + Aint, > O 


(1) G23X; + Asoo + +--+ + Aontn > O 


AmiX1 + AmeX2 + +++ + Amntn > O, 


the matrix of whose coefficients is M, we have the following theorems. 

THEOREM I: A necessary and sufficient condition for the existence of a 
solution of the system (1) is that the I-rank of the matrix M be greater than 
zero. 

THeorREM II: Jf the I-rank of the matrix M is k(> 0), then the system 
(1) possesses a solution in which k — 1 of the unknowns may be assigned 
values at pleasure. 

To prove Theorem II, suppose first that k = n. Then there is at 
least one column of M in which all elements have the same sign. We may 
suppose without loss of generality that the first column has this prop- 
erty, since in any case that condition could be brought about by a suit- 
able ordering of the unknowns. The coefficients of x; in (1) are then all 


n—1 n! 


* The total number of I-minors of M is easily seen to be 1 + e = — : 
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positive or all negative. In the former case the system is equivalent to 


aj2 Qi3 Qin 
1>- las in oo = Irn 
a1 ay a1 
(2) 
Ano Am3 Amn - 
lie i gm ess = La; 
Ami Ami Ami 
and in the latter case to 
QAj2 Q13 Qin 
11.<- 2 Wyam- eee 
ay1 ay ayy 
(3) 
Ame Am3 Amn 
%< te = Te 48 ae Xue 
Ami Ami Ami 


In either case xo, 43, ---, 2%, can be assigned values at pleasure. The 
variable x, is merely required in the former case to exceed the m lower 
bounds defined by (2) and in the latter case to be less than the m upper 
bounds defined by (3). 

Next suppose k <n. By hypothesis there exists a k-columned I- 
minor of M which is I-definite. We may without loss of generality sup- 
pose that it is M,_,0°"""». We divide the inequalities of (1) into three 
classes according as the coefficients of x, are positive, negative, or zero, 
and as in $1, denote the leading coefficients of the three classes by a,;, aj, 
ay, respectively. Then the system (1) is equivalent to the system 


a je 53 Ain 


(4,) a4>- Xo — a 2, Sm 41, Be, °° +, Bp; 
Fp) ain ” ai," ° ay’ sali rer 
5 A je a 3 a n e ° . . 
(4.) 2< —-—@,-—- "43 --°-:- — “2 = ore 
, n) a; - a} 3 aj ny J Jiy J25 »JNn> 
(4) O> —G:2%2 — Oy3%3 — +++ — Oindn, k= ki, ke, «++, ky. 


By this system the variable z, is restricted to lie between the P lower 
bounds prescribed in (4,) and the N upper bounds prescribed in (4,). 
Possible values for x; will therefore exist if and only if the right side of 
each inequality of (4,) is exceeded by the right side of every inequality 
of (4,,), that is if 


- io Aj Ai; Aj3 a; a 

(5) ( ane *) a + (S2- 2 Leateret a woke 

; 2 3 xr, > O, 
ai aj) ait aj ait a; 4 


1 = U1, 12, ++, Up, 


j jis 2, "* *) Dye 
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We may then think of x, as having been eliminated, and proceed to a con- 
sideration of the conditions upon 22, x3, --+, 2n, imposed by (5) and (4,). 
Remembering that — aj;,-a;; > 0, we may write (5) in the equivalent 
form 
(Aaj. — @j1Qj2)X2 + (A;14;3 — jQj3)%3 + +++ + (Ai1Qjn — @j14in)t, > 0. 
These conditions, together with the conditions 
ApoLe + Ax3X3 +--+ + Aint, > O 
imposed by (4,), form a system 
Aig 22 + aisr3 +--+ + Ain Zn > 0 
(6) Tr. ree ay 
Am,2° 2X2 + Am,3° 23 + ita + Gag*”"Sa > 0, 
whose matrix is what we have called the I-minor M,™. 
If M,” is not I-definite (that is if k < n — 1), we proceed to eliminate 


x2 from the system (6) as x; was eliminated from (1), obtaining a system 
of inequalities in the variables x3, 73, ---, 2%,, whose matrix is M,“. 


By successive application of the process indicated, the variables 
21, %2, +++, Xp, May be eliminated. The result will be the system 


Oin—k4 Ln—k41 + Ain—k42° En—k42 + uss + Qin’ Dn > 0 
(7) eas a tes 
Cag~b4i Ze-b+1 + Omyn—k-4+2  Ln—k+2 + hades + Cue’ Me > 0 

(v) represents the sequence (12---n —k), 


whose matrix is M,_,“?:"-® and is therefore I-definite. We may sup- 
pose that the column with respect to which this matrix is I-definite is the 
first. Hence the system (7) is equivalent to one of the two systems 


> Gin—ny2”) Qin” . 
Ta—t41 > — 7 a —s 
, Qin—e41” ‘ . Ain—ngi” 
(8) 
; 
> Ban—2+2"" r Gan” ~ 
x —k+1 aa” . i—k+-2 — all Naan ad ny 
7 Omn—k+i” Caa~aei” 
or 
< Ginkgo" ayn” . 
Ta—k+1 _ —Kem cc’ om: ~2n 
i Oin—2+1°”’ . Qin—n4 
(9) 
(v) (v) 
Am n—k+2 Amn 
Tn—-k+1 < — ee es 
— Casa” ” Capnee™ 
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In either case, Xn—442, Tn—K4+3) ***, Zn, Can be assigned values at pleasure, 
and 2,-x41 Will be limited by the lower bounds of (8) or the upper bounds 
of (9). The remaining variables x,~:, %,-x-1, +++, %: Will have restricted 
but actually existent ranges defined by the systems of inequalities occur- 
ring in the elimination process, the system (4), defining the range for x, 
being typical. This completes the proof of Theorem II. 

The sufficiency of the condition stated in Theorem I is implied by The- 
orem II. To prove the necessity of the condition, we note that the sys- 
tems of inequalities presenting themselves in the successive steps of the 
process of elimination above described must necessarily be satisfied if a 
solution of (1) is to exist. If the I-rank of the matrix M is not greater 
than zero, the process of elimination can be continued until a system 


Qin Zn = 0 


Onin > O 
containing only one variable is obtained. Since the matrix of this sys- 
tem, possessing as it does only one column, is by hypothesis not I-definite, 
the system is obviously inconsistent. This completes the proof of The- 
orem I. 
3. Systems of Linear Non-homogeneous Inequalities. (Consider the sys- 
tem of non-homogeneous inequalities 


Qy10) + AyX. + +++ + Aint, + b, > O 
(10) GX + Art, + +++ + Aantn + bz > 0 


AmiL1 + Ame. + +++ + AnnIn + On > O, 
the matrix of whose coefficients is M. 

By a process of elimination similar to that used in the preceding section, 
we may obtain 

TuHeoreEM III: Jf the I-rank of the matrix M is k(>0), then the system 
(10) possesses a solution in which k — 1 of the unknowns may be assigned 
values at pleasure. 

From this theorem it follows that a sufficient condition for the exist- 
ence of a solution of (10) is that the I-rank of M be greater than zero. 
That this condition is not necessary may be shown by a simple example. 
The system 

m1+1>0 
-“A+i1>60 
has a matrix of I-rank zero, but has the obvious solution 


—]1 <2, <1. 
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A condition which is both necessary and sufficient for the existence of 
a solution of (10) may be obtained as follows. In (10) we make the sub- 
stitution 








- x,’ “ Xo" Zn’ 

= ; = Ln = 
Sasa” yy : 4 ” Ln+1 

with the restriction 

(11) Zari > 0. 


Upon multiplication of each inequality of (10) by 2,4;’, and annexation 
of (11), there results the system of homogeneous inequalities: 


Qi 21) + Ayote’ + +++ 4 Ann’ + By2n41’ > 0 


») 
(12) m2’ + Am2X,’ + ta ie + AmnXn’ + OmEn41' > 0 
ry > 0. 


Every solution (2x,', 22’, «++, @n’, 2n41') Of the system (12) affords a 


solution 
2,’ Xe’ La! 
. . Ln41 


(La, Le, ee >» Mal = ( 


7 7 
Tat ” Taos 


of the system (10). And conversely, to every solution (2, %2, «++, Xn) 
of (10) there corresponds a solution 


, 
(ss', T2,°° *y Bes In41) - (21, X2, cet) Dny 1) 


of (12). But a necessary and sufficient condition for the existence of a 
solution of (12) is by Theorem I that the I-rank of the matrix 


Git Giz +++ Ain Oy 

G2, G22 *** Aon be 
Malis « «+ « 

Ami Am2 *** Ann Om 

0 O -+-0 1 


be greater than zero. Hence 

TuHeoreM IV: A necessary and sufficient condition for the existence of a 
solution of the system (10) is that the I-rank of the matrix N be greater than 
zero. . 

4. The Determination of the Solution. In the process of elimination 
carried out in §2, it was assumed that since the I-rank of the matrix M 
was k, the I-minor M,_;'2"""-» was I-definite. The effect of this assump- 
tion was to assure us that upon the elimination of the variables 2, 22, 
- ++, a,-z, n their natural order, the matrix of the resulting system would 
be I-definite, and k — 1 of the unknowns could be assigned values at 
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pleasure. While this assumption was justifiable in the existence proof of 

§2, it must be recognized that for a given system of inequalities with nu- 

merical coefficients, the number of unknowns whose values are arbitrary 

in the solution depends upon the order in which the elimination is made. 
Consider for example the simple system 


z+y>Q0 
—zx+y>Q0. 

If we solve first for z we obtain 
-g<q2e<cyg 


which implies the restriction y > 0. 
But if we solve first for y, we obtain the solution 


x 
a eo x arbitrary 


In the former case both variables are restricted; in the latter, one is arbi- 
trary. Both solutions represent the totality of number pairs (x, y) which 
satisfy the given system of inequalities.* 

If merely a determination of the totality of number sets (2, 22, ---, 
xn) Which satisfy a system of inequalities of form (1) is desired, it may be 
obtained by the process of elimination described in $2, the order of elimi- 
nation being immaterial. The calculation required is merely the formation 
of a sequence of I-minors of the matrix of coefficients, each I-minor being 
the I-complement of a column of its predecessor, the process to be con- 
tinued until an I-definite matrix is obtained, or until the sequence is auto- 
matically terminated by an I-minor of one column. The successive I- 
minors are the matrices of the successive systems of inequalities occurring 
in the elimination. If no one of them is I-definite, the given system ad- 
mits no solution. If the last one is I-definite, the possible ranges for the 
variables can be determined from them by inspection. 

Example: Solve the system 





41—3%2 + 23 —- 44 >0 
27, — 322 + 23 + 27, > 0 
32, — 27. + 327; + 2;>0 
— 2x, + 272 — 243+ 2x,> 0. 


The difference in form of the solutions is immediately explained if the number pair (z, y) 
be interpreted as the coérdinates of a variable point in a plane. 
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We form the sequence of I-minors 


| 1-38 


1 
688 1 § 

M = 3-2 3 121 
1-2 °2-1 2] 


| ) 

| 14 32 | 
( —_ 

Mm = | 6 32° 


Since M,“” is I-definite with respect to both columns either x; or 14 may 


be arbitrary, the other being restricted in terms of it. 


From M,, 22 


may be bounded in terms of z; and a; and from M, 2x, may be bounded 


in terms of x2, x3 and 2. 


x, arbitrary, 


— Jas — 4a) < te <| 


322 —= Zs + 2x; 
322 = 323 — Fe 
— §q2— 3 — % 


A complete solution is 


— liz, 


— 48z,’ 


%3> 


} 23 
4x, 


<< {Xe — daz + 2%. 





A solution in which two of the variables are arbitrary may be obtained 


by forming the I-minors 


1-3 1 

2-3 1 

oe) guy 9 
|}-2 2-1 


x, and x, arbitrary, 


—- “+3r.+ % 

— 2x, + 322. — 2%, 

— 1+ §r2 — §% 
UNIVERSITY OF SASKATCHEWAN. 
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ON THE SHORTEST LINE BETWEEN TWO POINTS IN 
NON-EUCLIDEAN GEOMETRY. 


By T. H. Gronwa tt. 


In his Science et hypothése, Poincaré considers the geometry of a 
space interior to a sphere of radius R in which the line element equals 
ds/(R? — r?), where r is the distance from the center of the sphere and 
ds the ordinary euclidean line element. Poincaré states without proof 
(1. c., p. 65) that in this geometry the shortest line joining two given points 
is a circle through these points and orthogonal to the sphere. A simple 
proof of this theorem (which is of course well known in non-euclidean 
geometry) may be of some interest to the readers of the Annals.* 

Using polar coérdinates r, ¢, 6, where the meridian plane ¢ = 0 passes 
through the two given points, we have ds* = dr? + r* sin® @dg* + r°dé?’, 
and the length of any curve ¢ = ¢(r), @ = @(r) is 


f V1 +r? sin? 6-9” + r°9”* 
R? — r° 


the integral being taken between the limits 7; and r2 corresponding to the 
two given points. This integral exceeds or equals 


dr, 


dr 


(1) (Ais 


R? — r? 


(which represents the length of the plane curve ¢ = 0, 6 = 6(r)), equality 
taking place only when sin 6-¢’ = 0 for every point on the curve. Any 
point for which sin 6 = 0 evidently lies in the meridian plane ¢ = 0, and 
y’ = 0 gives ¢ = const. = 0 (since ¢g = 0 at the two given points). Our 
shortest line is therefore a plane curve, and is found by minimizing the 
integral (1). The solution of the Euler-Lagrange equation 


(2) a 


(where F(r, 6, 6’) is the integrand in (1)) passing through the two given 
points makes (1) an absolute minimum, and since in (1) F is independent 


* In the American Math. Monthly, vol. 23 (1916), pp. 305-306, B. F. Finkel gives a proof in 
which, however, the shortest line is assumed from the outset to be a plane curve, and the differ- 
ential equation of the problem is integrated in a rather complicated manner. 

t Since (1) belongs to a general class of integrals shown to have this property by Carath¢éodory; 
see Bolza, Vorlesungen iiber Variationsrechnung, chapter IX. 
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d OF OF 
of 6, (2) becomes =- 30 0, whence =, = const. or 
6’ —— wa 
(R? — r2) V1 + 79) = -2Va2?—R? 





where a is aconstant. Solving for 6’, 
R? — r? 
rv4ar? — (R? + 12)?’ 


(B-s)e (rs) 
yi (r+ BY - afta - (7 +B 


and integrating, a being an integration constant, we find 


+6’ = 


whence 


+ dé = 


+ (0 — a) = are coss-(r+—), 


or | 
(3) r? — 2arcos (@ —a) + R? = 0. 


Writing this equation r? + a* — 2 ar cos (@ — a) = a? — R?, the co- 
sine theorem shows that it represents a circle with center at r = a,6 =a 
and radius va? — R?, and since a? = R? + (va? — R?)?, this circle inter- 
sects the circle r = R (and consequently the sphere) orthogonally. 

Let y be the angle between the lines joining the center of the orthog- 
onal circle to a point on it and to the center of the sphere; then 


r? = a? + (va? — R*)? — 2ava? — R? cosy 


and ds = va? — R*dy. Moreover, let ¥; and y¥2 be the y-values corre- 
sponding to the two given points, and Yo and — yo, where sin Yo = R/a, 
those corresponding to the intersection points of the orthogonal circle 
and the sphere. Then 

vit Youn v2 — Yo 

vs dy glad vind titel. 
R? -— — = oa. yw, COS Vo ae cos y ~ QR oie ee ain v2 tes 


2 


sin 


an expression familiar in non-euclidean metrics. 













THE GENERALIZED GAMMA FUNCTIONS. 


By Emit L. Post. 


Introduction. 
The difference equation 


o(z + 1) = f(z)o(2) 
has been studied directly* and indirectly7 through 
o(z + 1) — oz) = vz) 


in the cases where f(z) is a meromorphic function. In the present paper 
a solution of (1) is obtained under an entirely different assumption with 
regard to f(z). One class of functions satisfying this condition is of the 
form 

g(z)h(z)e*“ 


where g(z) is regular at infinity, and h(z) and ¥(z) are any algebraic func- 
tions, Abelian integrals, or finite combinations of these. It is also at- 
tempted to bring out the similarity of the solution and its properties to 
those of the ordinary Gamma function. 

In part I a solution of (1) is obtained as an infinite product. An 
asymptotic expression is obtained for it, as well as an infinite integral. 
In part II a number of relations are obtained of which the generalization 
ot the multiplication theorem of the ordinary Gamma function jis char- 
acteristic. 


Part I: FUNDAMENTAL EXPANSIONS. 


1. Construction of the Gaussian Form of the Generalized Gamma Functions. 
Let f(z) satisfy the following two conditions: (a) that log f(z) be analytic 
in a sector enclosing the positive end of the real axis; (b) that for some value 
of r, a positive real value of ¢ may be found such that 


r+1 
Lim pi** 7 log f(z + p) = 0 


p+ 


uniformly over any finite region of the z plane. Under these conditions a 


* Mellin, Acta Math., vol. 8 (1886), pp. 37-80; Barnes, Proc. London Math. Soc., ser. 2, 
vol. 2 (1905), pp. 438-469. 

+ Guichard, Ann. de L’Ecole Norm., ser. 3, vol. 4 (1887), pp. 361-380; Appell, Journ. de 
Math., ser. 4, vol. 7 (1891), pp. 157-219; Hurwitz, Acta Math., vol. 20 (1896), pp. 285-312. 
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solution of 


o(z + 1) = f(z)g(2), (1) 


denoted by Iy,.)(z), will be obtained which is entirely analogous to the 
ordinary Gamma function. 
In analogy with 


2 


P@) = Lim e¢+1)---e@+p—))? 


a f(DS(2) --- f(p-1 
Vycuy(2) = Lam flzflz +1)---f(lz+ Pp 


where F(p, z) is to be determined so that (2) converges, and satisfies the 
fundamental difference equation. For the latter condition 





set 


L 1) (PIF (p,2) (2) 


. F(p,z+1)/F(p,z) _ 
Lim ~"j(2+p)ifip) 


Taking into account (a) and (b), we may have condition (3) fulfilled by 
setting 


1 (3) 





ot 4 d’ $r+1(2) (4) 


. , d 
log F(p, z) = rm log f(p) nea +e log f(p) iyi 


where ¢7(z), - - - -4:(z) are the Bernouillian polynomials.* Later we shall 
show that the same value of F(p, z) insures the convergence of (2). 


Since ¢,(1) = 0, 
Psu (1) = 1 


so that where q is a positive integer 
Py (q) = SS) «+f —D = \fq-V 


in an evident notation. 
The general solution of (1) imay be written 


$(2z) = Tyu)(z)P(2) (5) 


where P(z) is any periodic function of period unity. Clearly T'yu)(z) is 
the only solution of (1) such that 


; o(z + p) 
a a =1 6 
Lim "Fp = 1)@)IF@, 2) (6) 
Equation (6) in connection with (1) may therefore be taken as defining 
Py¢u)(z). 


* Whittaker and Watson, Modern Analysis, Second edition, pp. 126, 127. 
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2. Eulerian Form and Convergence. Equation 2, §1 may be rewritten as 
follows: 


_ (fF, 2) Fy f(y) [fp t+)D]} Fp +12) 
Pn) = gg Ue + = f(p) | F(p,z)  “D 
_ [f(D}F 0, 2) F 
. = j@ Wee). 
~_ (z) (z) ¢;(2) 
2 (2 3(2 (2) 2 —2 
i@—)lat~@—2isit "tT st = st? 
we have 
log F(p + 1, 2) = log F(p, 2) + = SIP) 
d'*' log f(p + 9.) $s41(2) 
+=. — dprt} (r—8 +DIGF)! 


|| 1; 0<6, <1, 


by using Darboux’s* form of the remainder in Taylor’s series for complex 
variables in connection with (4 §1). Hence substituting in (1) and re- 
ducing we obtain 


d™** log f(p + 4s) a+1(2) 
log Q(p) = DN yal (r—s+1)!(s+1)! 
zh, art ZT 4, att 





aces Hla log f(p + 8,) — ir + 1) agi BSD + Orn12). 


By means of condition (b) we see that from some value of (p) on, the terms 
of = log Q(p) are less in absolute value than those of the convergent series 
~(1/(p'**)). Hence (1) is absolutely convergent for all finite values of z 
which are not zeros of some f(z + p). Condition (b) likewise proves (1) 
to be uniformly convergent over any finite region of the z plane which 
excludes these points. Iy)(z) is therefore an analytic function, except 
for isolated points, in the entire sector at least over which f(z) is analytic. 

3. Weierstrassian Form, and Derivatives. When r = 1,{ equations (2 § 1) 
and (1 § 2) become 


, 1)f(2) --- —] 
Trot) = Lim ate ty eee UO, 
and 
LI | Sp) [fp +17: , 
Pym 2) = “F(e) Th eo f(p) |}. (2) 


Since ( 1) i is uniformly convergent, we may differentiate logarithmically so 


* Journ. de Math., series 3, vol. 2 (1876), p. 291. 
+ Whenever 7 can he taken =1. This is not in general true. 
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that 


on — wo — | (Fas — Fay) + FED Fa) + | 


where 


Yeu) = Lim 
poe 


FO) , £2) f'(p) 
Ke +72) + — + F(p) _ log f(v) | (3) 


convergence of ys,u) being easily established. Clearly 


Myuy(1) = — sw. 
The analogy with I'(z) is further brought out by transforming (1) into 








! vat FLO 2H 
i fiu)® 2 (p) 
Pyaa) 5 I fe) °°" fP (4) 
the generalization of the Weierstrassian form of I'(z). 
From (3) we find 
d? a? ad? 
— geile Pr (2) = Grlogs@ + a5 +1) +--- 
More generally for r unrestricted, we have 
d'+) drt} qrt} : 
a + log Tyu(z) = ert 108 f(2) + ort log f(z +1)+---. (5) 
4. Asymptotic Expansions. In the notation we have adopted 
log f(p) = log f(1) + log f(2) + --- + log f(p). 
If ¢(z) is analytic for R(z) > a, — 1 =J(z) = 1, then 
(1) + (2) + --- +4(p) = C+ f oat + 14) rae 
_ Bs "'(p) + -- —)a 1o°-Y(p) +R 
41? \P S 0! P) + Mp, 


where R, can be put in either of the forms 


2g+1 


vA, > o24t)(s + .—p), > A, Lew +2)(g + Op), 
t=1 s=p 


provided these forms converge. In the case where ¢(z) = log f(z), con- 
dition (a) insures the fulfilment of the condition of this formula. Let 
that form of the remainder be chosen which makes the index of differenti- 
ationr + 1. Then by condition (b) a value of p may be chosen such that 
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for all greater values 
1 1 1 


Bol <pre Tp payee tT Sep aye 


Hence Lim R, = 0. Letting C = log Gy,.), we have 


poe 


log f(p) ~ log Gru) +f log f(t)dt + 3 log f(p) 


B, d** log f(p) 


B, d 
+ 31 gploes(P) — 0 + (“I og apeent 


In general g may be taken to be larger than the value above adopted, since 
condition (b) will usually be satisfied for larger values of r than the one 
used in the infinite product. 

We shall now show that if for p we substitute z in the above formula, 
we obtain an asymptotic expansion for log I'y,.)(z + 1), or 


log Tycu)(z) ~ log Gru) + { log f(t)dt — 3} log f(z) 


(2 
4 Bi d log f() (—)*-'B, d**— log f(z) , 
2! dz me (2q)! dz?a-! : 


Denote the right hand member by S,. Using the recurrence formule 
for the Bernoullian numbers, we easily find, provided z is within the ana- 
lytic sector, 

S.u1 = S. + log f(z) + P., 


where P, can be written in either of the forms 


2q+1 q+2 


q+1 d qd2at2 
LA dz2ati log S(2 + 4), A, dz20¥2 0B S(2 + 4). ‘ 


(af 


Hence 
z+p—l 
Sip — Sz = log [f(z)f(z +1) ---flz+p—1)] + be Fun (3) 


Substituting this result, and (1) above in the infinite product for I'y;,)(z), 
we have 


log T'y¢u)(z) = Lim | s, +S. — S.ip + z log f(p) 
pa 
z+p—l 
+ log F(p,z) + R, -— = P, |. 


y=z 


Now 
z+p ( 
Sep — Sp = flog f(dt — log! ae) ou. 


sp 
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(—)T'B, de» f(z + P) 


+ (2q)! dp?) of S(p) 


2? 


d 2 ad? 3 
= zlog sip) + 4,,loes(n)| 5-3 |+ 7 aloes) | 5 — 3%, 


Byz d’ grtl 2” 27—1B, 
Foy | Fos F gp loe S(P) E +1! 2ttae¢—D! 


2’°-*B, 
~ 41 —3yit -]+0, 


= 2 log f(p) + log F(p, z) + Q», 


where 


- 27+ =i dt! 1 grt Xo q+} 
dQ, = (r + 2)! dprt oe S(P + 6,2) os 5 (r+ 1)! dprti los SP + 622) 


B, 2X3 qrt} 


+ 2! r! dp’*} 


log f(p + 62) — ---, 


the last term ending in z? or 2°. Hence 


z+p—l oo 
Lim Q, = 0; Lim R, = 0; Lim > P, = > Piss, 
i pn po po y=s s=0 

anc 


log Pyu)(z) = Sz — DL Piss, 
«=0 


S, will therefore be the asymptotic expansion of log I'y;.)(z), provided z 
@ 

approaches infinity in such a way that >> P.., 00. This will clearly 
s=0 

be the case if z — ~ along a line parallel to or on the real axis in the posi- 

tive direction. Under this condition (2) holds. We cannot infer more 

from the conditions we have assumed. If however condition (b) holds 

when p > ~ along any line,* (2) will hold for z — ~ along any line not 

parallel to or on the real axis in the negative direction. 

5. An Integral for I';,..)(z). If x; and x. are integers, and ¢(£) is a 
function which is analytic and bounded for all values of ¢ such that 


A is = R(é) = V2, 
thent 


3o(a1) + O(a, + 1) + O(a + 2) + +--+ + O(a — 1) + 26(2%) 


‘ ' t (a2 + iy) — (a1 + ty) — o(2 — ty) + (1 — ty) de. 


= I p(é)dé ety — ] 


* This extended condition is satisfied by the class of functions suggested in the introduction. 
+t Whittaker and Watson, p. 145, Ex. 7. 
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Let the initial conditions (a) and (b) imposed on f(z) be extended to the 
following: 
(a’) log f(z) is analytic to the right of a line at distance a from the axis of 
imaginaries; 

(b’) for some value of r and e, « > 0, 

’ ; drt} 

Lim ait ort log f(z) = 
where z © along any line included in the analytic region of (a’) 
We shall then have, if R(z) > a, x; = 0,22. 3 @, 


a. r+1 


C qr*} 
_ Gort 108 Tycuy (2) = dor+1 !08 f(z) H+ Garti log f(z +1)+.--- 


ae 


dr* 
5 derti Weg fie) + fo apres + &)dé 


%0 Jort log f(z + iy) — “hee — iy) 
1 - 1 zs r+l1 
-7J ary — J dy + Lim R22, 


Do 
where 


re 


"il 
ve da vlog fie + 2: + iy) -— sori log flz + 22 — iy) 
Rx, = > { tet - dy. 
0 


From (6’) we easily find 


Lim 22‘Rz. = 0, 7. e., Lim Rr. = 0. 


re 13% 
Also 
© qrt! d’ log f(z) 
derti log f(z + di = — dz’ , 


so that on integration 
log Ty(u)(z) = co + oz+--- +27 — } log f(z) 
+f log f(z)dz + ;f log fle + i —) ay, 


If we let z ~ ~, on expanding the latter integral and comparing with the 
asymptotic expansion, we find 


eo = log Grin); C=Ce=---¢c= 0, 
and 


1 2 
log Ty. (z) = log Gy — 9 log f(z) +f log f(z)dz 
0 


+2 { log f(z + iy) — log f(z — iy) dy 
a 2i ety — 1° 
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As a matter of notation, let 


o(2 + ty) — o(@ — wy) _ 
y) 3 ( _ y) = SINg(u) (2, y), 


o(z + iy) + De ST OE 


Then 
log Pj)(2) =log Gye) — 5log ste) + f log s(e)de-+2 [eee GY ay (1) 
and by differentiation 


Tsu) (2) fe _ 1 f'(z) heel y) 
Pyuy(Z) log f(2) 2 f(z) + 2f- env — dy. (2) 


Part II. TRANSFORMATIONS. 





6. Integral for the Asymptotic Constant. In the present section and in 
the one following we shall obtain results which are very useful in estab- 
lishing particular relations between the generalized Gamma functions. 


Let* 
z+1 
“= f log Tycu)(t)dt; 
then 
du 
dz = 08 Trew (2 + 1) — log Pyw(2) = log f(z), 
and 
_ f log f(t)dt + C. 
Since 


| : 1 

log Pyin)(8) ~ 10 Circe + f log f(t)dt — 5 log f(2) 
(—)*—1B, d**—" log f(z) 
+> (2s)! dz-1 


é=1 





it easily follows that 


z+1 =+1 t 
[og Pjo(at ~ log Gru + f | f log flu)du | a 


1 (—)B, d¥* fe +) 
3S" log f(dt + (2s)! dz?*-? zlog f(z) 


But, using the Euler-Maclaurin Sum formula,t we get 


* For the analogue of the ordinary Gamma function see Whittaker and Watson, p. 255, Ex. 21. 
+ Whittaker and Watson, p. 128. 
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f [ free jude | ae ~ f log f(t)dt 
2 (—)"B, d** fz + 1) 


1 z+1 
+5 J log sOdt + Xe syr dew? OB Fiz) 


eas] 
so that 


z+1 2 
f a. f log f(t)dt + log Gy. 


Comparing with the above, we see that 


C = log G you) 
and 
c+l 3 
{ log Tyu)(t)dt = f log f(t)dt + log Gy... (1) 
Letting z = a, we obtain 
1+1 
log Gy.) = [ log Ty.) (t)dt, (2) 


an analytical expression for the constant Gy... 
Since G;,:.) depends on the value of a chosen, we shall write it «@y,.). 
Then 


log., Gru) = loga, Ereuy + [ log f(t)dt. (3) 


7. The Asymptotic Test. We have seen that log I’y,,,(z) has the same 
asymptotic expansion as log f(p— 1). Since any other solution than 
T yu) (z) of 

o(z +1) = f(z)p(z) (1) 
must be in the form 
o(z) = Ty) (z)P(z), (2) 


where P(z) is periodic of period unity, it is evident that I'y,,..(z) is the 
only solution of (1) possessing this property. The following is a more 
useful expression of the above principle. 


From 
dt} dt+} dr+} 
a log T'y(4)(z) = aarti log f(z) + det! log f(z +1)4+-: ., 
we have 
. {r+} 
Lim ati log T'y;4)(z) = 0. (3) 
I+ w 


Let ¥(z) be some other solution of (1) possessing property (3). Then if 
z= p+, where p is an integer, we must have for all values of z 


_ r+} qr+} 
aa dzr*1 108 Yir+p) = Lim | clog Vycu)(a + p) + aarti log P(x)| = 0), 
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so that 
r+1 


dx*i log P(x) = 0. 
Since P(z) is periodic we can only have 


P(z) = ce’ ?*, 
so that 
¥(z) = ce" yy)(z), (4) 


where p is an integer. If furthermore ¥(z) have an asymptotic expan- 
sion of the form 


z d2a-! 
b + ay flog f(t)dt + a; log fle) + +++ + dee fpr log fle), 
where the a’s are independent of f(z), we find by letting f(z) = e” ‘ and 
using (4) that 
B, o 
ag = 5 a = =— =, Qes41 = 0, aes = (2s) 1 °—)” ., 


and 
¥(z) = cl'¢,4)(2). (5) 


We shall refer to condition (3) and the one just given as the asymptotic 
test. Hence if two solutions ¥,(z) and yY2(z) of (1) satisfy the asymptotic 
test, 


Wi(z) = cy2(z). 
The same is clearly true of solutions of 
o(z + n) = f(z)d(z), 
where n is real and positive, since this equation can be transformed into 
v(z + 1) = f(nz)P(z). 


8. Elementary Transformations. From the Gaussian form of I'y,.)(z) we 


see that 
Pincuyietscuyy(2) = [Pycuy(2)](P ycuy(2)]"- (1) 
In particular 


r’.(z) = er" I',(2) =— r'(z); T ur)(2) = eldrs(2)](r+1) # 
Again, both T'ycu4s)(z) and T'y..)(z + 6) are solutions of 
o(z + 1) = f(z + b)¢g(z). 


They clearly have the same asymptotic expansions, except for a constant 


* By means of these results and (2), we easily evaluate Ty (u.fe(u)(z) where fi(u) is a rational 
and f.(u) an integral algebraic function. 
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factor, so that | 
T' p(u+-by (2) = CT pcuy (2 oa b). 


To determine c, let z = 1. Since Iycu4s)(1) = 1, 


1 


© Tyrol + 6)’ 


T'ycuy (2 + b) 


. ‘yy = = 9 
Ty (u+) (2) T'ycuy(1 +} b) ° (2). 


By means of the integral of §6 these results may be directly applied 
to .Gyiu.). We thus find 
aa Sy (4) ™[ fg( a) )* = [Gyula yu)”, 
oG. = ge, . = 1, 


a+5Cs(u) 


als (u+b) = Pratt rn b) ’ (3) 


9. Infinite Products in Terms of Generalized Gamma Functions. (onsider 
first 
Pri (ai + p)f(d2+ p)---flae+p) yr, ; 
; = 4 
poof (by + p)f(be + p) +++ f(b: + p) Il \P) (1) 


A sufficient condition for convergence is that for some positive value of « 


Lim p'** log F(p) = 0. 
pon 


But 
log F(p) = log f(a, + p) + --- — logf(b, + p) — --- 


Ya— bd 
= (k — l) log f(p) + , dp 8 S() + .-. 


La’ — yb d’ 


7 dy log f(p) + R,, 


r! 
where 


Lim p'**R, = 0, Lim prs log f(p) + 0. 


pra pn 
We must therefore have 
k=l, 
if (2)’ is to be fulfilled. Now 


bce + p)---f(a, + p) — Vyu (br) ++ + Pycuy (be) g 
pd (01 + p) +++ f(be +p) — Vycuy(Qa) «++ Pycuy(ax) ” 
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g. — ViP)I"F(p, a1) «+: [f(p)|"F(p, ae) 
? — [f(p)"F(p, bi) «+ + [F(p)]"*F (p, bx) ° 


Using (3)’, we see that S, = 1, so that 


net + p)f(az + p) +++ f(ae + p) _ Vyuy(br) +++ Tyew(be) (1) 
pool (b, + p)f(be + p) «++ f(be +p) — Vycuy(ar) +++ Pye (ae) * 
Consider now more generally 


filar +p) --*filaet+p)_ 7 
IT, + a -+ gibi + p) = IL F(), 


where (2)’ is again a sufficient condition. We may write 


II F(p) = Lim I F(p — 1) = Lim |F(q ~ 1) 


oo 7= 


%2 " 
- , "| log F(u — 1)du (5)’ 


by (1 §4). Furthermore, provided the functions used exist, from §8 it 
follows that 
al fy(a,—140) rshenie aGy,(a,—1+u) 


a F(u—1) G aa 
a To; (by1—1+ a  :(b;—1+u) 


= a+a,—10'7,(u) bite a+a,—1Gf,(u) T'g,¢uy (01) - * Pou) (bi) 


a+b,—104,(u) © gh bin 1G 4,(u) T'y,¢u)(@1) - - Ty.cu)(@e)’ 


so that finally 
er f(a: + p) +++ Sfilae +p) _ 4 alu *** aGy,cuy Moruy(O1) +++ Mo cuy (br) 


peo G1(dr + p) + br + DP) eG guy ++ ay cuy Py (Q) +++ Pycu(ae)’ 
where 


a) h +a,—1 
— { le Fu — Deu + f log f,(u)du 
w/a A=lI a 
+b, 1 


~¥ log $,(u)du. 


wa=led/a 


10. The Multiplication Theorem. Both I'yujn)(mz) and 


l n—1 
Psu) (2) Psu) (: + ) e+ Dycu) (2 as ') 


are solutions of 
1 
+ %) = fles(z +5) f(e+ 


Furthermore it is easily shown that they both satisfy the asymptotic test 
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since T'y;,)(z) does. Hence 


] n—I1 : 
Prl2)F pan (2 + “) rr Py (z + n ) —_ V(n)P yeu (nz). 


n 


To determine y(n), we have 


na+tl 1+(1/m) 
log naGyculu) = { log Tyusuy(z)dz = n f log Tycusuy(nz)dz 


na 


a--(1'n) a 1 
an nf | toe Tyuy(2) +--+ + log Pye) (2 + “——) — log y(n) | de 


a+(ijn 1+ (2/m 
n| { log T'y;u)(z)dz + f log T'y.u)(z)dz + --- 


a+(l/n 


a+ 
+ f log Ty. (2)dz | — log Y(n) 
a+ (n—1)n 
+1 
= nf log Ty.u)(z)dz — log y(n), 


so that 
_ [Gy wn 


= G , 
na f(u/lu) 


y(n) 


and 
1 a ees 1 a@ u) is . 
Py (2)T ra ( 2 + ) — (: $= : ) = Grol" a (nz) (1) 


’ 
nal ¢( u/u) 


When f(u) = u, by using the results of §8, the ordinary multiplication 
theorem results. 
Let z = 1/n, and we obtain 


1\. /2 — fan—1\ Grew!" 
Pw (5) Pw (%) a Py ( . 7 ) = “Gram (2) 
If in this n = 2, we obtain 
, 1 [6G seu)? 
rw (5) - alt fuss)’ (3) 
the analogue of (1/2) = vx. 
11. An Integration Theorem Generalized. When n is a positive integer 


a+(2in) 


a+ a-+(L in) 
f log f(z)dz = f log f(z)dz + log f(z)dz + --- 


V/a+(in) 


a+l 


+ log f(z)dz. 


a+ '(n—1)'n 


By means of the Generalized Gamma functions the corresponding relation 
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may be obtained for any positive real value of n;* 


a+l 


2+(1/n) ‘ 
f log f(z)dz + «+» + log f(z)dz 


a+(n—I/n) 


= [toe [ seer(2 +4) ---7(2 +24) Je 


a i- “log [f(z) Ty 2+(u/n)}() |dz. 


a 
Let now n have any positive real value. Then 


a+(1/n) +(1/n) r si 
i log (f(z) Ty; 24(u/ny)(n)]dz ad f log T, Wn) dzt 


na+n-+1 ma--1 
= u lf log Pycusn (z)dz — [ log Pjruim (ede |, 


n na-n e/na 


so that, using §6, we find the relation desired 


f on a f ” log fle)de. (1) 


a 


12. The Multiplication Theorem Generalized. If condition (b) be ex- 
tended so that for some value of r 


r+2 
Lim p*** : ee +2. 0, 
pe ie 


the multiplication theorem may be generalized to admit all positive real 
values of n.t We have for positive integral values of n 


—s I : n—1 
Pycuy (2) Pycuy (2 + =) e+ Pyuy (2 + =) = Vou) (2) Pry cy (e+ (v/n)) (M)- 


By the condition above imposed we have 


, drt? c + p 
+e ; ts _ 
— Pp dirt? log Pycuy (2 + * ) 0. 
It therefore follows easily that T'p,,,.c2+ce/n))(m) exists when n is any real 
and positive number. Furthermore, with the aid of (2 §8) 


V'yuy (2) Pryeyy cee(v/ny) (M) 


* The theorem depends only on the existence of the functions involved. That n be real and 
positive is sufficient for this purpose, under conditions (a) and (6), but not always necessary. 
For the class of functions suggested in the introduction the theorem holds for all values of n. 

t By (2 §8) and (1 §1). 

t The note to §11 applies here too except that n may not be a negative real number. 
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is seen to satisfy the equation 


6(2+5)=s000), 


Since after transformation by (2 §8) it may be shown to satisfy the asymp- 
totic test, we obtain 


VP yup (2) Pry.) ee coin (2) = O(N)T ycuin) (nz). 


The previous section enables us to determine y(n) as in the simpler case. 


+ (jn) 
log naG f(uln) = nfo log LT ycuin)(nz)dz 
+(1/n) 
nf” flog Pa(2) Pry cerceimy(n)]dz — log vn) 


+1 
nf log T'y:u)(z)dz — log y(n). 


Hence, as before 

ee [aGycuy]” 
nal s(uln) : 

[4G yiu]" 


Vy (uy (Z) Ppycyy cet coin) (1) — G — Pycuiny (nz) 
naT f(uln, 


¥(n) 


and 


Letting z = 1/n, and using (2 §8), we obtain 


[ay (u)]” 


Prycuytsim(n) = na f(uln) (2) 


13. The Associated Periodic Functions. Let f(z) be such that both 
Ty¢u)(z) and I'y:_,)(z) exist, and let 
Tyuy(2)Py—u (1 — 2) = F(z), 
Then 
F(z+ 1) = F(z). 
We shall denote this periodic function by Ps;.)(z), 7. e., 
T'yquy (2) Py—uy(1 — 2) = Pycuy(2). (1) 


Let oGyiuy—aGy—u) = aT siu). Then using the integral of §6, we easily 
obtain 


log arya = flog Pyan(e)de. (2) 
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Clearly 


Pyu)(0) = Lam Pyuy(z)f(z) = 1, 


1 
f(0)’ 


[aru]? 
2aT7 f(u/2) : 


Py (2) = Py—u(— 2), 


— 1 Prw(z + 5) 
P s(u4) (2) ~ f(b) Pray + b) ’ 


The multiplication theorem gives 


Pyuy (2) = Tye (3) TP —u (2) = 


Tyuin) (nz), 


did *) a [aGycuy]” 


n na f(uln) 


1 
Py(uy (Zz) Pycu) (: + *) e+ Ty (2 + 


1 2 ~aGs(-u)]” 
yw (> - z) Pw (= - z): -» Tyew(1 — z) = FeGr—wl Ty(—uin)(1— nz). 


ewe 


Inverting and multiplying,* we finally obtain 


1 -1 a u ‘i 
Pyn(@)Pr (2 +2) oe Pry (2 +" ) = ler] Pyuiny(nz). (6) 


nat f(u/n) 
CoLuMBIA UNIVERSITY. 


* It will be noticed that whereas in the case of the ordinary I function it is usual to obtain the 
multiplication theorem from that of the sine function, the reverse method is used here. 








ON THE MOST GENERAL PLANE CLOSED POINT-SET THROUGH 
WHICH IT IS POSSIBLE TO PASS A SIMPLE 
| CONTINUOUS ARC.* 


By R. L. Moore anv J. R. Kine. 


A set of points is said to be totally disconnected if it contains no con- 
nected subset consisting of more than one point. In 1905 L. Zorettif 
showed that every closed, bounded and totally disconnected set of points 
is a subset of a Cantoreant line. In 1906 F. Riesz§ attempted to show 
that every such set of points is a subset of a simple continuous are. |, 
Shortly thereafter Zoretti€ pointed out that Riesz’s argument was fal- 
lacious. He, however, left unsettled the question whether Riesz’s the- 
orem was true or false. In 1910, in an article that contains no reference 
either to Riesz or to Zoretti, Denjoy** indicated that this theorem could 
be proved with the use of certain ideas contained in a former papertf of 
his own. We have not, however, succeeded in determining from his 
meager indications just what sort of argument he had in mind. At any 
rate, in order that a closed and bounded point-set should be a subset of 
a simple continuous arc it is of course not necessary that it should be totally 
disconnected. In the present paper we will establish the following result. 

THEOREM 1. In order that a closed and bounded point-set M should be a 
subset of a simple continuous arc it is necessary and sufficient that every 
closed, connected subset of M should be either a single point or a simple con- 
tinuous arc t such that no point of t, with the exception of its endpoints is a 
limit point of M — t.tt 

* Presented to the American Mathematical Society, February 24, 1917. 

t Sur les fonctions analytiques uniformes, Journal de Mathematiques pures et appliquées, 
vol. 1 (1905), p. 12. 

} A Cantorean line is a closed connected point-set that contains the interior of no circle. 

§ Sur les ensembles discontinus, Comptes Rendus, vol. 141 (1905), pp. 650-655. 

| It is well known that not every Cantorean line is a simple continuous arc. 

“ Sur les ensembles discontinus, Comptes Rendus, vol. 142 (1906), pp. 763-764. Riesz 
made use of the false proposition that the orthogonal projection of a closed totally disconnected 
point-set is itself necessarily disconnected. 

** Continu et discontinu, Comptes Rendus, vol. 151 (1910), pp. 138-140. 

ft Sur les ensembles parfaits discontinus, Comptes Rendus, vol. 149 (1909), pp. 1048-1050. 

t{ Consider the point-set M (Fig. 1) composed of the straight interval ¢ from (0, 0) to (2, 0) 
together with the infinite set of points (1, 1), (1, 1/2), (1, 1/3), (1, 1/4), ---. Every closed con- 
nected subset of M is either a single point or a simple continuous are. But the point (1, 0) of 
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In our proof of this theorem we will make use of the following lemmas. 
LemMa 1. If G is a finite set of simple closed curves and M is a closed 
potnt-set and each point of M is within some curve of the set G, but no point 
of M is on any curve of the set G, then there exists a finite set G r of simple closed 
curves such that 1) each point of M is within some curve of G, 2) every curve 
of the set G lies entirely without every other curve of the set G, 3) each curve 
of the set of G is within some curve of the set G;. 
Proof. If P is a point of M there exists* a closed curve J, such that 
(1) every point of J, is on some curve of the set G, (2) every point within 
J, is within every curve of the set G that encloses P and: without every 
curve of G that does not enclose P. The set M, of all those points of 
M that lie within J, is closed. It followst that there exists a closed curve 
J, that lies within J, and encloses M,. Such a curve will be said to 
properly enclose P. It is clear that if Jp, and Jp, are curves that properly 
enclose the points P; and P, respectively, then J,, either lies entirely 
without J», or properly encloses every point of M that is enclosed by J». 
For each point P of M select just one J, and let K denote the set of curves 
thus obtained. By the Heine-Borel Theorem there is a finite subset G 
_of the set of curves K such that every point of M is within some curve of 
the set G. The set G satisfies the conditions of Lemma 1. 
LemMA 2. Suppose that M is a closed and bounded set of points and G is 
a set of closed curves such that (1) every point of M is either on or within 


the are ¢, though not an endpoint of ¢, is a limit point of the set of points M —¢. It is accordingly 
impossible to pass a simple continuous are through M. 











Fia. 1. Fia. 2. 


Consider, on the other hand, the set of points M (Fig. 2) composed of straight intervals from 
(— 1, 1) to (1, 1), from (— 1, — 1) to (— 1, 1) and from (0, 0) to (0, — 1/2) respectively, together 
with the eight infinite sets (1/2, 1/2), (1/3, 1/3), (1/4, 1/4), ---, (1/2, 1/2), (2/8, 2/3), (3/4, 3/4), 
+++, (— 1/2, 1/2), (— 1/8, 1/8), (— 1/4, 1/4), ---, (— 1/2, 1/2), (— 2/8, 2/8), (— 3/4, 3/4), ---» 
(— 1/2, —12), (— 1/3, — 1/3), (— 1/4, — 1/4), ---, (— 1/2, — 1/2), (— 2/8, — 2/3), (— 3/4, 
— 3/4), «++, (1/2, — 1/2), (1/8, — 1/8), (1/4, — 1/4), --++ and (1/2, — 1/2), (2/8, — 2/3), (3/4, 
— 3/4), ---. This set of points M satisfies the conditions of Theorem 1. It is accordingly a sub- 
set of a simple continuous arc. 

* The existence of Jp can be proved with the use of Theorems 37 and 38 of R. L. Moore’s 
paper On the foundations of plane analysis situs, Transactions of the American Mathematical 
Society, vol. 17 (1916), pp. 131-164. Hereafter this paper will be referred to as “Foundations.” 

+ Cf. Theorem 46 of Foundations. 
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ON THE MOST GENERAL PLANE CLOSED POINT-SET THROUGH 
WHICH IT IS POSSIBLE TO PASS A SIMPLE 
CONTINUOUS ARC.* 


By R. L. Moore anv J. R. Kune. 


A set of points is said to be totally disconnected if it contains no con- 
nected subset consisting of more than one point. In 1905 L. Zorettit 
showed that every closed, bounded and totally disconnected set of points 
is a subset of a Cantoreanf line. In 1906 F. Riesz§ attempted to show 
that every such set of points is a subset of a simple continuous arc. 
Shortly thereafter Zoretti€ pointed out that Riesz’s argument was fal- 
lacious. He, however, left unsettled the question whether Riesz’s the- 
orem was true or false. In 1910, in an article that contains no reference 
either to Riesz or to Zoretti, Denjoy** indicated that this theorem could 
be proved with the use of certain ideas contained in a former papert? of 
his own. We have not, however, succeeded in determining from his 
meager indications just what sort of argument he had in mind. At any 
rate, in order that a closed and bounded point-set should be a subset of 
a simple continuous arc it is of course not necessary that it should be totally 
disconnected. In the present paper we will establish the following result. 

THEOREM 1. Jn order that a closed and bounded point-set M should be a 
subset of a simple continuous arc it is necessary and sufficient that every 
closed, connected subset of M should be either a single point or a simple con- 
tinuous arc t such that no point of t, with the exception of its endpoints is a 
limit point of M — t.tt 

* Presented to the American Mathematical Society, February 24, 1917. 

+ Sur les fonctions analytiques uniformes, Journal de Mathematiques pures et appliquées, 
vol. 1 (1905), p. 12. 

} A Cantorean line is a closed connected point-set that contains the interior of no circle. 

§ Sur les ensembles discontinus, Comptes Rendus, vol. 141 (1905), pp. 650-655. 

| It is well known that not every Cantorean line is a simple continuous are. 

* Sur les ensembles discontinus, Comptes Rendus, vol. 142 (1906), pp. 763-764. Riesz 
made use of the false proposition that the orthogonal projection of a closed totally disconnected 
point-set is itself necessarily disconnected. 

** Continu et discontinu, Comptes Rendus, vol. 151 (1910), pp. 138-140. 

tft Sur les ensembles parfaits discontinus, Comptes Rendus, vol. 149 (1909), pp. 1048-1050. 

tt Consider the point-set M (Fig. 1) composed of the straight interval ¢ from (0, 0) to (2, 0) 
together with the infinite set of points (1,1), (1, 1/2), (1, 1/3), (1, 1/4), ---. Every closed con- 
nected subset of M is either a single point or a simple continuous arc. But the point (1, 0) of 
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In our proof of this theorem we will make use of the following lemmas. 
LemMa 1. If G is a finite set of simple closed curves and M is a closed 
point-set and each point of M is within some curve of the set G, but no point 
of M is on any curve of the set G, then there exists a finite set G of simple closed 
curves such that 1) each point of M is within some curve of G, 2) every curve 
of the set G lies entirely without every other curve of the set G, 3) each curve 
of the set of G is within some curve of the set G,. 
Proof. If P is a point of M there exists* a closed curve J, such that 
(1) every point of J, is on some curve of the set G, (2) every point within 
J, is within every curve of the set G that encloses P and without every 
curve of G that does not enclose P. The set M, of all those points of 
M that lie within J, is closed. It followst that there exists a closed curve 
J, that lies within J, and encloses M,. Such a curve will be said to 
properly enclose P. It is clear that if Jp, and Jp, are curves that properly 
enclose the points P; and P, respectively, then J,, either lies entirely 
without J», or properly encloses every point of M that is enclosed by J, 
For each point P of M select just one J, and let K denote the set of curves 
thus obtained. By the Heine-Borel Theorem there is a finite subset G 
of the set of curves K such that every point of M is within some curve of 
the set G. The set G satisfies the conditions of Lemma 1. 


RES 


LemMMA 2. Suppose that M 7s a closed and bounded set of points and G is 
a set of closed curves such that (1) every point of M is either on or within 
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the arc ¢, though not an endpoint of ¢, is a limit point of the set of points M — ¢. It is accordingly 
impossible to pass a simple continuous are through M. 











Fig. 1. Fic. 2. 


Consider, on the other hand, the set of points M (Fig. 2) composed of straight intervals from 
(— 1, 1) to (1, 1), from (— 1, — 1) to (— 1, 1) and from (0, 0) to (0, — 1/2) respectively, together 
with the eight infinite sets (1/2, 1/2), (1/3, 1/3), (1/4, 1/4), ---, (1/2, 1/2), (2/3, 2/3), (3/4, 3/4), 
+++, (— 1/2, 1/2), (— 1/8, 1/8), (— 1/4, 1/4), +--+, (— 1/2, 1/2), (— 2/8, 2/3), (— 3/4, 3/4), +++» 
(— 1/2, —12), (— 1/3, — 1/8), (— 1/4, — 1/4), «++, (— 1/2, — 1/2), (— 2/8, — 2/8), (— 3/4, 
— 3/4), +++, (1/2, — 1/2), (1/8, — 1/8), (1/4, — 1/4), --- and (1/2, — 1/2), (2/8, — 2/3), (3/4, 
— 3/4), ---. This set of points M satisfies the conditions of Theorem 1. It is accordingly a sub- 
set of a simple continuous arc. 

* The existence of Jp can be proved with the use of Theorems 37 and 38 of R. L. Moore’s 
paper On the foundations of plane analysis situs, Transactions of the American Mathematical 
Society, vol. 17 (1916), pp. 181-164. Hereafter this paper will be referred to as “Foundations.” 

+ Cf. Theorem 46 of Foundations. 


FT TIES, ES ce SR 








ON THE MOST GENERAL PLANE CLOSED POINT-SET THROUGH 
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A set of points is said to be totally disconnected if it contains no con- 
nected subset consisting of more than one point. In 1905 L. Zorettit 
showed that every closed, bounded and totally disconnected set of points 
is a subset of a Cantoreanf line. In 1906 F. Riesz§ attempted to show 
that every such set of points is a subset of a simple continuous arc. |, 
Shortly thereafter Zoretti€ pointed out that Riesz’s argument was fal- 
lacious. He, however, left unsettled the. question whether Riesz’s the- 
orem was true or false. In 1910, in an article that contains no reference 
either to Riesz or to Zoretti, Denjoy** indicated that this theorem could 
be proved with the use of certain ideas contained in a former papertt of 
his own. We have not, however, succeeded in determining from his 
meager indications just what sort of argument he had in mind. At any 
rate, in order that a closed and bounded point-set should be a subset of 
a simple continuous arc it is of course not necessary that it should be totally 
disconnected. In the present paper we will establish the following result. 

THEOREM 1. Jn order that a closed and bounded point-set M should be a 
subset of a simple continuous arc it is necessary and sufficient that every 
closed, connected subset of M should be either a single point or a simple con- 
tinuous arc t such that no point of t, with the exception of its endpoints is a 
limit point of M — t.tt 

* Presented to the American Mathematical Society, February 24, 1917. 

+ Sur les fonctions analytiques uniformes, Journal de Mathematiques pures et appliquées, 
vol. 1 (1905), p. 12. 

t A Cantorean line is a closed connected point-set that contains the interior of no circle. 
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It is well known that not every Cantorean line is a simple continuous arc. 
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made use of the false proposition that the orthogonal projection of a closed totally disconnected 
point-set is itself necessarily disconnected. 
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nected subset of M is either a single point or a simple continuous arc. But the point (1, 0) of 
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In our proof of this theorem we will make use of the following lemmas. 
Lemma 1. If G is a finite set of simple closed curves and M is a closed 
point-set and each point of M is within some curve of the set G, but no point 
of M is on any curve of the set G, then there exists a finite set G r of simple closed 
curves such that 1) each point of M is within some curve of G, 2) every curve 
of the set G lies entirely without every other curve of the set G, 3) each curve 
of the set of G is within some curve of the set G,. 
Proof. lf Pisa point of M there exists* a closed curve J, such that 
(1) every point of J, is on some curve of the set G, (2) every point within 
J, is within every curve of the set G that encloses P and without every 
curve of G that does not enclose P. The set M, of all those points of 
M that lie within J, is closed. It followst that there exists a closed curve 
J, that lies within J, and encloses M,. Such a curve will be said to 
properly enclose P. It is clear that if Jp, and J», are curves that properly 
enclose the points P; and P, respectively, then J,, either lies entirely 
without J», or properly encloses every point of M that is enclosed by J,.. 
For each point P of M select just one J, and let K denote the set of curves 
thus obtained. By the Heine-Borel Theorem there is a finite subset G 
of the set of curves K such that every point of M is within some curve of 
the set G. The set G satisfies the conditions of Lemma 1. 


LEMMA 2. Suppose that M 7s a closed and bounded set of points and G is 
a set of closed curves such that (1) every point of M is either on or within 


the arc t, though not an endpoint of ¢, is a limit point of the set of points M —¢. It is accordingly 
impossible to pass a simple continuous are through M. 











Fia. 1. Fic. 2. 


‘onsider, on the other hand, the set of points M (Fig. 2) composed of straight intervals from 
(— 1, 1) to (1, 1), from (— 1, — 1) to (— 1, 1) and from (0, 0) to (0, — 1/2) respectively, together 
with the eight infinite sets (1/2, 1/2), (1/3, 1/3), (1/4, 1/4), ---, (1/2, 1/2), (2/3, 2/3), (3/4, 3/4), 
+++, (— 1/2, 1/2), (— 1/8, 1/8), (— 1/4, 1/4), «++, (— 1/2, 1/2), (— 2/8, 2/8), (— 3/4, 3/4), ---> 
(— 1/2, — 12), (— 1/3, — 1/3), (— 1/4, — 1/4), ---, (— 1/2, — 1/2), (— 2/3, — 2/3), (— 3/4, 
— 3/4), +++, (1/2, — 1/2), (1/8, — 1/3), (1/4, — 1/4), --+ and (1/2, — 1/2), (2/8, — 2/3), (3/4, 
— 3/4), +++. This set of points M satisfies the conditions of Theorem 1. It is accordingly a sub- 
set of a simple continuous arc. 

* The existence of Jp can be proved with the use of Theorems 37 and 38 of R. L. Moore’s 
paper On the foundations of plane analysis situs, Transactions of the American Mathematical 
Society, vol. 17 (1916), pp. 131-164. Hereafter this paper will be referred to as “Foundations.” 

+ Cf. Theorem 46 of Foundations. 
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some curve of G, (2) if a point of M is not within any curve of G then there 
exists a curve g of the set G such that P is on g and such that, if P is a limit 
point of any subset of M, then every such subset of M contains points within 
g. Then there is a finite set of curves G such that every curve of G is a curve of 
G and such that G satisfies with respect to M the same conditions that are 
assumed above as being satisfied by G. 

Proof. If P is a point of M that does not lie within any curve of the 
set G there exists a closed curve J, belonging to G and containing P such 
that P is not a limit point of any point-set that contains no points within 
J,. There exists a closed curve C, enclosing P such that every point of 
M within C,, except the point P, is within J,. Let A denote the set of 
all such curves C, for all such points P. Every point of M is within a 
curve of the set G+ K. By the Heine Borel Theorem there exists a 
finite set of curves Cy, Cp, Cp, --+, Cp, belonging to K, and a finite 
set i, 92) Js, °° *) Im, belonging to G, such that every point of M is within 
a curve of one or the other of these two sets. It is clear that the set G 
of curves G1, 92. 93) °° 3 Im Irs dp, dp, +++, dp, satisfies the requirements 
of Lemma 2. 

Proof of Theorem 1. In order that a closed and bounded set of points 
should be a subset of a simple continuous arc it is evidently necessary that 
it should satisfy the conditions imposed in the statement of Theorem 1. 
We will proceed to show that these conditions are also sufficient. Suppose 
that M is a point-set that fulfills all of these conditions. An are will be 
called a maximum arc if it belongs to M but is not a subset of any other 
are that belongs to M. If A and B are the endpoints of such a maximum 
arc AB, it can be proved with the use of methods employed in the proof 
of Theorem 32 of Foundations that there exist two ares ANB and AYB, 
with no point in common except the points A and B, such that the closed 
curve AXBYA formed by these ares encloses every point of the are AB 
except the points A and B but encloses no point of M that is not on the 
arc AB. By a theorem due to Zoretti* there exists a closed curve J, that 
encloses A but not B, lies within a circle of radius 1 and does not contain 
B or any point of M that is not on the are AB. By Theorem 43 of Foun- 
dations there exists a simple closed curve a containing A such that every 
point of a belongs either to AXBYA or to J, and such that every point 
within a is without AXBYA and within J,. The curve a contains the 
point A but no other point of M, encloses no point of AB and lies within 
a circle of radius 1. Similarly there exists a closed curve b that lies en- 
tirely without a, contains B but no other point of M and lies within a circle 
of radius 1. Each point P of M that is not a proper part of a connected 





* Sur les fonctions analytiques uniformes, loc. cit., pp. 9-11. 
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subset of M can be enclosed by a simple closed curve p that lies within a 
circle of radius 1 and has no point in common with M. The point-set 
composed of all endpoints of maximum ares, together with all those points 
of M that are not proper parts of connected subsets of M, is a closed set 
of points. It follows by Lemma 2 that there exists a finite set G of closed 
curves Gj, G2, Gs, «++, Gp, by, be, bs, ++, bz, Diy De, Ds, +++, Pw and a set 7 
of maximum ares A,B,, A,B: ---, A,B, such that every point of M is 
either within a curve of the set G or on an are of the set 7 and such that 
for every 7 (1 Si =7) andj (1 Sj =m) (1) each of the curves 4;, bi, 
p; lies within a circle of radius 1, (2) @; contains A; and 5b; contains B; 
but neither of them contains any othns point of M, (3) a; lies entirely with- 
out 5,, (4) the are A,B; lies entirely without @, and entirely without 5; ex- 
cept that A; and B, are on 4; and J; respectively, (5) A;B; is a maxi- 
mum are, (6) p; contains no point of M. 

For each i (1 = 7 = 7) there exists, with center at A; and with radius 
less than 1, a circle C; which neither encloses nor contains a point of any 
curve of the set G except the curve @;, and which does not enclose every 
point of a;. Let O; denote a point of @; that is not within C; and let E; 
and F’; denote points in the order O;E;A;F; on @;. By Zoretti’s theorem* 
there exists within C; a closed curve J; that encloses A; and contains no 
point of M — A,B;. There exists an interval X;Y,Z, of J; that lies en- 
tirely within a; except that its endpoints X; and Z; are on the segments 
O,E,A; and O;F,;A; respectively of a; The are X;Y,Z; and the interval 
X;A,Z; of the closed curve 4; form a closed curve a;’ that neither encloses 
nor contains any point of any curve of the set G except a; and has on it no 
point of M except the point A;. There exists an are X,’/Y,’Z;’ lying en- 
tirely within @, except that its endpoints X,’ and Z;’ are on 4; in the order 
X/X,A,Z,Z;/ and such that (1) X,/Y,/Z,’ contains no point of M or of 
any curve of the set G, (2) every point of M that is within 4; is either 
within a,’ or within the closed curve a;’ formed by X,’Y,’Z;’ and that 
interval of 4; whose endpoints are X,’ and Z,’ and which does not contain 
A,;. Similarly, for each 7 there exist two closed curves 6;’ and 6;’’ such 
that (1) every point of M that lies within 4; is within either b,’ or b;”’, (2) 
the curve b,’ contains B; but no other point of M, (3) the curve 6,”” con- 
tains no point of M, (4) no curve, except b,, of the set G@ contains any point 
on or within b,’, (5) the interiors of b,’ and 6;’’ are subsets of the interior 
of 5,. No one of the set G’ of curves ay’, a2’, «++, ai’, by’, by’, «++, b;’ con- 
tains or encloses ed point of any other curve of the set G’ or of the set G” 
of curves a;”’, ao’’, «++, az”, by”, be!”, «++, ba’, Diy Poy °° 5 Die > a curve of 

‘encloses a point of a; or of 5; it pa enclose @;, b; and A;B;. The set 


* Loc. cit., pp. 9-11. 
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G’ has as a subset a set G’ of closed curves Gy,', Ging) © °°) Gm,’ Bny’» Bing’ y 
b,,.’ such that every point of M is either within some curve of G’ or 


G’’ or on some are of the set An, Bu, AmsBny -*+) Am Bm, and such that 
no curve of the set G” either contains or encloses a point of any curve of 


the set G’.. No curve of the set G” contains a point of M. It follows with 
the aid of Lemma 1 that there exists a finite set of closed curves p,, po, 


-, Pm Such that (1) every point of M that is within a curve of the set 


, 


G’’ is also within a curve of the set p;, po, «++, Pm, (2) every curve of the 
set pi, Po, ***, Pm is Without every other curve of this set and within some 


vir 


curve of the set G’ and therefore without every curve of the set G’. Re- 
place the symbols a,,’ by a,, b,,/ by b,, An, by A; and B,, by B;. We now 
have a set G of closed curves a), dz, +--+, Qn, b), be, +++, Ons Pi, Poy +++) Dm 
and a set Q of ares A,B,, AsB2, ---, A,B, such that (1) every point of M 
is either within a curve of the set G or on an are of the set Q, (2) no two 
ares of the set Q have a point in common, (3) for every 7 (1 = t = n) the 
are A,B; lies entirely without every curve of the set G except that A, is 
on a; and B; is on b;, (4) each curve of the set G is within a circle of radius 
1, (5) every curve of the set G is entirely without every other curve of the 
set G. There exists a set Q of ares C,D2, CoD3, C3Ds, «++, CnrDny OnE, 
Fi Ex, F2E3, F3E 4 +++, Pm-rEm such that (1) C;\1 =i =n) is a point of b, 
distinct from B;, D; (2 =i =n) is a point of a; distinct from A,, EF, 
(1 =t =m) isa point of p,;, F; (1 =i = m — 1) is a point of p,; distinct 
from E;,, (2) no are of the set Q has a point in common with any other are 
of the set Q or any arc of the set Q, (3) every are of Q lies, except for its 
endpoints, entirely without every curve of the set G. The ares of Q and 
of Q and the curves of G form an are-curve chain K,* covering M. Forevery 
7(1 SiSn) there exists an are-curve chain {%*} such that (1) {8} covers the set 
of all those points of M that lie within {’|, (2) the {it} curve of {8} contains 
the point {4\} but lies except for this point entirely within {’*}, (3) every are 
of {8}, and every curve of {2'} except the {[{} one, lies entirely within 
fi}, (4) every curve of {8} is within some circle of radius 1/2. There 
exists within p; (1 =7 = m) an arc-curve chain p; covering all those 
points of M that are within p,; and such that each curve of p; is within 
some circle of radius 1/2. For every 7 (2 =i =n) there exists on the 
first curve of a; a point X; not lying on the first are of a;. There exists 
an are X;D; that lies, except for the point D,, entirely within a; and has 
no point except X; in common with any are or curve of a;. For every i 
* An are-curve chain is a finite set K of closed curves a,, a2, +++ a, and ares A;’Aq, Ao’As, 
Aj'Ag, +++ Anua’An, such that (1) every curve of K is without every other curve of K, (2) no two 
ares of K have a point in common, (3) for every i (1 i= n — 1) the are A,’A,,, lies entirely 
without every curve of K except that A,’ is on a, and A,,; is on a;,;. The are-curve chain K is 
said to cover the point-set M if every point of M is either within a curve or on an are of K. 
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(1 =7% =n) there exists, on the last curve of 8,;, a point Y; not lying on 
the last are of 8;. There exists an are Y;C; that lies, except for the point 
C;,, entirely within 6; and has no point except Y; in common with any arc 
or curve of 8; For every i (1 =i = m) there exists, on the first curve 
of pi, a point W; that does not lie on the first are of p;. There exists an 
are W,E; that lies entirely within p; except for the point EF; and has no 
point, except W,, in common with any are or curve of p;. For every 7 
(1 =i = m — 1) there exists, on the last curve of p;, a point Z; that does 
not lie on the last are of p;. There exists an are Z;F; that lies entirely 
within p,, except for the point F;, and has no point in common with the 
are W,E; or any are of p; and no point, except Z;, in common with any 
curve of p;. We now have a new chain K. whose curves are the curves 
of the chains a,, az, «++, Qn, Bi, Be, «++, Bny Ply P2) ***, Pm and whose arcs 
are the arcs of these chains together with the ares X,D., X3;D3, ---, XnDn, 
YiC,, Y2C2, «++, YaCn, Wik, Weke, ---,; WE m, ZF i, ZoF2, - ++, Zm—iF m1. 
Ivery point of M is on an are or within a curve of K, and also on an are 
or within a curve of Ky. Every curve of A, is within a circle of radius 1. 
Every curve of Ke is within a circle of radius 1/2. Every point of every 
curve of Ke is within or on a curve of K, and every arc of Kz is either within 
a curve or on an are of K,. There exists a chain K; each of whose curves 
is within a circle of radius 1/3 and which has a relation to K; similar to 
the above described relation of K, to K,. This process may be continued. 
Thus there exists an infinite sequence of are-curve chains Ky, Ko, Ks, - 

such that, for every n, (1) each point of M is on an arc or within a curve of 
K,,, (2) each curve of K, is within some circle of radius 1/n, (3) every point 
of each curve of K,4: is within or on some curve of K, and each are of 
K,,.; is either within a curve or on an are of K,. Let A, denote the set 
of all points [X] such that X is on an are or within a curve of K,. Let ¢ 
denote the set of all points that are common to Ki, Ke, K3, ---. It is 
clear that ¢ contains every point of M. Let a, and bn respectively de- 
note the first and last curves of the chain K,. The interiors of the closed 
curves 4), G1, @3, -:- have in common only one point A and those of the 
curves by, be, 631, --- have in common only one point B. That ¢ is a 
simple continuous are from A to B may be proved with the use of methods 
similar to those employed in the proof of Theorem 15 of Foundations. 
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REPEATED INTEGRALS. 
By D. C. GILLespie. 


Du Bois Reymond* proved that, when the bounded function f(z, y) 
has a Riemann double integral over the fundamental rectangle a = z 
= b,c =y = d, then the two repeated integrals exist and are each equal 
to the double integral. This theorem permits the explanation that the 
function f(x, y) is an integrable function of x for each y is not implied in 


wh 


the statement that the repeated integral | dy | f(x, y)dx exists. For ob- 


viously the existence of the double integral over the rectangle could not 
depend on the values of the function along a single line parallel to the z 
axis. The repeated integral with respect to x with respect to y is said to 
exist when the repeated upper integral and the repeated lower integral 
in this same order are equal to each other; 7. e., 


{ dy | dz = {ay [ ar. 


To this theorem of Du Bois Reymond there has now been added a 
corresponding theorem for Lebesgue integrals. It follows then that if 
the function f(z, y) possesses a Lebesgue double integral and the repeated 
Riemann integrals exist they are equal to the Lebesgue double integral 
and hence to each other.t 

W. H. Young, with no hypothesis concerning the existence of the double 
integral, proved that if the function f(z, y) is an integrable function of z 
for each y and an integrable function of y for each z, all being Riemann 
integrals, then both repeated integrals exist.t Somewhat later, Lichten- 
stein by a different method obtained the same result and in addition proved 
the two repeated integrals were equal.§ In a later paper he extends his 
results to integrals taken over point sets not comprising all points of the 
fundamental rectangle. | 

* Crelle’s Journal, vol. 94 (1883), p. 277. 

t Hobson, Theory of Functions of a Real Variable, p. 581. 

¢t Monatshefte fiir Mathematik und Physik, vol. 2 (1910), p. 127. The argument seems 
to depend on the plane set of points at which f(z, y) is discontinuous with respect to y being meas- 
urable. 

§ Gottingen Nachrichten, (1910), pp. 468-475. 

|| Sitzungsbericht der Berliner Mathematischen Gesellschaft, (1910-11), pp. 55-69. 
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These interesting papers just miss showing that if the two repeated 
integrals exist they are equal to each other. A proof of this theorem is 
given in this note. 


If the repeated integral [ ay [ f(x, y)dz exists, then the values of y for 
which 7 ; 


(ew = [se war) > (ew = fs, waz)) 


form a set of measure zero. For the fact that 


ely) = e(y) and that [ 3(y)dy = [ e(way 


shows that 


[ say = [ dy, 


i. e., g(y) is an integrable function of y. In the same way one sees that 
¢(y) is integrable. Then since | (¢(y) — ¢(y))dy = 0 and since the inte- 
grand is positive or zero its integral over any sub-interval of (c, d) is also 


zero. The function (¢(y) — ¢(y)) is therefore an integrable null func- 
tion* and hence different from zero at a set of measure zero.T 


b 
The values of y for which the integral f f(x, y)dx exists, being identical 
with those which satisfy the equation ¢(y) = ¢(y), form a set everywhere 
dense. Moreover, as both repeated integrals are assumed to exist, the 
set of values of x, for which 


(Fi) = f fie, dy) > (v(x) = f Jie, vay), 


also has the measure zero. We shall designate this set by G. 
Let us now divide the interval from c to d into n equal parts and write 


the equation 


(1) © Lp(a, ms) + F(a, mo) + + Sle mo] = VCO) + Bala), 


* Hobson, loc. cit., pp. 347 and 348. 

t While this condition is necessary for the existence of the repeated f dy f ‘ S(z, y)dx it 
is of course not sufficient. Example: f(z, y) = 0 for z and y both rational, f(x, y) = 1 for other 
values of rand y. The fact that the existence of the repeated integral f dy f° S(z, y)dx does 
require that the integral f f(z, y)dx exist except for a set of values of y of measure zero could, I 


think, be combined with the results obtained by Lichtenstein to prove our theorem. 
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where 7; is a point of the ith subdivision for which f(x, 7;) is an integrable 
function of x, and R,(2x) is defined by the equation. The function F,(2) 
being the difference between two integrable functions of x is itself integ- 
rable, hence integrating both sides of equation (1) with respect to x there 
results 

od 


(2) Ii [e(m) + ¢(m) +--+ + ¢(n)] =| ‘V(x)dx + | R,,(x)dx. 


n 


The set G,, , is defined to consist of those values of x which satisfy the in- 
equality R,(2) > e, where ¢ is a positive number. The function R,(2) 
is integrable; R,(2x)| is therefore also integrable and G,,, is measurable. 
Suppose n is allowed to vary, becoming infinite, there is then defined an 
infinite sequence of sets G, ., G:,., Gs, --- ete., of measure m(G,.), m(G, 


ols 
m(G;.) +++ ete. respectively. Now the limit m(G,.) = 0. For if this 


were not true, an infinite number of these sets would each have measure 
greater than some positive number c. This, in turn, would require that 
there exist a set of measure greater than or equal to c each point of which 
belongs to an infinite number of the defined sets.* This is impossible, 
since only points of G can belong to an infinite number of the sets. 


Both ¥(x) and : ss “T(x, m) + f(x, m2) + +--+ + f(x, n,)] are less than 
or at most equal in absolute value to u(d — c), where wu is the least upper 
bound of f(z,y)| in the regiona =x =b,c =y=d. It follows from 
equation (1) that R,(x) = 2u(d —c) and as a consequence [ R,(x) dz 
= m(G,,.)2u(d — c) + (b — aje. Then, finally, since m(G...) approaches 


4 
zero as n becomes infinite, limit f R,(x)dx = 0. From equation (2) we 
n=D a 


obtain 


. . d—-¢ or 4 
limit ‘ =" “felm) + em) + «+> + ¢(nn)] = f v(x)dx + limit | R,(x)dz, 


n-& nw e/a 


d 4 4 ad 
f dy J Sia. y)dx -f ax f f(a, y)dy. 


This theorem may now be extended to a certain class of unbounded 
functions. 

We assume: 
1°. f(z, y) = 0;t 
— Hobson, loc. cit., p. 120, § 93. 


t Instead of 1° it is sufficient to assume that the function f(z, y) is not both positively and 
negatively unbounded. 


or 
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2°. All integrals are proper integrals, i. e., f(z, y) is a bounded function of 
y for each x and a bounded function of z for each y; moreover the 


functions ¢(y) and ¥(x) are bounded; 
3°. The two repeated integrals exist. 

The argument is a repretition of that for bounded functions up to where 
the inequality |R,(ax)| = 2u(d — c) is obtained. This inequality is mean- 
ingless when f(z, y) is unbounded and the proof must be concluded without 
using it. 

From 3° it follows that the limit as n becomes infinite of the left side 
of equation (2) exists. This fact establishes the existence of the 


limit [Ry (x)de. 
The function f(x, y) being positive or zero, ¥(x) is also positive or zero. 
Since then ¥(x) is by hypothesis bounded, R,(x) = — P, where P is the 
least upper bound of ¥(z). Let € be any positive number, G,, _, the set of 
values of x for which R,(xr) = — e, and m(G,._,) the measure of this set. 
Now limit m(G,._.) = 0; for G,,_, is only a part of the set |R,(x) | = ¢ and, 


Ne @® 
as has been shown, the measure of this second set approaches zero as n be- 
comes infinite. It follows now from 


rel 


| R,(x)dx = m(G,,_.)(— P) + (b — a)\(— 0), 


that the limit R,(x)dx =(. This fact being established the result of 


n. @ e/a 


passing to the limit in equation (2) is 


ah, ll ad 4 
| dx { f(a, y)dy =f ay f f(x, y)dx. 


An interchange of the réles played by x and y in the argument would yield 


[ dy fsx, ydx = [arf fa y)dy. 


The two repeated integrals are therefore equal. 
If we retain conditions 2° and 3° but allow the function f(z, y) to be 
both positively and negatively unbounded the theorem is no longer true. 


Example: 


.  2(z¥y — zy’) 
f(0, 0) = 0, f(x, y) = (x? + y?)3 
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for other values of x and y. 


vi 
J Ka, y)dy = (a? 


_ Zz ; ~ 
\@ti - - 


whereas 


| 
{ saw)ax =—- 


and 


J (1 4. y2)2 9 ia 
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RELATIONS BETWEEN ABSTRACT GROUP PROPERTIES AND 
SUBSTITUTION GROUPS. 


By G. A. MILLER. ” 


It is customary to exhibit some of the fundamental relations existing 
between abstract groups and substitution groups by means of the following 
rectangular arrangement of the operators of the abstract group G: 


1 8» 83 ee he 
lo Solo Slo stig S,,l0 
t, Sol, S3l, tee 8,,t,- 


When the operators of the first row constitute a subgroup G, of G, the other 
rows are known as right co-sets of G with respect to G,, and when all the 
operators of (A) are multiplied on the right by any operator of G, the rows 
of (A) are permuted as units according to a substitution on \ letters, which 
may be associated with the multiplying operator. 
By using successively all the operators of G as multipliers there results 
a transitive substitution group A of degree \ which is isomorphic with G, 
and whose order is equal to that of G divided by the order of the largest 
invariant subgroup of G contained in G,. In particular, a necessary and 
sufficient condition that A be simply isomorphic with G is that G, does not 
involve an invariant subgroup of G, besides the identity, and is not itself 
invariant under G, and a necessary and sufficient condition that A be a 
primitive substitution group is that G, is a maximal subgroup of G.* 
The main object of the present article is to give a method for exhibiting 
f fundamental relations between properties of an abstract group G and the 
} subgroups of the isomorphic substitution group K which are separately 
composed of all the substitutions of AK omitting one of its letters. Inci- 
dentally the following theorem relating to simply transitive primitive 
substitution groups is proved. 

If in a transitive group of degree \ a subgroup composed of all its substitu- 
tions which omit a given letter has a transitive constituent of degree \ — a, 
a > 1, then for a fixed value of a only a finite number of values can be assigned 
to x such that the transitive group of degree » may be primitive. 

The method noted in the preceding paragraph depends upon the known 





*Cf. W. von Dyck, Mathematische Annalen, vol. 22 (1883), p. 90. 


229 


RiCsS 


Anbar ssh 


4! 





eeetteemnemmmieetidiiieeneie tet 






































230 G. A. MILLER. 





fact that, if we represeat the \ rows of (A) by the letters a), a2, +++, a, 
then these rows are separately composed of all the operators of G which 
correspond to the substitutions of A which replace a, by a given letter, 
In particular, the first row of (A) is composed of all the operators of G 
which correspond to the subgroup of AK composed of all the substitutions 
of A which omit a. 

Suppose that G, is # non-invariant subgroup of G and that G, is one of 
the conjugates of G;. It is known that each of the rows of (4) which 
involves at least one operator of Gs must involve the same number of 
operators of G2, and that at least one of the rows of (A) contains none of the 
operators of G..* When there is only one such row, it results from the fact 
noted in the preceding paragraph that the subgroup A», of A which corre- 
sponds to G, replaces one of the \ letters of A by \ — 1 letters, and hence 
this subgroup must be transitive and of degree \ — 1. That is, 

A necessary and sufficient condition that K be multiply transitive ts that 
the operators of G. appear in X — 1 of the rows of (A). 

When the operators of G. appear in exactly \ — 2 of the rows of (1), 
one of these rows besides the first involves operators which are found in 
each of the conjugates of G., since the number of these conjugates is \ 2- 
The operators of this row transform G, into itself and together with G, 
they constitute a subgroup H, of G. When G is represented in the form 
of a rectangle in which H, constitutes the first row, the operators of G, 
will appear in all except one of the rows of (A). A necessary and sufficient 
condition that H, be invariant under G is that \ = 4. When A > 4, a 
conjugate of H; must involve G., and hence its operators must appear in 
all except one of these new rows. As these rows correspond to systems of 
imprimitivity of A the following theorem has been established: 

If the operators of Gz, appear in X — 2 of the rows of (A) then K has one 
and only one set of systems of imprimitivity and transforms these systems 
according to a multiply transitive group of degree d/2. 

From what precedes it results that when the operators of G, appear 
either in \ — 1 or in exactly \ — 2 of the rows of (A), then the same must 
be true as regards the operators of all the other conjugates of G, except 
those of G, itself. When the operators of G, appear in \ — a of the rows 
of (A), a > 2, it is not necessarily true that the operators of the other 
conjugates of G;, with the exception of G,, appear in exactly \ — a of the 
rows of (A). This results directly from the fact that K, may then have 
transitive constituents of different degrees. A necessary and sufficient 
condition that one of these transitive constituents be of degree 2 is that 
all the operators of a conjugate of G, appear in exactly two rows of (A). 
— Miller, Blichfeldt, Dickson, Finite Groups 1916, p. 68. 
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Whenever the operators of G, appear in exactly \ — a, }\ > a> 1, 
of the rows of (A), the subgroup AK, composed of all the substitutions of 
K which omit a given letter has a transitive constituent of degree \ — a. 
When A; is transitive, then A has only one set of systems of imprimitivity 
such that each system involved a letters, and it permutes these systems 
according to a multiply transitive substitution group of degree \/a, and all 
the conjugates of G,, except G, itself, have operators in each of the same 
a rows of (A). When A has other systems of imprimitivity besides those 
involving a@ letters, these systems must involve a submultiple of a letters. 
In particular, when @ is a prime number K has only one set of systems of 
imprimitivity. 

When a@ > 2 is a fixed number and K is primitive, A, must have a 
constituent of degree a — 1. The subgroup of A, which corresponds to 
the identity of this constituent must be invariant under K,, and if it is not 
the identity, it must appear in a conjugate of A, without being invariant 
under this conjugate.* Hence it must have a transitive constituent whose 
degree cannot exceed a — 1. As the order of a substitution group of 
degree a — 1 cannot exceed (a — 1)!, the transitive constituent of degree 
4 — a contained in A, could not replace one of its letters by more than 
(a — 1)-(@ — 1)! letters. It therefore results that when K is primitive 
4—a=(a-—1):(a—1)! This constitutes a proof of the theorem noted 
above which may be stated as follows: 

If the subgroup composed of all the substitutions of a transitive group of 
degree » which omit a given letter has a transitive constituent of degree ¥ — a 
then this transitive group is imprimitive whenever ¥ > (a — 1)-(a — 1)! + a. 

In the particular case when a = 3 it follows from this theorem that AK 
could not be primitive when \ > 7. As a matter of fact, it is easy to verify 
that in this special case K can only be primitive when it is the dihedral 
group of order 10 and of degree 5. When a = 4 there are several possible 
primitive groups which satisfy the given conditions. 


*G. A. Miller, Proceedings of the London Mathematical Society, vol. 28 (1896), p. 534. 
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THE COMPLETE QUADRILATERAL. 
By Joun WentTWorTH CLAWSON. 


Introduction. It is the purpose of this paper to discuss systematically 
the principal points and lines related to the complete quadrilateral, referring, 
as far as practicable, to the discoverers of theorems which are not new.* 
In part I more than thirty theorems are given of which (7) and (31) are 
probably new, the others having been collected from various sources; in 
part II sixteen new theorems are derived by an inversion; in part IIIT some 
properties of the cyclic quadrangle are collected, from which, in part IV, by 
a polar reciprocation, fourteen other new properties of the complete quadri- 
lateral are deduced. The methods of proof used are those of elementary 
pure geometry. 

Throughout the paper ABC will be taken to denote the angle through 
which the line AB, taken as a whole, must be rotated in order for it to 
coincide with BC, taken as a whole, the rotation taking place in the positive 
direction. With this understanding, two angles are regarded as equivalent 
if they differ only by multiples of +; so nz = 0. The symbol = is used 
throughout the paper in this sense. 

As it is impossible to print figures to illustrate all the theorems of this 
paper, the reader is urged to draw his own figures wherever it is necessary. 


Part I. PoINTs AND LINES RELATED TO THE COMPLETE QUADRILATERAL. 


1. The focal point. The complete quadrilateral consists of four coplanar 
straight lines, 1,, ls, Js, ls, intersecting in three pairs of opposite vertices, 
Aj3, Ao3; Ais, Aes; Aig, Ags The lines lo, ls, 1,, determine a triangle. 
Let the center of the circle, €;, which cirecumscribes this triangle be C;. 
Three other such triangles and circumscribed circles exist. 


*In 1828 the famous geometer Steiner proposed for solution (Gergonne’s Annales, vol. 18, 
p. 302) a list of ten theorems relating to the complete quadrilateral. No other notable attempt 
to collect the properties of this interesting figure appears to have been made until 1901, when 
Léon Ripert published a paper (Compte Rendu de I’ Association francaise pour l'Avancement des 
Sciences, vol. 30, part 2, p. 91), in which he derived a number of theorems, using the method of 
trilinear coérdinates. Other theorems are scattered through the journals mentioned in the foot 


notes and elsewhere. Theorems in elementary geometry have appeared in so many places that 
it is impossible to hope that I have traced all the theorems given to their sources, or that I have 
not missed altogether some important properties of the quadrilateral. 
+R. A. Johnson pointed out in the American Mathematical Monthly, vol. 24 (1917), p. 101, 
that proofs in elementary geometry may be made to cover all possible figures if the above con- 
ventions are adopted. 
232 
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(1) The four circumscribed circles are concurrent at a point.* This 
will be called the focal point of the quadrilateral, and will be denoted by]F. 








Fic. 1. 


For, if F is the intersection of ¢, and ¢; (Fig. 1), considering points on ©), 
Ao4F Ao; = AoyAg4Ao3; and, considering points on ©3, AyF' Ag, = AyA yA; 
by addition of equals, Ajo A223 = Ajy2Ai3423; and therefore the circle ©; 
also passes through F. Similarly it may be proved that the circle ©, passes 
through the focal point. 

F has been called the Wallace point and the Miquel point of the quadri- 

* This theorem was first stated by “Scoticus” in 1804 in Leybourn’s Mathematical Repository, 
vol. 1, part 1, p. 170. Mackay, in the Proceedings of the Edinburgh Mathematical Society, 
vol. 9 (1890), pp. 83-91, says that “Scoticus” is a pseudonym of Dr. William Wallace. It is the 
first of Steiner's theorems, |. ¢.; and was proved again by Miquel in Liouville’s Journal de Mathé- 
matiques, vol. 3 (1838), pp. 485-487. The proof above is that of the Repository modified to 
suit Johnson’s notation. 
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lateral. It seems wiser, however, to avoid the use of a proper name if a 
short descriptive name can be coined. 

(2) The four points where the tangent at Aj. to ¢; cuts J;, where the 
tangent at Aj. to ¢; cuts J,, where the tangent at A;, to ©, cuts 4), where 
the tangent at A;; to ©, cuts ls, are concyelic with A,, and A;,. This circle 
and two circles similarly obtained are concurrent at F’.* 

For, let the tangent at A;, to €, meet /; at X. Then, 


A,X A353, + NA3yAi3 + AyyAy3X = 0; 


hence, since A;,X isa tangent to ©), AyVA3y + AgyAoyhes + AgsArsAy = 0. 
Again, Ay2FA3, + FAsyAo; + AssAviApy + AnAnk = 0. But, consider- 
ing points on ©, FA3,4o; = FAy3;Ay2; and, considering points on 4, 
AosAyF = AgzyAi3F; hence, AyFA34 + FA 3A 12 +A 3A aA 2 tA aA xf = 0; 
and therefore A,.F'A3, + Asy4oyA4o3 + AgyAy3412 = O. Comparing this 
with the second equation, we see that A,;2»NA3, = AjoFA;; and hence that 
Ayo, X, A3;, F are coneyelic. Similarly the other facts may be proved. 

Draw the three diagonals, n’ joining A,, to Ag3, n” joining Aj; to Ags, 
n’”’ joining Aj. to Ags; let n’, n”’ intersect at Dy», this and two points simi- 
larly obtained forming the diagonal triangle D,.D,3D.;. 

Let Fy’, Fo’, Fy’, Fo”, Fy", Fo’ be the focal points of the quadrilaterals 
nn!” lols, NN’ LL, n’'n’’ ly, n’n’’ bly, nn Lb, n'n'Iyly respectively. Call 
the centers of the circles circumscribing lsl3n’’, lolgn’’’, Co3"’, Co3'"" respee- 
tively. Then C,Co23'’C,C.;’" is a parallelogram, since C,C23’" and C4C3'” 
are both perpendicular to /., and C,C23'" and C4C2;"" are both perpendicular 
to l;. Again, since FAs; and F,’A.3 are the common chords of circles &,, 
©, and ©y3’’, ©23’”’ respectively, the point of intersection of the diagonals of 
this parallelogram is equally distant from A.;, F and F,’. It is further 
easily proved that a circle can be drawn with this point as center, passing 
through A»;, F, F,’ and the middle points of A,3;A3, and Ay.A.2;. In future 
the notation (AB) will be used for the middle point of the line joining A to 
B. Hence 

(3) The circles determined by Ae3, (Ay2A94), (Ay3A34); by Ays, (Ay2A3), 
(Az;A2,); and four other such sets of points pass respectively through 
Fy’, Fo’, Fy’, Fe”, Fy’, F.’” and all six circles pass through F. 

In exactly the same way it can be proved that 

(3a) The circle determined by De3, (A13A24) and (A4.A34) passes through 
F,’ and F,’t; and that two other such circles can be drawn. 


* This theorem is given as an unproved exercise in Casey’s Analytic Geometry, second edition, 
1893, Ex. 81, page 535. The proof here given is new. 

+ The theorem (3a) was set as Question 252 in Journal de Math¢matiques élémentaires et 
spéciales and solved by Rivard in the same Journal, vol. 5 (1881), p. 118. I have expanded this 
theorem into the group above. 
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If we anticipate the result of (8), that the middle points of the diagonals 
are collinear, it is clear that the three circles of (3a) are three of the circles 
circumscribed to triangles of the quadrilateral whose six vertices are Dj», 
D3, Des and the middle points of the three diagonals. Therefore 

(3b) The circles F\'F2'Do3, Fy’Fo'Dy3 and Fy’ F.2D. are concurrent, 
and the circle D,.D,;D2; passes through the same point. 


It may also be proved that 
(3c) The circles FF;'Ao3, FF2'A,, and F,/F.'D.3; are concurrent; and 
that there are two other sets of three concurrent circles, one from the set 








(3a) and two from the set (3). 
2. The circumcentric circle. We shall prove the theorem: i 


(4) The points C,, Cs, C3, Cy and F are concyclic.* 
The circle, €, on which they lie will be called the circumcentric circle 
of the quadrilateral. 
For, FC3;C, = FAA, and FCyC, = FA.Ao3, since a central angle is 
double an angle at the circumference subtended by the same arc. There- 
fore F, C3, C; and C, are concyclic; similarly it can be shown that /, C2, 
C’, and C; are coneyclic. 
(5) The lines C,A34, C3Ao4, C4Ae3 are concurrent at a point common to 
€, and &.+ 
Call this point E;. Three other points are similarly found. 
For, let C.A 3; and C3A2; meet at E;. Then 


Ey AuyAgs + AvsAssk, + Asshi An = 0. 


4 


core 


rTAeas 


But } 
By AyA3y = (9 2) —} 115C3Ao4 = (7 2) _ A14A 12Ao43 4 


a4 
2 


and 
AgsAgsE = (4 2) _ FA 3yCoAj4 = (tT 2) —_ Agi 3A 14. 


Adding and substituting in the first equation, we get 


AzyE Ao, = AgsArsAig + AyjApdAosy = A 34Ao3Aa4. 


* This is the second of Steiner's theorems, |. c. It was restated by T. S. Davies in Leybourn’s 
Mathematical Repository, vol. 6 (1835), Question 555, and proved there by him. Probably Davies 
discovered this theorem independently of Steiner; that he had been studying the quadrilateral 
for some time is evidenced by his statement in connection with the solution of Question 524 in 


the same volume of the Repository and by J. 8. Mackay’s remark in the Proceedings of the 


Edinburgh Mathematical Society, |. ¢., that Davies had proposed a question in 1821 in the Leeds 
After proving the theorem above, Davies 


Hence £, lies on the circle ¢;. | 


Correspondent dealing with a property of this figure. 
proceeds with several other properties including a special case of (5). This circle is called the 
center circle by Gallatly in his Modern Geometry of the Triangle, London, N. D., page 5. It was 
called the eight point circle by Hermes after he found the four new points of (5) on it. The above , \ 


is essentially Davies’ proof. : 
+ This theorem was partially stated and proved by Davies, 1. c. The complete statement ~ i 
and proof, substantially equivalent to the above, is due to Hermes, Nouvelles Annales, vol. 18 ae 


(1859), page 359. ~ 
$ 
} 
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Again C2C;C3 = Ay:FAw, since C.C, and C;C, are respectively per- 
pendicular to the common chords FA,; and FAj:; but, considering points 
on the circle ¢;, the latter equals Ay3A93A 12 or AgyAosdoy. But AgiAosdoy 
was proved above to be equal to C.£,C3. Hence F, lies on the circle ©. 

It follows at once that 

(5a) Tangents at A3, to C2, at As; to Cy, at As, to ©;, meet at a point 
diametrically opposite to E, in ©;;* also that 

(5b) The pedal line of E, with respect to the triangle /,/3/, is parallel 
to 1.7 

(6) The perpendicular bisectors of Aj341, and A»3;A2, intersect at a 
point on the cireumcentric circle.t 

This point will be denoted by 73;. There are six such points. 

For, C,T3.C2 = AoyAy2Aqy, the sides being respectively perpendicular; 
the latter is equivalent to A.,FfA,;, the four points lying on &;; 


AFA a CiC3C2, 


since the line of centers of the circles ¢), €; is perpendicular to the common 
chord A»;F and C;2C; similarly perpendicular to A,,F. Then 


CT 3sC2 = C1C3C2, 


and the four points are concyelic. 

T3, is evidently the point diametrically opposite to A,» in the fifth of 
the circles of (3). 

The six vertices of the quadrilateral taken in threes determine sixteen 
circles. Four of these are ¢,, €:, €3, €;. Denote by C43’, C14’, C34’, - 
the centers of the circles circumscribing the triangles /,/;n’, l,lyn’’, Igln’”’, - 

It is evident that C,, C.,4’"’ and C3,’ are collinear, since the three circles 
are coaxal. Again Cy’, Cy;’, Co,’ and C3,’ are collinear, for the same 
reason. It is easily seen then that the sixteen centers lie three by three on 
twelve lines, the perpendicular bisectors of pairs of vertices on the same 
l, and four by four on three lines, the perpendicular bisectors of the 
diagonals. ! 

Now Ao4A34C, = (7/2) — AgyAo3A404 = AyoAayCo3’". Therefore 


AosAzsAi2 = C\A 34C'23°", 


on adding CA34A 1. And Cia tea” = AosA3,A 12) since Cin 
C24/"'C2;'"" are perpendicular respectively to 1,, n’’’. Therefore 


Che” rw” _ C\A 31C'93. 5 


’ 


* Wetzig, Crelle’s Journal, vol. 72 (1870), p. 351. 

+ Gallatly, Modern Geometry of the Triangle, p. 27. 

{ This theorem is given by Ripert, 1. ¢., who proves it analytically. I have furnished the 
above proof. 
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and Cy, C3'"", Co4’"" and As, are concyclic. Similarly C2, Cy3'", Cy4/", Asa; 
C3, Cig", Cay”, Ares Ca, Cis’, Cos’, Aig are concyclic. 

Let the circles C,C2,'""A3, and C,C,3'""A3, intersect again at J’. Now 
CJ" As, = CC!" Assy = AwAywA34; and 


C.J’ A ed C.C13'" Ass = A13A 12A 34. 


Therefore C,J’’C, = Ao3A12A13 = AgsAwAys = CiC3C2, by (6). Conse- 
quently J’” is on the circumeentric circle. Similarly we prove that 

(7) The four circles determined by the circumcenters of (a) the three 
triangles determined by A;, and two of the vertices on 1;, (b) the three 
triangles determined by A;, and two of the vertices on 1., (c) the three 
triangles determined by Aj. and two of the vertices on 13, (d) the three 
triangles determined by Aj. and two of the vertices on I, are concurrent 
at J’’’, a point on the circumcentric circle.* 

Two other points are associated with the other pairs of opposite vertices. 

Moreover, since CyJ'’A3, = CyCo4/"A3y = AgyAywAzy; and 


C7,J'°"'F = C,C3F = AyAF; 





ee ne 


therefore A3.J’’F = As,;A,y.F. Hence 

(7a) The points A3,, Ay, F and J’” are concyclic; similarly Aj3, Ao, ' 
F, J” and Aj, Ao3, F, J’ are coneyclic.* 

These are the circles of (2). 

3. The mid-diagonal line. We shall prove that 

(8) The middle points of the diagonals of the quadrilateral are collinear 
on a line, m, which contains the centers of all conics touching the four sides 


<oree> 
LES 


near 


" 
} z 
Awbor tase tht RES 


of the quadrilateral. 
This line will be called the mid-diagonal line of the quadrilateral; 


Ripert calls it the axis of mean distances; it is sometimes called the 


Newtonian. 

Let one of the inscribed conies touch 1, at Z;, ly at Zs, ls at Z;3. 
Then, applying Brianchon’s theorem to the hexagons Z4A 244A 12Z,Ai3A34, 
ZsAogA eZ A i4A34, we see that Z;Z,, Z;Z, pass respectively through Dz;, 
D,;. Let the lines joining A,4, Ai; respectively to (Z4Z,), (Z3Z,) meet at 


X. Then X is the center of the inscribed conic. 
Draw A,,¥Y, Ai3Y parallel respectively to Z;Z;, Z;Z, intersecting at Y. 


* Theorems (7) and (7a) are new. 

+ This theorem is ascribed to Newton by Steiner, 1. ¢., and others; it is sometimes ascribed 
to Gauss, for example by Schlémilch, Berichte der Gesellschaft der Wissenshaften zu Leipzig, Wi 
vol. 9, 1854, p. 4, and by Hall, Messenger of Mathematics, vol. 4, 1868, p. 137. In fact the theorem " 
is an immediate consequence of lemma XXV, cor. 3, sect. V, vol. 1 of the Principia, 1684. The 


first pari of it was probably first explicitly stated by Connor in the Ladies’ Diary for 1795. The 
The mid-diagonal is thus 


proof above is due to Poncelet, Gergonne’s Annales, vol. 12, p. 109. 
the earliest known of the lines and points connected with the complete quadrilateral. ia 
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Then the pencils of rays with vertices at A,, and A,; respectively and passing 
through the points A3;, Y, Z;, X are both harmonic. Hence Aj, Y, X 
are collinear. 

Draw YT parallel to n’’, cutting 1; at T. Now triangles TA,;Y, 
A,»Z,D,; are similar, so that 7'Ay3-D,;Ay. = TY-Z,A,2; and triangles 
TA.sY, AyZ,Do; are similar, so that TA,y-Do3Ay. = TY -Z;Ay. Hence 
TA13 TAys = Doz3Aq2 DysAy2; and therefore TAy3 Ay3Ays = De3A12/DexD43. 
Hence T is a fixed point; and therefore, if we consider the various possible 
inscribed conics, the locus of Y is a fixed line YT. 

Now the pencil having 7 as vertex formed by rays passing through 
A3;, Y, Z,, X is harmonic; therefore the locus of X is the fixed line XT. 
Let XT cut Ay2A3;in B;. Then the points A3;, *, Ay, B; form a harmonic 
range; that is B; bisects A y.A5;. 

Similarly we can show that the line which is the locus of centers of the 
inscribed conies bisects A,3;4; at By. and Ay4yA; at B,.* 

Let U, be the center of gravity of the triangle /sl;/,, U'’; the center of 
gravity of equal masses placed at the three vertices that lie on the line /;. 
Then 

(9) The line U,U,’ is concurrent with the three similar lines at their 
common mid-point U’ on the mid-diagonal line. 

The point U is the center of gravity of equal masses placed at (a) the 
six vertices; (b) the four centroids U',, Us, U3, Uy; (c) the four points 

1, U2’, Us’, Us’; (d) the three points B,, Bz, Bs. 

Place equal masses, m, at the six vertices. (a) Combine masses at 
opposite vertices; this gives three masses, 2m, at B,, Bs, Bs; whose center 
of gravity, U, is found by bisecting B.B; at C and locating CU equal to one 
third of CB,. (b) Replace three masses, m, at A34, Aes, Aes by 3m at U4, 
replace three masses, m, at Ajo, Ay3, Ay, by 3m at U’. Then U bisects 
U,U,’, and it is also the common mid-point of the three lines joining the 
mid-points of the opposite pairs of sides of the quadrangle U,U,U;U',. 

(10) The lines joining (A,3A,;) to (Ao3A495) and (Ay3A93) to (Ay4A 04) 
intersect on m.t 

Similarly two other points on m are located. The theorem follows at 
once from the fact that the diagonals of a parallelogram bisect each other. 

4. The pedal line. 
a Simpler proofs that the middle points of the diagonals are collinear may be found in Casey’s 
Sequel to Euclid, 1886, p. 5, in C. V. Durell’s Plane Geometry for Advanced Students, Part I, 
1909, pp. 118, 119, 188, and elsewhere. 

Some remarkable members of the family of conics touching the four sides of the quadrilateral 
are discussed by Ripert, |. c. 

+ This theorem is given by Ripert, |. ¢.; it is proved, as above, by Neuberg, Annales de la 
Société scientifique de Bruxelles, 1902, p. 13. 

¢ This theorem is given by Schlémilch, 1. c. 
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(11) The feet of the perpendiculars from the focal point to the four sides 
of the quadrilateral are collinear.* 

The line on which these four points lie will be referred to as the pedal 
line of the quadrilateral and it will be denoted by p. 

Let G, be the foot of the perpendicular from F to l,. The theorem 
follows at once from the Simson, Wallace or pedal line theorem. 

(12) At G, the circles drawn on F'Aj., FA,3, FAy, as diameters concur.t 

Three circles similarly concur at G2, G3, G,; on the pedal line. 

If A, B, C, D are four concyclic points and H,, H,, H., Ha are the 
orthocenters of the triangles formed by omitting A, B, C, D respectively, 
it is easily seen that AH,, BH,, CH., DH, bisect each other at a point N. 
So H,, H,, H., Ha is a group of four coneyclic points on a circle whose 
radius is equal to that of the circle circumscribing ABCD.§ From the 
fact that the orthocenter of a triangle is the external center of similitude of 
the nine-point circle and the circumcircle of the triangle, and that the radii 
of these circles are in the ratio of 1 : 2, it follows that the nine-point circles 
of the four triangles ABC, ABD, ACD, BCD are concurrent at VN. From 
the fact that the line joining a point on the circumcircle of a triangle to the 
orthocenter of the triangle is bisected by the pedal line of the first-named 
point, it follows that the pedal lines of D, A, B, C with respect to the tri- 
angles ABC, BCD, CDA, DAB respectively all pass through the point N. 
Therefore, returning to the complete quadrilateral, we have _ 

(13) The nine-point circle of the triangle A»3A 3,424 is cut by the nine- 
point circles of FA»3;A 34, FA34A24, FA23Ao4 at the point on the pedal line 
where FH, cuts it, H, being the orthocenter of the triangle A23A 3;A 04. 

Three similar points exist. 

Let F, be the point in ¢, diametrically opposite to F. Draw F,G,’, 
F,G;' perpendicular respectively to I, 13; then G2'G;' is the pedal line of 
F, with respect to the triangle Jol3l,. 

Now G;G2A03 = G3F'Ao3 = (2/2) — FAo3A34; and 


G;'G2'Aos = G3/F Ao = (1/2) aad AgyAo3F 1. 


Therefore FAo3A 34 + AgyAosl'1 = (4/2) = Gs'Go'Ao3 + GsG2A23. Hence the 
pedal line of F,; is perpendicular to the pedal line of the quadrilateral. 
Similarly the pedal lines of F2, F3, F's with respect to the triangles [3lsl;, 
Ilyl, Lylels are perpendicular to the pedal line of the quadrilateral. 


* This theorem was given by Steiner, |. c., and proved by Davies, I. c. 

t Mackay, I. ¢.; Mathematical Repository, old series, vol. 2, 1800, p. 111. 

t Catalan, Théorémes et problémes, sixth edition, 1865, p. 34. 

§ Mention, Nouvelles Annales, vol. 4 (1845), p. 654. Cf. (e) and (u) in part III. 

| These facts are quoted by Alison, Proceedings of the Edinburgh Mathematical Society, 
vol. 3 (1885), pp. 79-93; they are referred by him to the Ladies’ and Gentlemen’s Diary for 1864, 
p. 55, and to the Reprints from the Educational Times, vol. 1, Question 1431. 
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Now let H,F meet GoG; at X,, H,F, meet G,'G;’ at X,’. Let Y, be 
the middle point of C;H,. Then, since X, bisects FH,, X,’ bisects FA, 
Y, bisects C,H, and since C, is the center of the circle whose diameter is 
FF,, Y, is the center of the circle whose diameter is X,X,’.. But Y, is the 
center of the nine-point circle of the triangle /s/3l,, and X,, X,’ are on this 
circle. Hence GG; and G.’'G;' intersect at a point on the nine-point circle 
of I.lsl;. Thus the pedal lines of the extremities of any diameter of the 
circumcircle of a triangle intersect at right angles on the nine-point circle 
of the triangle.* Hence 

(14) The nine-point circle of the triangle A234 3,42; is cut by the pedal 
line of F, with respect to that triangle at a second point on the quadrilateral’s 
pedal line. 

Three similar points exist. 

The following generalization of the pedal line may be mentioned: 

(lla) If FG,, FG., FG;, FG; are drawn making any constant angle 
with /;, 12, 13, l;, the points G,, Gz, Gs, G, are collinear. 

3. The orthocentric line. From the well-known fact that the pedal line 
of a point with respect to a triangle bisects the join of that point to the 
orthocenter of the triangle,§ it follows that 

(15) The orthocenters of the four triangles formed by the sides of the 
quadrilateral in threes are collinear in a line parallel to the pedal line and 
twice as far from the focal point as is the pedal line. 

This line will be called the orthocentric line; it will be denoted by o. 

(16) Cireles drawn on the three diagonals of the quadrilateral as diam- 
eters are coaxal, their radical axis being the orthocentrie line. 

Let A3,H, cut 1, at Ao, AosH, cut 13 at Az, Ao3HM, cut 1,at Ay. By similar 
triangles, A3,;H,-H,A, = AosH,-H,A3 = AosH,-HyAy. But Ag,H,-Hy,A2 
is equal to the square of the tangent from H, to the circle on Az4,Aq2 as 
diameter; and A»o,H,-H,A; is equal to the square of the tangent from H, 
to the circle on A2;A,; as diameter. These tangents may be imaginary. 
Then H, is a point on the radical axes of the three circles in pairs. Similarly 
H>, H;, H,; are on these three radical axes. But, by (15), it follows that the 
three radical axes coincide with the orthocentric line. 

As an immediate consequence we have the theorem 


* Casey, Sequel to Euclid, edition of 1886, Ex. 138, p. 164. Attributed to Graham in this, 
not in later, editions. 


+ In (13) and (14) I have made an obvious extension of theorems in the geometry of the triangle 
to the geometry of the quadrilateral. 

t Poncelet, Propriétés Projectives, 1822, § 468. 

§ E. g., Casey, Sequel to Euclid, p. 36. 

' This theorem is given by Steiner, |. ¢., and is proved by Davies, 1. ¢. 

€ This has been called Bodenmiller’s theorem, for example by Schlémilch, 1. ¢. It was 
stated without proof by Davies, 1. ¢., in 1835; it is not in Steiner’s list of 1828. 
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(16a) The mid-diagonal line is perpendicular to the orthocentric and 
pedal lines.* 

Also 

(17) The parabola z which touches the sides of the quadrilateral has 
F for its focus and the orthocentric line for its directrix.t 

For the circle circumscribing the triangle formed by any three of these 
tangents passes through the focus; and the directrix passes through the 
orthocenter of that triangle.t 

(17a) The pedal line and the family of lines of (11a) all touch the para- 
bola z.7 

(17b) The parabola x also touches the six lines joining (A,3A,4) to 
(Ao3A04); (AisAe3) to (AyyAas); +++. § 

This is easily proved by the method of polar reciprocation, as in part 
IV below, since the harmonically conjugate lines of L,F with respect to the 
angle L;L,L, and of L.F with respect to the angle L;L.L, are easily seen to 
concur at a point on the circumcircle, which is the reciprocal of the parabola. 

(17c) The ends of chords parallel to 1; from A3,4 in ©:, from Ag, in €3, 
from A»; in ¢, are collinear with F in a line which cuts 7 at the point of 
tangency of the parabola with 1). 

Three other such lines exist. 

For, if the line from A;, parallel to 1;, cuts ¢: at U», join FU, and let 
it cut 1; at JT. Now, considering points on ©, FU.A3, = FA,3A34; and, 
considering that F’, A,;, G,, Gs; are concyclic, the latter is equal to FG,G;. 
Let the axis of + be drawn perpendicular to G,G; and let it cut /, at S. 
Then TSF = FG,G; = FU.A;,. But, by alternate-interior angles, the 
latter is equal to FTS. Therefore, since 7SF = FTS, T must be the point 
of contact of 1, with the parabola z. 

Similarly FU; and FU, cut |; at this point. 

Draw Ao L;', Agi.’ perpendicular to 1,; draw L;’M;', L2’M,' per- 
pendicular respectively to l;, l,. Let these lines intersect at V;. 

Now A213’ passes through H;, A3,L2’ through H,. Let L;'V;, Asslf2 
cut at Y; Le'Hs, Ay,H; at Z. Then the anharmonic ratio of the pencil 
whose vertex is L3’ and whose rays pass through H3, Vi, H2, Ai is equal 
to the anharmonie ratio® of its transversal (2% YH>L,.’); but this is equal 
to H.Le'/HsY, which is equal to AysLe"/ Aish’. 


* This theorem is given by Steiner, I. c. 

t This theorem is generally credited to Steiner, for example by 8. Kantor, Sitzungsberichte 
der Akademie der Wissenschaften, Wien, vol. 76, part 2 (1878), p. 753. It is not however given 
in Steiner's note of 1828. 

t Salmon, Conic Sections, edition of 1879, pp. 207, 275. 
edition of 1899, pp. 48, 70. 

§ This theorem is given by Ripert, 1. ¢., and proved by him analytically. 


C. Smith, Geometrical Conics, 


This theorem is new. 
© The anharmonic ratio of four points on a line (ABCD) is the value of (AB-CD/AD-CB). 
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Again the anharmonic ratio of the pencil whose vertex is L2’ and whose 
rays pass through H;, V1, He, Ay is equal to the anharmonic ratio of its 
transversal (H; x ZA,,;); but this is equal to ZA, A\sHs, which is equal 
to A, Lo'/AysL;’. 

Therefore the pencils have equal anharmonic ratios and H;, V,, H» are 
collinear. 

Similarly, if A.;L,’ is perpendicular to /; and 14M,’ is perpendicular to 
l,, this last line passes through V,.* V, is called the orthopole of 1, with 
respect to the triangle /s/;/;. Hence 

(18) If perpendiculars are drawn from the vertices of one of the four 
triangles of the quadrilateral to the other side of the quadrilateral, and if 
then from the feet of these perpendiculars are drawn to the sides of the 
original triangle opposite the respective vertices, these three lines are con- 
current at a point on the orthocentric line. 

There are four such points. 

(19) The center of the circle, 2, circumscribing the diagonal triangle 
D,2D,,Do; lies on the orthocentrie line.7 

For (Ay3Dy.Ae,De;) is a harmonic range; therefore any circle through 
D.; and D,». is orthogonal to the cirele on A,3;4o; as diameter. Conse- 
quently the circle 2 is orthogonal to the circles having AyoAs;, AysAe, 
Aj ;A03 respectively as diameters. Hence, the theorem follows from (16). 

Let Ao3H, cut AysHe in Ay.’ and A,,H; in Hys': AosH; eut AyyHe in 
H, and A,;H; in H;,'.. Let Ao,H, cut 1; at S; let the orthocentric line 
cut/,at 7,;. Now, since lines joining corresponding points are perpendicular 
to 1;, the anharmonic ratios of (ST,A,;A,.) and (H,7,H.H;) are equal; 
considering them as transversals across a pencil with vertex at A,,, we see 
that the anharmonic ratios of (H,7;H»H;) and (H,SH,.'H,;') are equal; 
but the latter is the same as (SH,H,;'H,.'). Hence 


(STA eye | 2) = (SH,H,3'H.'); 


and A 43H,3', Ay.H,.’ and the orthocentric line are concurrent. Thus it 
can be shown that 

(20) The lines A 2 12’, A 13/4 13’, A 1 iH, a A sell a4! are concurrent at a 
point Z’, on the orthocentric line.t 

Two other points are similarly found. 

Let Ao3H, cut 1; at Ly'y and A.,H, cut 1, at L,’. It is not hard to show 
that 
* According to Gallatly, this theorem is due to Neuberg. See his Modern Geometry of the 
Triangle, Chapter 6, where this and a number of other properties connected with the orthopole 
are worked out analytically. I have supplied the above proof and extended the theorem to the 
quadrilateral. 

+ Mobius, Berichte der Gesellschaft der Wissenschaften zu Leipzig, vol. 9 (1854), p. 87. 

¢ This theorem is due to Terrier, Nouvelles Annales de Math¢matiques, vol. 14 (1875), p. 
514. I have supplied the proof. 
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(20a) The lines L,'*L,’ and L,’”L;” are concurrent at the point Z’ of 
(20).* 

Similarly a pair of lines passes through Z”’ and a pair through Z’”. 

It is obvious that 

(21) The perpendiculars from (A,3;A,,) to l, and from (A23A.;) to l; 
are concurrent at (#13,H,).* 

There are six points of this kind on the orthocentric line. 

(22) If lines are drawn from each vertex of the quadrilateral isogonally 
conjugate, with respect to the angle at that vertex, to the line joining that 
vertex to the focal point of the quadrilateral, these six lines are all per- 
pendicular to the orthocentric line.t 

For, F, Ay, Gs, Gy are coneyclic; hence, FG:G, = FA.4A3,. Draw 
A»,T isogonally conjugate tot As with respect to A,.A.4A3y. Then 
PG.G, = AszsAuT. But FG, is perpendicular to 1,; therefore A.;7' is 
perpendicular to p; that is, A»;7' is perpendicular to o. 

(23) Perpendiculars from F to J;, 1; cut ©), ©3 respectively in points 
collinear with A., in a line parallel to 0.§ 

Five other such points exist. 

For, FG,G, = FAA = FAywAosy = FW3Ao4, where Ws; is the point 
where FG, cuts €;, the first equation following from the fact that F, G,, Ais, 
G, are coneyclic. Therefore W As, is parallel to p; similarly Wy Az, is 
parallel to p. . 2! 






















In the quadrilateral A,;4,;A.;A423; denote the lengths of the sides in oe 
the order named by s;, ss, 82, 83. Let the perpendicular bisectors of s; bs 
and s. meet at 7';,, and the perpendicular bisectors of s; and s; at Tp. re) 






Compare (6). Denote the distance of 7,2 from s3 by t)2’”. 


Now 
73,B,? — T.B,? 





T3sAo¢ + T33A 13° — T 2A? nip T 2A 43" 
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* Terrier, |. ¢. 

+t Lachlan, Modern Pure Geometry, 1893, ex. 4, p. 68. 

t Two lines are isogonally conjugate with respect to an angle, if they pass through its vertex 
and make equal but oppositely directed angles with the sides of the angle. 

§ This is an extension of a theorem in Richardson and Ramsay, Modern Pure Geometry, 


1893, ex. 15, p. 53. 












244 JOHN WENTWORTH CLAWSON. 


Hence 73;B2 — Ty BY = 73,B2 — T12B.2. Therefore 7,.7'3, is_per- 
pendicular to B,B,. Hence 

(24) The chords 732733, T137'24, T147'23 are all parallel to the orthocentric 
line.* 

Now 73, is diametrically opposite to Aj». in the circle determined by 
(Ayselis), (Ae340s), Ave. But this circle goes through F, by (3). Hence 
FT; is perpendicular to FA... Hence 

(24a) If A,.’” is the point diametrically opposite to Aj,» in the circle 
@3, F, T33, Ayo’, Aq'* are collinear.* 

Five other sets of collinear points exist, all six lines being concurrent at F. 

If 73,’ is the point in the cireumeentric circle diametrically opposite 
to T3,, then 7'345F73,' = T3,F Ay. = 7/2. Hence 

(24b) The line A,.F cuts the cirecumcentrie circle at a point diametrically 
opposite to 7'3,.* 

The following theorem is added, without proof: 

(24c) The points F, A3,", Aoy’”’, Aes'* are concyclic; and the center of 
this circle is diametrically opposite to C,; on the circumeentric circle.* 

There are three other such points. 

The following interesting but isolated theorem may be added here with- 
out proef: 

(25) The perpendicular bisectors of C,H,, CoH», CsH; and C,H, are 
concurrent.7 

6. The bisectors of the angles. Let the bisector of the angle through 
which /; must be rotated in the positive direction in order for it to coincide 
with /, be denoted by J,.. Let 1; and J.; intersect at Ay,'; l,;; and Is. at 
Kyo’; ly; and [23 at Koy’; Uy, and ly. at Koo’. L,3 and ln, at Ay,"’: dy3 and ly. 
at Ay2’’; U3; and log at Koy’; 13; and ly. at Koo"; ly. and [34 at Ay)": by. and 
ly, at Kye’; ls; and 13, at Koy’; 12; and ly; at Ko’. Let the incenter of 
Intl, be I; the excenters opposite A3;, Ass, Ass respectively Ty. J13, Lis 
All these points are shown in Fig. 2. 

(26) The lines 


Ky) Ky" Ko", Ki;'Koo"K,"", Koe'K3,"K 1)", Koo’ Koo" K-."”’ 


9 


are the sides of a complete quadrilateral, ©;, and 


Kye Ky" Kye”, Ky2'Koy""Ko,'", Koy’ Ky." Ko", Ko Ko" Ky.” 


are the sides of a complete quadrilateral, ©,.t 


* This is given and proved analytically by Ripert, 1. e. 

* Lachlan, Modern Pure Geometry, 1893, Ex. 4, p. 92. Lachlan credits this theorem to 
Hervey, Educational Times Reprint, vol. 54. Another proof is given by Liénard in Mathesis, 
vol. 1 (1911), pp. 89-91. 

} Mention, Nouvelles Annales, vol. 1 (1862), p. 76. 


’ 
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For the lines joining corresponding vertices of the triangles [14] y3J 40, 
I j,232f. concur at J,; hence, by Desargues’ Theorem, the intersections of 
corresponding sides, i. e., Ky,’, Koo”, Ky,:'’’, are collinear. Similarly for 
the other sets of points. 
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Now I, Z21, 134, 7, are coneyclic. For 


eee 


A 2A 242 as A 4A 2A 14, 


Ila, = : 9 ’ 


and 
A 2A iad A wA 34-213 s 


[aly = 9 ’ 


but Ay2AoyAgy + ApsAgsAi3 = AosA Ars + Ar:A13A 34. 

The diagonal triangle of the inscribed quadrangle J,JJoJ34 is 
Koo'Ky)'Koo'"".. Now the orthocenter of the diagonal triangle of an in- 
scribed quadrangle is at the center of the cirele.* But Ke2’Ky)K22"" is 
one of the triangles of ©;. In this way it is proved that 

(27) The sixteen centers of the circles inscribed and escribed to the 
four triangles of the quadrilateral are four by four concyclic, giving rise 
to eight new circles. These eight circles divide themselves into two groups, 


* Steiner, Crelle’s Journal, vol. 30. Kantor, 1. c. For N’N’’N"’’ is a self-conjugate triangle 
with respect to the circle. 
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such that the centers of four circles of one group are collinear (on s, the 
orthocentric line of the quadrilateral ©,) and those of the other group are 
also collinear (on sz the orthocentric line of the quadrilateral ©,).* 

The circles are J,, I2;, I34, Z4, center Y¥y; Ly, Io, L3, [43, center Yo; 
T 13, I23, Iso, I42, center Y3; Is, Io4, Z31, 41, center Yy. In the other group, 
T14, Io3, I3, Ix, center Z,; I13, Ios, 34, I43, center Zo; Dy2, L21, I31, L42, center 
Z3; 11, Is, I32, I4;, center Z;. 

Now 


Yolils + [51152 (7/2) — Tso, + 2/2 — Tislosls 


= To3lo,Agq nail Agsloslo1 = 72. 


Therefore },J;Z,; = 7 2. Hence =, is orthogonal to y,. Hence 

(27a) The circles of the first group, y, are respectively orthogonal to 
those of the second group, =; hence the lines s;, s2 are perpendicular. 

These lines will be called the incentric lines of the quadrilateral. 
Now K2.’ is the pole of Ay,’’K2."” with respect to ¥,; therefore, since 
Ky’, Ky’, Keo’ are collinear, Keo’ and Ky,’ are conjugate points with 
respect to y;. Hence the circle on A».’K,,’ as diameter is orthogonal to ;. 
Similarly circles on Ay,'’Kos"’ and Ky,’ Ko.’ as diameters are orthogonal 
to », and these three circles are also orthogonal to y2, 43, y;. In this way 
we find that 

(27b) Three new circles may be added to each of the systems, y and =, 
of mutually orthogonal circles.t 

These circles are K »2’A ,,Ao3;Ko,', center ¥’; Kyo’, Ay3, Aes, Ko,’’, center 
Y"; Ky’, Ay, Ags, Koi’, center Y’’’. In the other group, Ky;', Au, 
Aos, Koo’, center Z’; Ky,'’, Ay3, Aes, Koo’’, center Z”; Ky,/"", Ayo, Ags, Koo” 
center Z’”. 

It follows that 

(28) The orthocentric line of the quadrilateral ©, is the mid-diagonal 
line of @2, and vice versa.t 

Now K,,’ is the orthocenter of the triangle K,,'K2;/Ko’. The nine- 
point circle of this triangle passes through A,; and A». It has the line 
joining (Ky.’K2;’) to (Ky;'Ko2’) as diameter. But these are points, Y’, Z’, 
ON 8}, S2 respectively, which are perpendicular lines. Hence 

(29) The intersection of s, and s. is on the nine-point circle of 
Kyi Koy’ Koe".F 


Call this intersection F’. Then, considering points on the nine-point 


, 


* With the exception of the words in parentheses, this theorem is given by Steiner, |. ¢. The 
words in parentheses were added by Mention, |. ¢., who first proved the theorem. The above 
proof follows Mention closely, with a changed notation. 

+ Mention, 1. ¢. 

¢ Sancery, Nouvelles Annales, vol. 14 (1875), p. 145. 
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circle of Ay,'Ko;'Ko2', we have A,,F’Ao3 = A4.Z'Ao3; but, since Z’ is the 
center of the circle A,,Ky;'Ao3, the latter is equal to 2A ,4Ko0’Ao3 or 
2(Koo'AysAog + AvsAosAo3 + AosAo3Ko2') or Ay2AyAos + AoyAo3A34 + 
2A 4A oiAe3 or A 3A y2A03 + A 144 33A 13+ 

But, F being the focal point of the quadrilateral, 


AisFAo3 = Ay3A 12A03 + A 14A34A13.* 


For, Ay3FAo3 = Ay3A 12A03 and AyyF'Ay3 = A y4A34A 3. 

Hence F’ lies on the circle A,,;A.;/; similarly on A,3;4o;F and on 
Ay.A3,F. Since these three circles cannot be coaxal,{ they have only the 
point F in common, so F’ coincides with F. Hence 

(30) The incentric lines intersect at the focal point of the quadrilateral.t 

The interesting fact seems not to have been noticed that 

(31) The incentrie lines bisect the angles A,,FAo3, Ay3F Ao, AyF Agi. 

For, if Ky.'Ke,;' cuts Ky,'K..’ at W, then Aj, Y’, Aes, F, W and Z’ are 
all points on the nine-point circle of Ky,;’Ko,'Koo’.. Then 


A,,FY’ _ A,yWY’ si A uWKo’. 


Also Y'FAs; = Y'WAo; = Ko,'WA2;. But A,,W and A.3W are equally 
inclined to the altitude A.,/W. Therefore A,,FY’ = Y’F Ao. 


Part II. RELATIONS DERIVED BY AN INVERSION. 


7. Inversion of a quadrilateral. It is well known that a complete quadri- 
lateral, ©, inverts with respect to its focal point as center of inversion into 
the four circumcircles of a second quadrilateral.§ This new quadrilateral, 
©’, is inversely similar to the original one, the axis of similitude being one 
of the incentrie lines; and points and lines connected with the new figure 
invert into points and lines connected in different ways with the original 
one. The incentric lines of the old are evidently also the incentric lines 
If we denote by ¢,;’, the circle into which l; 


J? 


of the new quadrilateral. 
inverts, and by 1,’ the line into which ¢; inverts, since the foot of the per- 
pendicular from F on 1,’ inverts into the point diametrically opposite to F 
on ©,, clearly F and the four points diametrically opposite to F on the four 
circles ¢,, G2, €3, ; are coneyelic on a circle, the diametral circle, which 
touches the circumcentrie circle of © at F and has twice the radius. Hence, 
o’, the orthocentrie line of &’, being twice as far from F as p’, by (15), 

* Davies, Mathematical Repository, vol. 6 (1835), Question 524. 

t This is easily seen by inversion with F as center; compare part IT. 

t This beautiful theorem is the last of Steiner's list; the proof is that of Mention, modified to 


fit Johnson’s notation. . 
§ McClelland, Geometry of the Circle, 1891, Ex. 12, p. 256; also Coolidge, Treatise on the 


Circle and Sphere, 1916, p. 87. 
Clawson, American Mathematical Monthly, vol. 24 (1917), p. 71. 
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inverts into the circumeentric circle of ©. Thus points on o’ invert into 
points on ¢, and points on ©’ invert into points on o. Throughout this 
part P’ means the point inverse to P. 

The following lemma will be needed: 

(4) If the straight line AB be bisected at MV, the inverse of M is the 
intersection of the circle OA’B’ with a circle of Apollonius of the triangle 
OA’B’ (the locus of a point P moving so that A’P, PB’ = A’O/OB’). The 
perpendicular bisector of AB inverts into the circle of Apollonius named 
above. 

I shall call WM’ the Apollonian point of A’ and B’ with respect to the 
point 0. 

8. More lines through the focal point. The following theorems are ob- 
tained by inversion from those indicated by the notation at the end of the 
theorems: 

(32) A circle through F touching /, at Aj, cuts the circle ¢, at F and 
at a point on the diagonal n’’’. There are twelve such circles determining 
four points on each diagonal (2). 

(33) The Apollonian points of pairs of opposite vertices with respect to 
F determine a circle which passes through F (8). 

(34) If a circle through F and A, touching ©, cuts ], at \.’; a circle 
through F and A,; touching ¢, cuts /; at A3’; a circle through F and Aj, 
touching ©, cuts J; at 4’; then A’, Az’, As’ are collinear with F in a line 
which cuts ¢, at the point of tangency of ¢, with a ecardioide touching the 
four circumcircles, having F for its pole and with the diameter of the circum- 
centric circle produced its own length for its axis. There are three other 
such lines (17c). 

(35) The point in which the diameter of ¢, through F cuts /; and the 
point in which the diameter of ¢; through F cuts 1, are coneyclie with F 
and A,; on a circle touching the cireumcentric circle at F. Five other such 
circles exist (23). 

9. More points on the circumcentric circle. 

(36) Circles through F, A;, orthogonal to ¢;, through 7’, A,, orthogonal 
to €,, through F’, A2; orthogonal to ©, are concurrent at a point on the 
circumcentric circle. There are three other such points (15). 

(37) If the circle through F, Aj, orthogonal to ¢; cuts ©, in A»’, the 
circle through F, A,; orthogonal to ¢, cuts ¢, in A,’ and the cirele through 
F, Ay, orthogonal to ¢, cuts ¢, in \,’, then the circles through F, \»’ ortho- 
gonal to ©,, through F, \;’ orthogonal to ¢; and through F, \,’ orthogonal to 
€, are concurrent at a point on the circumcentric circle. There are three 
other such points (18). 

(38) The three circles through A 4, A2; orthogonal to the circle FA ,4A 23, 
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through Aj;, A2, orthogonal to the circle FA,;A., and through Ajo, Ag, 
orthogonal to the circle F'A ,.A3, have two points in common which are both 
on the circumeentric circle (16). 

(38a) The circle of (33) is orthogonal to the three deiien of (38) and 
also to the circumcentric circle and to the diametral circle (16a). 

(39) If circles through A,,, F orthogonal to ¢,; and through A.;, F 
orthogonal to ©; intersect at ao’; if circles through A,,, F orthogonal to @; 
and through A.;, F orthogonal to ©; intersect at a;;’; if circles through 
A,,, F orthogonal to ¢, and through A.;, F orthogonal to ©, intersect at 
a»;/; and if circles through A,,, F orthogonal to ¢; and through A.;, F 
orthogonal to ©; intersect at a3,’; then the circles Fays'Ay2, Fay3' Ais, 
Fess’ Aoy, Fas,’ A3, are concurrent at a point ¢, on the circumcentrie circle. 
There are three other such points (20). 

(39a) If the circle through Ary F orthogonal to ¢, cuts ©, at d,‘*, the 
circle through A,,, orthogonal to ¢, cuts ¢; at 4’, the circle through Ao;3, F 
orthogonal to ©. cuts ©. at d./” sal the circle through A.;, F orthogonal 
to ©; cuts ©; at A;"", then the circles F),'*X,’ and F),.'"");”" are also con- 
current at ¢; (20a). 

(40) Cireles through F and the Apollonian point of Aj; and Ao, 
orthogonal to ¢, and through F and the Apollonian point of A,; and Ages 
orthogonal to ¢; are concurrent at a point on the circumeentric circle. 
There are five other such points (21) 

10. More points on the orthocentric line. 

(41) If 0;, 02, 03, 0, denote the points of intersection of o with per- 
pendiculars from F to the sides 1,, ls, ls, 1; respectively, the circles of Apol- 
lonius through F of the three triangles FA j.A,3, FAyA yy and FA,3A44 
intersect at o; (4). 

(42) If €;, es, €;, €; denote the points of intersection of o with 1), ls, Is, ls, 
the circles FooA yo, Fo3A,3 and Fo,A,, intersect at €; (5). 

(42a) Cireles through /, A,. tangent to ls, through F, A;; tangent to 
l, and through F, A,, tangent to 1; meet at a point ¢;’ on l;, and 


ele,’ = g/2 (5a). 


(43) The circles of Apollonius through F of triangles FA,3;A,, and 
F Ao ;A., intersect at a point 73,0n 0. There are five other such points (6). 

(44) The line F753; is perpendicular to F'A3, (24a). 

11. The incentric lines. Two circles, passing through A;,; and F, bisect 
the angles between ©, and ©. Call the one whose center, Cy», is so placed 
that FC, bisects C:FC2, ©,2; call the one whose center, Cs, is so placed 
that FC., bisects C2FC), Cx. Now C54, Coz, C4o; Cas, C32, C243 Cas, ©23, Coa; 
C43, Cyo, Cy are concurrent respectively meeting at a, tis, tis, ts In this 
way sixteen points are obtained. 
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(45) These points are concyclie in fours in such a way as to give two 
sets of four coaxal circles each. These sets are mutually orthogonal and 
their lines of centers are the incentric lines (27) and (27a). 

(46) The points A,,, Aes, the intersection of ¢,,, €:; and the intersection 
1, ©3201 Ays, Aes, the intersection of Cj;, C2,, and the intersection of 
Sot Ayo, Agy, the intersection of ©), ©3,, and the intersection of 
©s,;, Cy; determine three other circles belonging to one of these sets; also 
Ay;, Ao3, the intersection of ©)4, C32, and the intersection of €4;, C23; and 
two other such sets of points determine three circles belonging to the other 
set (27b). 

Again, if €),, €23 intersect at x’, 


Ajyk’Ao3 = Ain’ F + Fr’. a SA CaF + SFC y5A93;3 


" 
C4 

2 
C31, © 
- 
e 


but 
4A WCo3F = (7 2) — Co3FAqy = (2) — (Co3FPC3 + C5F Ai) 
= LCF ¢ 3+ A yyAasF, 
on considering points on the circles €2;, €;; and 
FC y,A03 = (7 2) — Ao3FCyy = (2/2) — (Aa3FC, + CFC 4) 
= CFC, + PAosAaq3, 


on considering points on the circles ¢;;, ¢;; hence 
Aysx’Aos = AysAogAo3 + 3(C3C1C2 + CyC2C)) 
= Ay sAosAe; + »(AosFAs, +A isl"A3;) 
= A y;Ae4Ao3 + »(AeyAo3A sata 13/4 1435) = Ai3A rele3tAyyA 344 43. 


But it was shown, in part I, §6, that A,,Ae.’A.; is equal to this same 
expression. Hence x’ lies in the same circle with A,;, Koo” and Ag; hence 

(47) The circles of (46) are identical with those of (27h); and hence the 
circles of (45) are coaxal with the circles of (27). 

12. Summary. There have now been enumerated sixteen straight lines 
passing through the focal point: four in (17a), six in (24a), four in (35) and 
the two incentric lines. 

There are one hundred and thirty-four circles of more or less interest 
passing through the focal point: four circumcireles, one cireumcentric 
circle, one diametral circle, three circles in (2), six in (3), six in (12), four 
in (24c), twelve in (32), one in (33), twelve in (34), six in (35), twelve in 
(36), twelve in (37), twelve in (39), six in (39a), twelve in (40), twelve in 
(41), and twelve in (42). 

On the circumcentric circle forty-seven points have been mentioned: 
four circumcenters, one focal point, four points in (5), six in (6), three in 
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(7), six in (24b), four in (24c), four in (36), four in (37), two in (38), three in 
(39), and six in (40). 

On the orthocentric line are thirty-eight points: four orthocenters, two 
points in (16), four in (18), one in (19), three in (20), six in (21), four in 
(41), four in (42), four in (42a), and six in (43). 

On the mid-diagonal line there are seven points: three mid-diagonals, 
three in (10), one mean center, besides an indefinitely great number of 
centers of conics touching the sides of the quadrilateral. 

On the pedal line there are twelve points: four in (11), four in (13), 
four in (14). 

On each of the circles determined by F and a pair of opposite vertices 
there are eight points: four in (2), one in (7), the focal point, and a pair 
of vertices. 

Part III. PROPERTIES OF A CYCLIC QUADRANGLE. 

13. The mean center and the orthic center. It will be shown in part IV 
that the polar reciprocal of the complete quadrilateral with respect to a 
circle having F as center is a cyclic quadrangle, that is, a group of four points 
on a circle. From the properties of the cyclic quadrangle, L,L.L3L,, 
properties of the quadrilateral can be obtained by reciprocation. It there- 
fore becomes desirable to collect in this part certain theorems concerning 
points and lines connected with the cyclic quadrangle. 

(a) In any quadrangle the joins of the mid-points of the three pairs of 
opposite sides are concurrent.* The point of concurrency, £, is the center 
of gravity of four equal masses placed at the vertices (Fig. 3). 

The point F is called the mean center of the quadrangle. 

(3) The join of each vertex to the center of gravity of the triangle 
determined by the other three vertices passes through E.+ The join of the 
intersection of the diagonals L,L;, L2L, to the center of gravity of the 
quadrangle also passes through /.t 

For, equal masses m at each vertex may be replaced by 2m at (1,12) and 
2m at (L3L,) and these in turn by 4m at the bisector of the join of these 
points. Again the four equal masses may be replaced by 3m at G,, the 
center of gravity of the triangle L2L3L,, and m at L,; and E must lie on 
G,L, so that G,E is one third of EL,. Finally m3 each at Le, L3, Ly may 
be replaced by m at G,; hence the four masses may be replaced by equal 
masses at Gy, Go, G3, Gy. But G, the center of gravity of the quadrangle, is 
at the intersection of G,G3; and G.G,. Since the quadrangles £ and g 
are homothetie with E as center, the intersection of the diagonals V’’ and 
the point G are collinear with F. 


* Catalan, Théorémes et Problémes, fourth edition, 1865, p. 8. 
+ Greiner, Archiv fiir Mathematik und Physik, vol. 60 (1877), p. 178. 
t Deteuf, Nouvelles Annales, vol. 8 (1908), p. 442. 
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(y) In a eyelie quadrangle perpendiculars from the"mid-points of each 
side to the opposite sides are concurrent.* 

We shall call this point the orthic center of the quadrangle, and denote 
it by H. 

Denote (L,L:) by F,:. Let perpendiculars from Fy, F'3, to L3L;, LL. 
respectively meet at H. Then Fy.H is parallel to F3,0, if O is the center 
of the circle, and F,,0 is parallel to F3;H. Hence O, £, H are collinear 
and E bisects OH. Thus 

The cireumecenter, the mean center, and the orthie center are col- 


linear, and OF = EH.7 


NV’ 

















Fic. 3. 


yp TS > . ; . 
Greiner, |. ¢.; Kantor, |. ¢., quotes Pfaff as authority for this and some other theorems in 


connection with this point. Nager in Monatshefte fiir Mathematik und Physik, Wien, vol. 
(1896), p. 325, refers it to Euler. 


+ Terrier, 1. ¢. Also Greiner and Kantor. 
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Denote the orthocenter of the triangle L.L;L, by H;. Now 
LH, = 20F 34 aes L,H..* 


Hence L,H, and L2H, bisect each other at a point on a parallel to L.H, 
through Fy, i. e., at H. Hence 

(e) The four lines joining each vertex to the orthocenter of the triangle 
determined by the other three vertices are concurrent at H.§ 

Again, the line joining L, to H, is bisected by the pedal line of L, with 
respect to the triangle L.L;L;.t Hence 

(¢) The pedal line of each vertex with respect to the triangle determined 
by the other three vertices passes through H.t 

Further, if the image of O in L,L.2 is Oy, since Fy.F'3; is bisected at EZ, 
we have 

(n) The line 0,03, is bisected at H. There are three such lines. 

Let LiL; and LL, intersect at NV’. Consider the triangle N’’F )3;F54. 
Two of its altitudes intersect at H. Hence on considering the third altitude, 
we have 

(@) The perpendicular from the intersection of two opposite sides of 
the quadrangle to the line joining the mid-points of those sides passes 
through 17. There are three such lines. 

Let the orthocenter of L,Lo.N” be Hy". Now Hyo’Ho;” and Hy, H3,4"" 
are each perpendicular to L,L3; also Hy.'’H,4"" and Ho3"H3;"" are each 
perpendicular to Lely. Henee Hy."’H3;"" and Hy,/’H2;"" bisect each other 
at a point on a line through (H,,'"H3,"’) perpendicular to L2,; and on a line 
through (/1,.’"H,,") perpendicular to L,L3. But these are the lines of (y). 
Hence 

(c) Six lines joining orthocenters of pairs of triangles formed by taking 
an intersection of two opposite sides of the quadrangle with two pairs of 
vertices pass through H. 

However, 

(va) There are only three distinct lines. 

For, for example, Hy’, Hs, His’, He,’ are collinear on the ortho- 
centric line of the complete quadrilateral 1,3, LoLy, NN’. 

(x) The radical axes of the three pairs of circles on pairs of opposite 
sides as diameters pass through H.€ 
For, HF. = OF 3, = R cos L3L2L,, if R is the radius of the circumcircle, 
* Richardson and Ramsay, Modern Plane Geometry, p. 27. 

t Casey, Sequel to Euclid, fourth edition, 1886, p. 36. 

t Serret, Nouvelles Annales, vol. 7 (1848), p. 214. 

§ Terrier, |. ¢. 
Deteuf, |. ¢. 

© Kantor, I. ¢. 
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and HF; = OF y. = R cos L,L3;L.. Hence 
HF, ead FyoL." = R?(cos" L3LeL, = sin? L,L3L:); 


and HF3;2 — F3,L;2 = R2(cos? L,L3L. — sin? L3L2L,). But the right-hand 
sides of these equations are equal; hence HF ,.” — HF32 = Lok \? — LsF33°. 

Moreover, N’L.-N’L3=N'L,-N’'Lg; Ho" Le Hye" Py" = Ay" Ly, Ay2"Ps’; 
and H3,/'L3-H3y"P\'" = Hs'Ly-H34"’P2'*, where P,’’ is the foot of the 
perpendicular from Ly on L,L3. Hence N’, Hy,’’, H3,’’ lie on the radical 
axis of the circles with LoL; and L,L,; as diameters. 

(xa) The lines of (x) and (c) are identical.* 

Evidently, from (e), the quadrangle H,H.H;H, is congruent with 
L,L.L;L;. It follows that 

(\) The join of the intersections of L,l., H3Hy; L3L4, HH, is bisected 
at H; similarly the joins of intersections of L,L3, H2H;; Lely, HyHs and 
the joins of intersections of L,L,, H2H3; LeL3, H,H, are bisected at H.* 

Kantor also proved that 

(u) All these intersections are collinear on the radical axis of the original 
circle and the circle circumscribing H,H.H;H,.* 

This makes twenty-five straight lines meeting at H.7 

Facts not so important for our present purpose are that the nine-point 
circles of the four triangles L.L;L,,f ---: and of the four triangles H.H;H,.§ 
--+ pass through H. The circle V’N”N’” also goes through H.* Many 
other theorems related to this figure are given in the papers referred to in 
the foot notes, especially by Kantor.* 

14. The quadrilateral touching the circle at L,J.1;L;. It follows at once 
from Pascal’s theorem, considering the hexagon L,L,L3;LoL.L,;, that the 
intersection of tangents at L, and L» is collinear with NV’ and VV". Similarly 
considering L3L3L.L,L,L,, the intersection of tangents at L; and L, is 
collinear with N’ and NV”. Thus it appears that 

(v) The diagonal point triangle of the quadrangle L,L.L;L, is the same 
as the diagonal triangle of the quadrilateral formed by the tangents to the 
circle at. these points. 

15. Bisectors of the angles. Denote the in-center and the three ex- 
centers of the triangleL.L;L,; by I;, Ij2, I13, [14. Denote the mid-points of 
the ares LiLe by Diz, D2;, — Dy. being on the bisector of L,L;L.2 (Fig. 4). 

Now Dy,» is the center of a circle passing through L,, I, 74, Le, Is4, [43- 

* Kantor, Sitzungsberichte der Akademie, Wien, 1878, pp. 774-792; 1879, pp. 172-192; 
757-765. 

* Deteuf, |. ¢., mentions twenty-four such lines; he says twenty-seven, but see (aa). Cikot, 
Nieuw Archief voor Wiskunde, Amsterdam, vol. 6 (1905), p. 63, mentions eighteen of them. 

t Greiner, 1. ¢. 

§ Cikot, |. e. 

Catalan, Théorémes et Problémes, 1865, pp. 83, 95. 
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Hence J 31/33/43 is a rectangle. Its sides J314, [3,43 are perpendicular to 
the bisector of L;D,.L,; that is, to Dj2D3,._ In fact the sides of the rectangle 
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TI sIg4I43 are parallel to Dy,Dg2 and Dy2D3;. But Dy2.D355 is pa rallel tojthe 


bisector of L 


sN"'L,; for, if N’'X bisects LsNL,, 
L,N”’X = L3N" Ls = SL3hiL,4 + >L Lyle; 
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256 JOHN WENTWORTH CLAWSON. 
and, if Dy2Ds5; cuts LL; at 7 
L:YDs; = L3D 2D 35 “+ L,L3Dy. = L3L,L, -1 SL,L3Lh.. 


Similarly JoJslo3Fg2, Tylelyeler, Tilslista, are rectangles whose sides 
are parallel to the same lines. Thus 

(0) The centers of the sixteen in- and ex-circles are the intersections of 
four lines parallel to the bisector of the acute angle between the diagonals 
of the quadrangle and of four lines parallel to the bisector of the supple- 
mentary angle.* 

Let L,J; and Lol; meet at Ryo; let L753, and LoJ,; meet at Sy. Now 


LoR ol, = LoL Do, + D3, LeL, = i(LeLyL, + L;:L-L,); 
and 
L3RaL; = DyoL Ly; — L3L 4D; = ¥(LeoL3hs + Leb). 


But the right-hand sides are equal; hence 

(7) The points Ry, Ro3, Rs; Ry, are coneyelic. Similarly, Sy, Ses, 
Ssy, Sy; are conceyclic.7 

Now evidently Do,D,;Dy.D3, is a rectangle, for its diagonals are equal 
and bisect each other. But DygSyoDys = DyoRsyDys = }( Lely Ly + Lalely); 
and 


Dy3Dy2Rs; = = SL, LsL3. 


SpDeRs, 
2 
Hence the triangles DyoSyo.D,; and DyRs,D,; are congruent; and Syols, 
is perpendicular to DyDy. But RySphy = Ryelely = 3Lhglel,; and 
Dy;Do,L, = 3L3L2.L;. Hence RySj. is parallel to Dy,;Do,. Hence Sy, Ras, 

?y2 are collinear in a line parallel to D,,;D.;. In facet 

(p) The lines Dy;Do;, SyoRsyRioSs;, DyoDs,; are parallel; and D.,Ds), 
SosRo3RsSa1, Di3D42 are parallel lines perpendicular to the first set.* 

It is easily seen that D,,D., is parallel to Dy.D5;; hence 

(o) The sets of parallel lines in (0) are parallel to those in (p). 

If By bisects SyRyo, Byles = Byol,. But OL. = OL, Hence OB» 
is perpendicular to L.L,. Let the center of the circle circumscribing 
Ry.R23R3,Ry, be O,, and the center of the circle cireumseribing SyoSo,S3.Sa1 
be O,. Then 
So81.0, = (3,2) — SyS4.S23 = (7 2) — SpDyeDj; 

= (7/2) — SL L4L3 = 31,1213; 

* This proof is given by Neuberg, Mathesis, vol. 6 (1906), p. 14. He refers to earlier state- 

ments of the theorem. For different proofs see American Mathematical Monthly, vol. 24 (1917), 


p. 429 and vol. 25 (1918), p. 241. 
+ Nager, |. ¢. 
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but SyLloLl, = 7/2 — 3L,L.L3. Hence §,.0, is perpendicular to L2L;. 
Similarly ,.0, is perpendicular to L.L;. Since similarly S.,0,, R2;0, and 
B,;,0 are perpendicular to L.L;, it follows that 

(r) The points O,, O,, O are collinear; and O bisects O,0,.* 

Evidently by considering L,L;L2L, as the inscribed quadrangle, we can 
find points Rs’, Ry’, Ro’, Ris’; Sse’, Sar’, Sos’, Sys’; and by considering 
L,L.L,L; as the inscribed quadrangle we can find points Ry”, R43’, Re’, 
Ris’; Syo", S43’’, Soa’, Sis” for which similar statements can be made. 

It follows from (o) and the consideration of the quadrangles of (7) that 

(v) The bisectors of the angles N’ and N’” are respectively parallel to 
those of N’’.t 

Thus we have two sets of sixteen parallel lines each, six chords like 
D,.D3;, four lines determined by in- and ex-centers, three lines like 
SioR3,R 283s, and the three bisectors of the angles formed by opposite sides 
of the quadrangle. 


Part IV. A POLAR RECIPROCATION. 


16. Take any point, F, on the circumference of a cirele, center O, 
passing through L,, Lo, L3, Ly. Draw any circle with F as center. The 
polar reciprocal of the first circle with respect to the second is the parabola, 
focus F, which touches 1, 2, 13, 14, the polars of L,, Le, L3, Ly. Thus, by 
(17), we see that the eyclic quadrangle reciprocates into a complete quadri- 
lateral, F being the quadrilateral’s focal point. O, the center of the circle, 
evidently has for its reciprocal the orthocentric line, 0, of the quadrilateral, 
the directrix of the parabola. 

As noted in part III, properties of the cyclic quadrangle give rise to 
properties of the complete quadrilateral. The converse statement is true, 
but it is not our purpose further to develop that fact. We shall use the 
following lemmas: 

(B) (L,L.) has for its reciprocal the straight line which forms a harmonic 
pencil with 1,, 1, and the line joining the intersection of J, and /, with F. 
This line will be called the harmonic conjugate of Aj2F’. 

(Ba) (L,L2) has for its reciprocal the symmedian linet through A 2 of 
the triangle formed by 1;, /2 and any line perpendicular to the line joining 
the feet of the perpendiculars from F on 1, l2. 

If the triangle 1,121; is reciprocated, a triangle J,/./; results, whose 
vertices are Aj, As3, Ay3. This triangle is concyclic with F. Let the 
bisectors of the ares Ay2A13 be U23, Usz, «++ Us lying on the bisector of 
AjoAo3A13. Let FUs3 cut Ai2A13 in Vo3. Considering the Pascal hexagons 
Ao3U 3.F U oA 2A 13 aNd Ao3U 32.F'U 3A 13A 12, it follows that 

* Nager, I. c. 


t This theorem is new. 
t A symmedian line is a line isogonally conjugate to a median. 
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(C) The points V32, V3, Viz and J, are collinear, where J, is the incenter 
of the triangle /,ls/3.* 

It is easily seen that there are four of these ‘‘inial lines” belonging to 
the triangle /,/,/;, one passing through the in- and one through each of the 
ex-centers of that triangle. W453, Vie, V3. are the reciprocals of the bisectors 
of L,LoL;, Lol3L,, L3L,L2 respectively; and the inial lines of /,/./; are the 
reciprocals of the in- and ex-centers of the triangle L,L.L;. 

The following theorems are obtained by reciprocation from those indi- 
cated by the notation at the end of the theorems. 

(48) The harmonically conjugate lines of Ay2F, A3,F with respect to 
l,, 1, and 1s, 1, respectively intersect at a point which is collinear with the 
two similarly located points in a line e (a). 

Otherwise, using (Ba), 

(48a) The symmedian lines through Aj, A;, in the triangles [,l.m, 
I;15m, where m is the mid-diagonal line, intersect at a point which is collinear 
with the two similarly located points in a line e (a@). 

(49) The intersection of /, with the harmonically conjugate line of A3,f 
with respect to /;, 1,, the intersection of /; with the harmonically conjugate 
line of A..F with respect to /., 1, and the intersection of 1, with the har- 
monically conjugate line of A.;/ with respect to 1, 1; are collinear on a 
line g,, which intersects /; at a point on e. Three other such points on e 
are similarly found (8). 

(50) The intersection of the line through F perpendicular to FA, 
with the line through A;; harmonically conjugate to FA;, and the five 
other such intersections are collinear on a line, h (y). 

(51) The lines h and ¢ intersect at a point on o (6). 

(52) If h cuts 1, at H’, H’ also lies on the line h, determined by the inter- 
section of 1; with a perpendicular from F to FA.;, the intersection of 1, 
with a perpendicular from F to FA;, and the intersection of 1; with a per- 
pendicular from F to FA.;. There are three other such points (e). 

(53) If a line through F perpendicular to FA,. cuts 1; at M3, a line 
through F perpendicular to FA»; cuts 1, at M,, and a line through F  per- 
pendicular to F'A,; cuts 1, at M2, then Ay2M, Ao3M,, Ay3M> are concurrent 
ata point onh. There are three other such points (¢). 

(54) If a line from F perpendicular to FA,. cuts o at My. and a line oy. 
is drawn so that 0, My2Ay0, 012, MyoF form a harmonic pencil, and 034, 043, 

- are similarly obtained, then 012, 034; 013, 024; 014, 023 intersect at three 
points on h (n). 

(55) The perpendicular from F to the line joining F to the intersection 


* For a generalization of this theorem, see Clawson, American Mathematical Monthly, vol. 
26 (1919), p. 59. 
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of the harmonically conjugate lines through A 12 and A3, cuts n” at a point 
onh. There are two other such points (@). 

(56) If the intersection of the perpendicular from F to FA.; with 1, 
and the intersection of the perpendicular from F to FA, with 1, are joined, 
this line meets three other lines similarly drawn at a point on h. There 
are two other such points (c). 

(57) The line joining the intersection of h, and hz in (52) to Ag, the 
line joining the intersection of h; and hs to Ay and four other such lines 
all concur at a point on h (y). 

(58) The diagonal point triangle of the quadrangle determined by the 
points of contact of the parabola z with the four sides of the quadrilateral 
is the same as the diagonal triangle of the quadrilateral (v). 

(59) The sixteen inial lines (C) intersect by fours in four points which 
lie on a line through F; they also intersect by fours in four other points 
which lie on a line through F perpendicular to the first one. Call these 
lines s’ and s”’ (0). 

(60) The line, b;;, joining the point where the bisector of A»;/'A.2, cuts 
l, with the point where the bisector of A,3;/'A,, cuts 1;, and the line, bs, 
joining the point where the bisector of A.;/'A,3 cuts l; with the point where 
the bisector of A»s;fA,, cuts 1, intersect in a point on s’. There are six 
such points on s’ and six on s”’ (p). 

(61) The line joining the point where the bisector of Aj. A2; cuts 2 
and the point where the bisector of A,,FA,. cuts l;, the line joining the 
point where the bisector of A3,/'A23 cuts 1; and the point where the bisector 
of A,,F'A3, cuts 1, and two lines determined in the same way by the bisectors 
of the oppositely directed angles are concurrent at a point on s’. There are 
three such points on s’ and three on s”’ (¢). 

(62) The points where the bisectors of A y2/'A3; and AgyFA,2 cut ApAsy 
are on s’ and s” respectively (v). 

Hence, from (31), it follows that 

(63) The lines s’ and s” are identical with s; and s2, the incentric lines. 

Thus to the four points on each of the incentric lines mentioned by 
Steiner have been added three by Mention and Sancery (27b), four in this 
paper in (45), four in (59), six in (60), three in (61) and three in (62), 
making twenty-seven points in all on each incentric line, besides the focal 
point which is common to both. 

Ursinus Couuece, 

CoLLEGEVILLE, Pa., January 1, 1918. 

Note.* The Editors of the Annals have just called to my attention a 
book, Premiers Eléments d’une Théorie du Quadrilatére Céomplet, by A. 
 * This book was received for review by the Annals after the article of Mr. Clawson was in 
type, and a year and a third after it was submitted to the Annals for publication. —Ed. 
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2€0 JOHN WENTWORTH CLAWSON. 


Oppermann (Gauthier-Villars, 1919), which had just been received. Its 
author shows the same purpose exhibited in Ripert’s paper and in mine— 
to assemble the important properties of the quadrilateral; like the present 
writer and unlike Ripert, M. Oppermann confines himself to the methods 
of pure geometry; but he covers a wider field than the writer in a less 
thorough way. There is some new material in the book, which covers 
sixty-two pages and is followed by a bibliographic supplement of ten 
pages more. 

Most notable of the results not given in my paper are the last two 
theorems, XIX and XX. These theorems follow naturally after (16a) 
in part I above. 

Oppermann proves that: 

(16b) The circles of Monge* of the conics inscribed to the quadrilateral 
are coaxal with the circles having the diagonals as diameters (XX).7 

He also proves that: 

(16c) If three circles are drawn having for centers the intersections 
of the diagonals of the quadrilateral, and having for centers of similitude 
the six vertices of the quadrilateral (and this can be done in an infinite 
number of ways), the circle having for its center the radical center of the 
three circles and cutting them orthogonally, is coaxal with the four 
conjugate circlest of the quadrilateral (XIX). 

The circles of (16b) and (16c) form two orthogonal systems of coaxal 
circlesS—‘‘faisceaux conjugées de cercles”’ (V). 

Oppermann’s theorem III is given by Ripert; but the proof is new: 

(10a) Each of the triangles formed by three sides of the quadrilateral 
is crossed by the fourth side as a transversal. If on each side of the tri- 
angle a point is taken equally distant from the middle point of that side 
with the point where the transversal crosses that side, these three points 
lie on a second transversal (of the triangle which is parallel to the mid- 
diagonal line. There are four such parallel lines (III). 

The author gives my theorem (18) as an unpublished discovery of 
Goormaghtigh. 

Besides this material, Oppermann gives in a different order about 
half of the theorems of part I of my paper, for the most part the classical 
theorems of Steiner’s list and a few of Ripert’s. Two of Ripert’s theorems 


* The circle of Monge of a conic is the locus of the intersection of perpendicular tangents to 
the conic. Kantor (see below) calls it the Rechtkreis. It is often called the director circle. 

+ This theorem will be found in Kantor, |. ¢., vol. 76 (1878), p. 774; also in Salmon, Conic 
Sections, Sixth Edition, 1879, p. 277. 

¢ The conjugate (or polar) circle of a triangle is the circle with respect to which the triangle 
is self-conjugate (or self-polar). Its center is the orthocenter of the triangle, and it is real only 
for obtuse-angled triangles. 
§ Kantor, l. ec. 
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which he gives are related to theorem (9), but are not given above. Opper- 
mann’s proof of (30) is especially interesting and is somewhat shorter 
than that of Mention. The author does not always refer his theorems 
to their original sources, but his bibliographic supplement is reasonably 
complete, at least with respect to the French journals. 

The book also contains an interesting classification of complete quadri- 
laterals, a test for similarity of quadrilaterals, a few properties of special 
types of quadrilaterals (a subject which has a fairly extensive literature 
of its own), and some other topics of minor interest. 

The reader who wishes to pursue this subject further should not neglect 
Oppermann’s book, nor the articles of Ripert, Terrier and Sancery cited 
above. Each of these papers extends the subject in its own special 
direction. 

May 31, 1919. 
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TRIPLY CONJUGATE SYSTEMS WITH EQUAL POINT INVARIANTS. 


By LUTHER PFAHLER EISENHART. 


1. When the Cartesian coérdinates 2;, 22, 2; of a point M in space are 
functions of three parameters u;, Us, us; Which are functionally independent 
and satisfy three equations of the form 


0°60 06 06 

OU;0Us bay, + bet 5? 
0-6 06 06 

(1) OUdU; b23 54, + baz 54 ; 
0-6 06 06 

OU3;0U, aa bn 5 y, + bia 54, 


where the functions b,; ordinarily are functions of u,, Us, 


u;, the parametric 
surfaces u; = const. (2 = 1, 2, 3) cut along conjugate systems of curves. 
Such a system is called a triply conjugate system. 

The functions b;; are not arbitrary, but are subject to certain conditions, 
which we shall now determine. When the two expressions for 0°46 du,du.dU; 
obtained by differentiating the first two of equations (1) are equated, we get 


6 (aby. 80 (abe, bea 
kj we oS a OC a in 
(5. + disbis — Disbss bssbis) +5n(5e Ou, ) 
06 (F 


a Ou; \ du, + bsebar — biebsr — beibis) = 0. 


Since, by hypothesis, this condition must be satisfied by three functionally 
independent solutions of (1), the expressions in parentheses must be equal 
to zero. Proceeding in like manner with the first and third of equations 
(1) and also with the second and third, we obtain similar conditions all of 
which may be written: 


Ob;; aby 


(2) —" = 
Ou; OU; 


’ 


ab,, 


(¢ 
3) Ou, 


+ bi bix cal bi bj, _ bi jdur = 0, 
where the subscripts 7, j, k are different from one another and take on the 
values 1, 2, 3. 


962 


ae 
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The first three of these equations are satisfied, if we put 


6] 
(4) b,; = au, log ai, 
thus defining three functions a;, to within a multiple which is a function 
of u; alone. When these expressions are substituted in (3), the latter 
reduce to the three equations 


(3 da; _ Aloga;da; , A log a, da; 
” udu, du, du;’ du; du,’ 


Now equations (1) become 


6) 86 — dloga; 06 , Aloga; 06 
ad du,du; Ou; du; du; OUu;" 


From the preceding discussion it follows that, when any three functions 
a, satisfy (5), the corresponding equations (6) are compatible and admit 
solutions not functionally expressible in terms of two of them. The general 
solution involves three arbitrary functions of a single variable.* 

2. We are concerned in this paper with the triply conjugate systems 
with equal invariants, that is those for which the functions a; satisfy the 
conditions 

loga; od loga; 
dudu; dudu; * 


These equations may be replaced by 


) ps =. & 2. 

Qa. Wy’ a3; Yo’ Qa, 3’ 
where a function ¢; or y, is independent of u;. Multiplying these equations 
together, we get 


(7 


ie 1 

¥i vo Ws 
If we take the logarithmic derivative of this equation with respect to 
Us and u;, we obtain 

0° ¢ 


1 _ 
OUdUs log yi 0, 


that is ¢,/y; is equal to the ratio of a function of us alone and a function of 
u» alone. Since similar results are true for gs Yo and ¢3/s3, it is readily 
shown that in all generality the above equation may be replaced by 


gi _ (Us g2 OU, gs Us, 
vi (U,’ v2 U3’ Vs yy’ 


* Darboux, Lecons sur la théorie générale des surfaces, vol. 4, p. 271. 

















264 LUTHER PFAHLER EISENHART. 


where U, denotes a function of u; alone. When these values are substituted 
in (7) and we put 


er = o1U,, ev? = Us, ev = ¢3U,, 
we may replace (7) by 
- errres grrr) e” “o3 
(S) a, = ; a, = . a3; = ; 
M 


where u is in general a function of all three parameters and ¢; is independent 
of u:. 

When the expressions (8) are substituted in (5), we find that » must 
satisfy the three equations 


oe 00, 0¢ 00, 0¢ ie (52 do; 00,00; do; 00; ) 
¢g 


(9) stl : 
Ou,du; Ou; du; dU; dU; 


Ou; Ou; ~ Ou; Ou, 7 Ou; du; 
If the expressions (8) are substituted in (6), and at the same time we put 
(10) @6=¢ b, 


the equations for ¢ reduce to (9). Hence the problem of finding triply 
conjugate systems with equal invariants reduces to the integration of equa- 
tions (9). In fact, if 0;, 62, 63, 8; are four independent solutions of (9), then 

A, 9. 0. 


=—, Z: IX: = 
A; . 


(11) Ba ia %, — 9.’ 
i 4 


are the Cartesian coérdinates of space referred to such a triply conjugate 
system with equal point invariants. 
3. We consider now the conditions which the three functions o; must 
satisfy in order that (9) may admit four functionally independent solutions. 
In the first place we observe that if we have three functions a, given by 
(8) which satisfy the conditions of the problem, the same system of equa- 
tions is given by the functions o,’ and y’, defined by 


‘ / y r ee ae 
(12) ¢o, =o,+ U,+ Uy, pe pert 
where U; is a function of u,; alone. In fact, 


er +o, 
, r 
a; = 7, C= O'S 


be 
But in § 1 we observed that a; was determined only to within a factor of u; 
alone. This establishes the result. 

We turn now to the determination of the conditions which the functions 
g; must satisfy in order that equations (9) may be consistent. When we 














TRIPLY CONJUGATE SYSTEMS. 265 


equate in pairs the expressions for 0°¢/du,du.du; obtained from (9) by 
differentiation, we get the three conditions 
A —-2B+C=0, A+B-—2C =0, B+C-—2A =0, 


where we have put 
po (32 ™ 5 ) 070, ies Gz _ sa | Pos | 
Ou, Ou, OUL0U3 F - OUe OU2 0uU30U, ’ 
C -_ (5: = x) a3 
~~ \@uz; = dus J 0u,Our* 


In order that these three conditions may be satisfied simultaneously, we 
must have 


(13) A=B=C. 
We consider first the case 
(14) A=B=C=0. 
If 
002 Oc3 = 


du, Ou, ”’ 


we have on differentiating this equation separately with respect to uw. and uz; 


07a 0 0"o3 0 
0u,du; ” 0u,0u. 30 
in which case B and C are zero also. In order that these three equations 3 
be satisfied we must have <3 


og. = U,+ Us, g3 = U,+ Us, 
where U; is an arbitrary function of u; alone. In consequence of (12), we 
may take o. = o3; = 0, and o, arbitrary. Hence a first solution is afforded 
by the three values 
(15) go, arbitrary, oj; = o, = 0. 


We consider secondly the other possibility for (14) afforded by 


070; 0" 0°03 


du.du; du;du, 0U,0Us 


Because of (12) the general solution in this case is 
(16) a, = U,— U3, o, = U; — U,, a; = U, — U2, i 


where U; is an arbitrary function of u; alone, none of which may be constant; 


otherwise we have a type reducible to (15). 
We consider finally the general case where the common value of A, ™ 


EA ETT RI i tia pli, sit 
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~ 


B and C is different from zero. If we put 
17) Pay _ 100, do3\(90e2 do, 
ae Ou.du; h\ du. Au.) \du; du; /’ 
where h is to be determined, equations (14) may be replaced by 
Oo.  1fde2x do, 0c; Oo» 
Ou;0u, h\ du; Ou;/\ du, du,/)’ 
0°03 a l Oo; Oo» Oc; O03 
Oujdu, h\ du, du, J\ Au. du. /)* 
When equations (17) and (18) are differentiated with respect to wi, U2 
and u; respectively, it is found that h is a constant. 
If in equation (17) we make the substitution 
Gy = Ge + 3 + T, 
the resulting equation is 


O-r Or OT 


7 _ = = ms = 
OU2dU3 = Ole OU; F 
of which the general integral is + = h log (g2 + ¢3), where ¢: and ¢3 are 
arbitrary functions independent of u. and us; respectively. When this 
value of 7 is put in the above equation for ¢;, we may in all generality give 
u, a constant value in the left-hand member, in which case we have 


o, = U.+U3+h log (U; — U3), 


where U’; and U; are functions of u, alone. 
When this value is substituted in (17), the resulting equation may be 
put in the form 


AU,’ hU;’ 
* . nics [ 4 = . : = [ 2 
O03 a 00» —— 
° —U, e = U; 
OU>s OU; 


Since the respective members of this equation are independent of u; and 
U2, they are equal to a function of u; alone, say — U,;. Then we have by 
integration, 

oo=U;+h log (U; — U,) + U,, 


3 = U,+hlog (U, — U2) + Yu), 


where U’, and y are functions of uw, alone. 
We remark that none of the functions U,, U2, U3; may be constant. 
For if U,; = const., we have 
0°» _ do 
dujdu;  dujdu, 


which is contrary to hypothesis. 
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When the above values of 01, a2 and a; are substituted in the first 
of (18), we get y’ = U,’. If we write y = U, + 2a, and then replace 


U,, Us, Us by U; — a, U, — a, Us +a respectively, we get the same 
result as if we had taken a = 0; this therefore will be done. In view of this 
result and (12) we have in all generality 


(19) o, =hlog(U,—U3), o2=hlog(Us—U;,), o3 =hlog (U; — U2), 


where none of the functions U; is constant.* 
4. We consider first the case given by (15). Equations (9) reduce to 
(0) 2% =9 a We _ 9199 | di d9 
- OU ;0Us , Ou;du, , Ou.dU; OU3 dU. | AU du; ° 
From the first two of these equations it follows that ¢ is the sum of a func- 


tion of uw; alone and a function independent of u;. Hence the point coérdi- 
nates of a triply conjugate system of this type are of the form 


gi + U; 
= = a 
¢i t+ U; 
where ¢; and ¢, are solutions of the third of equations (20) and are inde- 
pendent of u,. 
When in particular ¢; = 0, we have 
— U,+ U,+ U; 
= ae 77 7, ? 
U,+ U2+ U3; 


where U; and U; are functions of u; alone. 
5. When the values (16) are substituted in equations (9), it is found that 


by a transformation of variables U; may be replaced by w; in all generality 
for 7 = 1, 2, 3, and the equations become 


ae dg a 
P_ 4 oe _ 1? + 3¢ 


Ou,0u. | OU, Aue 0, 


09 0¢ 0¢ 
9 ek —_ a — 
(21) OU0U3; OU. JU3 iy + 


09 0¢ d¢ _ 
Ou;0U, | OU; du, + 39 = 0. 


We observe that if ¢ is any solution of this system so also is any of the 


derivatives of ¢. 
*C. Darboux, Lecons sur les syst¢mes orthogonaux, second edition, pp. 231, et seq. In 
these pages Darboux solves the problem of finding all triply orthogonal systems such that all the 


surfaces are isothermic, that is, the lines of curvature on each surface form an isothermic net. 


These systems are triply conjugate with equal point invariants. ‘ 
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Gronwall in the next paper* has found the solution ¢(u;, U2, Us) of these 
equations determined uniquely by its values ¢g(u;, 0, 0), ¢(0, uw, 0) and 
¢(0, 0, us). If fo and f; denote Bessel’s functions of order zero and one 
respectively, the integral is 


g(Uy, Us, Us) = em“ (Wy, O, uz) + e“e(O, Ue, Us) — CW "fo(Uyue) (0, O, us) 


bd | 
~~ om | eff (u2(uy — vy)) ¢(v1, O, us)dr, 


0/0 


due 


e| e "hur fs (uy(ue — v2))¢(0, ve, U3)dve, 
Vv 


where ¢(u;, 0, us) and ¢(0, uz, us) are given by the similar equations, 
namely 


¢(O, us, us) = e~“*¢(0, U2, 0) + e*e(0, 0, us) — e"fo(usus) ¢(0, 0, 0) 


—e“ { e" "hush (u3(t2. — v2)) ¢(0, v2, O)dre 


e/0 


x 
—e" [ e—"4uof (u2(uz — v3)) ¢(0, 0, v3)dvs, 


and 


g(u;, 0, w3) = e“¢(0, 0, wz) + e“el(uy, 0, 0) — e“"fo(uzu,) ¢(0, 0, 0) 


— ee" [ e" "fur fi(uy(us — v3)) ¢(0, 0, v3)dr3 


eo 


“3 
_ ef e'—"fusf(u3(uy — v1))¢(0y, 0, O)dr;. 


Gronwall? reduces this solution to other forms. 

6. When the values (19) are substituted in equations (9), we find that 
by a transformation of the variables we may in all generality take 
U; =u; (i = 1, 2,3). Then the equations become 


Pp _ h (5° 0¢ 
OUj;0U. Up — Uy \ OU, Ou)’ 
te h dg d¢g 
(22) = —. ; 
OU20Uz; Uz — Ug\OUg OU; 
ae h dg d¢ 
0u;0U,; U;—U3;\du, du,)° 


* On a system of linear partial differential equations of the hyperbolic type, pp. 273-276, of 
this number of the Annals. 
Tks C. 
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We make the following observation concerning these equations. If each 
be differentiated with respect to uw, ue and u3, and we put 


n= Hy — 
Fl Gu,0u.dU3 
we find that ¢, satisfies the equations 
Poy h—-1 (5 52) 
OU;OU2. Up — Uy \ OU, OU2/’ 
(23) 0g) - h—-1 (Se: — Ses . 
OU.dU3; Uz — Us\OUg OU; 
0° ¢) ms h—-'1 Gc O¢1 
Ou;du, u;—Uu3;\du; du)’ 
Hence when the general integral of the system (22) is known for a given 
value of h, we can find the integrals of the equations for h — n, where n 


is an integer. 


Again if we put 
g = (uy — U2)"¢ 


in the first of equations (23), it becomes 


Fe —h(h+1)— 
Ou;du. (Uy — Ue)? *° 
From this it is seen that, when h = — 1, the general integral of the 


first of equations (22) is (u; — us)"(~; + Yo), where y; and yz» are inde- 
pendent of u,; and we respectively. When it is required that this expression 
satisfy the second and third of (22), it is found that the general integral of 
this system of equations for h = — 1 is of the form 


Uy; Us U; 





rf - 


? (uy — Us) (Uy — U3)” (Ue — U3)(Ue — Uy) ° (us — U1)(U3 — Ue)’ 


where U, is an arbitrary function of u; alone. In view of the preceding 
remarks we may obtain from this expression by differentiation the general 
integral of (22) for any negative integral value of h. 

If in equations (6) we put 


a, = (uy — Us)™(uz — Uy)™, 


(24) dy = (U2 — U3)"*(Uy — Us)”, 


a3 = (Us — U1)" (U2 — U3)”, 


we get 
09 m; 06 m; _ 06 


25 = hd mae, 
( ) OUu,0U; Ui — U; Ou; Ui Uu; OU; 





ei af 
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When the transformation of Laplace, defined by 
a, d¢ 
Oo a gee aoe ae 
(26) = 1 e day JU’ 
Ou, 


is applied to this system of equations, we obtain another system of the form 
(6) in which the quantities @;, entering in the coefficients, are of the form 


@, = (uy — U2)™7'(u3 — Uy)”, 


Gs = (Uz — U3)™(Uy — U2)", 


my—l 


a3 = (U3 — u,) (Us — u3)"2*", 


which are of the same form as (24) with m,, ms, m3 replaced by m, — 1, 
mz + 1, m; respectively. 

Evidently equations (22) are of the form (25) with m, = m2: = m3; = h. 
Hence if h is a positive integer and we apply the transformation (26) h 
times in succession, we get the system 


Oy 2h =a ry h ay 
OU,0U. Uy, — Ue OU,’ Ou;du, Us — Uy, du,’ 
(27) 
ay h oy 2h ay 
OU:0U; Us — Uz OUs | Us — Uz OU;° 


The general integral of the first two of these equations is 
(28) ¥= J (Uy — Us)**(uz — Uy)'U du, + py, 


where U;, is an arbitrary function of u; alone, and p, is independent for x. 
When this expression for y is substituted in the third of (27), we find that 
p; must be a solution of the third. But the general integral of this equation 


is* 
( u3)**t! a” U,— U; 
= (ie = te Ss a ’ 
p Ous"*du3" \ Us — Uz 


where U, and U; are arbitrary functions of wu. and u; respectively. Hence 
we have the general solution of (27). 
Equation (26) may be written 
a; O¢1 
oo 00, 0U>? 
dur 


y= $1 


which is the inverse of the Laplace transformation. For the present case 


* Darboux, Lecons, vol. 2, p. 65. 
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this and the inverses of the successive transformations become 


Uy; — U2 IG, 

oe" at Tai i 

U; — U2 Ogos 

lt 1 20¢2 
(29) yg => — 


1=e2T pag dus’ 


UU; — Ue Og 
Pr-1 = Ora + Ih du.’ 


Now ¢» is the function y given by (28), and hence ¢ is readily obtained by 
the differentiations indicated in (29). 
7. Consider now the case when h > 0. The definite integral 


ous 

(30) | ¥(t)(t — uy)"(ue — t)"(u3 — t)"dt, 

where y is an arbitrary function of ¢ and a is a constant, is an evident 

generalization of the integral of the first of equations (22) given by Poisson.* 
By applying the usual method of differentiating a definite integral 

we show that the integral (30) is a solution of equations (22) whatever be y. 
The same is true of the integrals 


f “WO (uy — t)"(t — us)"(uz — t)*dt, 


| W(t) (uy — t)" (ue = t)r(t — u;) "dt. 


Thus we have three independent integrals each involving an arbitrary 
function. 

8. For the case h < 0 we apply to the system (22) the method of Rie- 
mann, as Gronwall has done in the case of equations (21), and find to 
within quadratures the unique integral ¢g(w, uw, u;) determined by arbitrary 
values of ¢(u,, 0, 0), ¢(0, uz, 0) and ¢(0, 0, us). 

We recall that to integrate an equation 


Oe 


09 d¢ ; 
: )-— .)=—— so=O0 
du,due + a(u, U2) Bu, + b(u, Us) Bu, + c(u, Us)¢ 


by the Riemann method we form the adjoint equation 


0°t fe] ; 0 
— ——(a(v4, v2)t) — =—(b(r4, v2)t) + c(v1, v2)t = 0 
001002 av, | Ely 2) ) avs | ( ly ) ) ( ly ) ? 
* Journal de I’Ecole Polytechnique, Cahier 19 (1823), p. 215. 
tL. ¢. 
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and find a solution ¢(v), v2; w, Us) satisfying the initial conditions 


i b(vy, Uz)dry 
ee” , 


°f. 
J a(uy, v2)dve 
ba 


t(, U2} Uy, Ue) 
(31) 


t(uy, V2; U1, U2) =e 
Then the integral of the given equation reducing to given values of ¢(0, we) 
and ¢(u,, 0) is 
(Uy, U2) = t(uy, 8; Uy, U2)e(us, O) + (0, we; Wy, Us) ¢(O, we) 
— (0, 0; ww, U2) ¢(0, 0) 


0. 
~ t(v,, 0; uy, u:) | g(v,, O)dr, 
1 


(32) +f b(v,, O)t(v,, 0; uy, us) — an 





0 
—t(O, v2; Uy, us) | o(0, ve)dre. 


+ | a(Q, vs)t(O, Vo; U1, Us) — Ol 


9. For the first of equations (22) 
h h 


a(uy, U2) = - b(uy, U2) = “egeag e 
2 1 


Uy — Us’ 
and the adjoint equation is 


0*t h at h at 2h 
OVj0V2 Vy — MQ OV, Vy — VQ OV. (Ky — 





In this case the initial values (31) are reducible to 
, ' U; — U2 \* Us — U, \" 
(01, Us; Uy, Us) = ; t(u1, Vo; U1, Us) = ; 
Vo — Uy 
Darboux* has shown that the solution of the adjoint equation satisfying 


these conditions is 


t(V1, V2; Uy, U2) = (U2 — y)"(v2 — vy)~**(v2 — Uy)" 


x F(-h —h,1 eS ) 


(Vy — Us) + (Vg — Uy) 
where F denotes the hypergeometric series with the constants — h, — h, 
1 and the argument (v7, — w,)(v2 — u2)/(vy — u2)(ve — Uy). 

In order to obtain the expression (32), we note that 


t(uy, O; Uy, U2) = uy "(uy — U2)", t(0, wo; Uy, U2) = Uo "(Ug — Uy)", 


t(0, 0; ui, U2) = 0, 


° Lecons, 2d ed., vol. 2, p. 83. 














TRIPLY CONJUGATE SYSTEMS. 273 


and that F(—h, —h, 1, 1) is convergent. If we put, for the sake of 
brevity, 


. onf@i = + Uo V1 — Uy, 
P(V1, V2} Ur, Us) = huyhugvy~?*) (vo, — uy)" OF (- h, -—h,1,— i) 


+ uy Uo(Us — Uy)vy "(vy — Us)" @F’, 
where F’ denotes the derivative of F with respect to the argument, we have 


g(Ui, U2, U3) = Uy "(Uy — U2)" e(Uy, O, Us) + Us*"(U2 — Uy)"G(0, Ue, Us) 


(33) + { P(01, V2; Ui, U2) G(V4, O, Us)dry 


+ | P(v2, Vy} U2, U;) (0, v2, U3)dv2. 
0 


Since the right-hand member of this equation reduces to ¢(0, us, us) 
for u,; = 0, and since the second of equations (22) is independent of w, 
it follows that the expression (33) will satisfy the second equation, if we 
take for ¢(0, us, us) the solution of this second equation which for u. = 0 
and u; = 0 takes the respective given values ¢(0, 0, us) and ¢(0, ue, 0). 
In like manner the expression (33) will satisfy the third of (22), if we take 
for ¢(u;, 0, us) that solution of this equation reducing for u,; = 0 and 
uz; = 0 to ¢(0, 0, us) and ¢(u;, 0, 0) respectively. 

In order to obtain these desired solutions ¢(0, ue, us) and g(u,, 0, us), 
we apply the Riemann method to the second and third of equations (22), 
and obtain 


(0, Us, Us) = U2*(U2 — Uz)"o(O, U2, 0) + us "(us — U2)"e(0, O, Us) 


+ [ " ®(ve, 05; tte, tts) e(0, v2, Odo. 


+ | P(v3, V2; Uz, Us) ¢(0, 0, v3)dvs, 
(uy, 0, us) = us ~*(uzs — Uy)" ¢(0, 0, Us) + ur" (u — U3)"¢(u,, 0, 0) 


+ | (v5, V1; Us, Uz) ¢(0, 0, v3)dv3 


" 
+ { P(0, U3; U1, U3) ¢(V4, 0, O)dv,. 


Hence when these expressions are substituted in (33) we have the solution 
of (22) which is determined by the given initial values of g(u,, 0, 0), 
(0, us, 0) and ¢(0, 0, us). 


PRINCETON UNIVERSITY. 











ON A SYSTEM OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF 
THE HYPERBOLIC TYPE. 


By T. H. Gronwatu. 


1. It is the purpose of this note to investigate the problem of integrating 
the system 


0°68 06 06 


0U,0U»y + du, dus + 30 = 0, 
0-60 06 06 . 
(1) OUxIU;  OUs a Ou; + 30 = 0, 
7°60 0 0 
a) ) c +30 =0, 


OU;0U; OUzs; Ou, 


which occurs in the preceding paper.* We begin by showing, by means of 
the Riemann integration method, that a solution 6 = @ (u;, Wo, u3) of (1) 
is uniquely determined by its values on the three coérdinate axes, viz., 
6 (u;, 0, 0), 6 (0, we, 0) and @ (0, 0, ws). 

2. To integrate an equation 


9 


0°2 


“ 
aes Oxrdy 


Oz Oz 
+ a(x, Y) 3 + d(x, YW) ay + c(z, y)z = O 


by the Riemann method, we form the adjoint equation 


0°t 


0 , a . 
. é (§ = 3 +c(é - 
(3) didn —_ ag (a S) n)t) ay (Ole n)t) c(&, nl 0), 


and determine a solution 
t = Ug, n; 2, y) 


i b(é, y jdt 
e tr 


"” 
f a r,n)dn 
{=e for 


by the initial conditions 


i= for = y, 


(4) 


= 2; 


Str 


then the solution of (2) which takes the given values z(z, 0) on the z-axis 
and z(0, y) on the y-axis is uniquely determined, and is given by 
a(x, y) = t(x, 0; x, y)z(x, 0) + 40, y; x, y)z(0, y) — L(0,0; x, y)z(0, 0) 


*L. P. Eisenhart, Triply conjugate systems with equal point invariants. 
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(5) 


is 
0°t ol ot 
OV;0V5 _ av; + Ove + saints 
and the conditions (4) become 


Writing ¢ = e"~"*-e'="¢, the adjoint equation becomes 


with the initial conditions ¢ = 1 for v; = u, and for rv. = u2. With the 

notation - 
Sfx 1)"2°"7" 1 = oo : 

6 (2) = 7 = =— J (4 Vz), 3 

9) Juiz) d niin-+v)!  (Qvzx)r "> ) 


where J, is the Bessel function of order y, it is readily shown that 


(7) 


satisfies both the adjoint equation and the initial conditions. From (6) 
and (7) it follows that 


and (5) gives 


(8) 
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+ J |b Ou 0; 2, v) — 5.06, 05 2 ») Jats, nae 








+ [| 200, ne, 9; 2, v) — 2.100, n; 2, y) |20, nde. | 


3. We now apply this to the first of equations (1). The adjoint equation 





v} ; 
f — dv i 
"4 = e“i-") " ; 


re 
J dry 
“2 = er" 


t=e 


{=e for Vv; = U};. i 


st) 


avav, + 4? = % 


"es ¥ 
Mare 


g(t, U2} Uy, Us) = fo((uy — vy) (U2 — U2)) 


0 
5p, E(t OF Ur, Us) = 4uofi(U2(ur — r1)), 
ov": 


F) 
5p, 210; b23 May Us) = 4uifi(ui(us — v2)), 


O(uy, U2, Us) = e~"O(Uy, 0, Us) + €0(0, U2, U3) — e"—"*fo(uyus)0(0, 0, us) 


FR ID NE, — EEO OE IE OT Re Et ok xe os 





—e" { edu f (U2(Uy — 01))0(01, 0, Us)dry 


e/0 


ov 


— e"! | et"? Auf (uy (Ue — v2))0(0, v2, Us)dde. 


e/u 
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4. Since the coefficients in (1) are constant, it follows that 0(0, ue, us) 
must satisfy the second, and @(u;, 0, us) the third of these equations. The 
application of the Riemann method gives, in the same way as before, 


6(0, 2, U3) = e~“O(0, ue, O) + €'24(0, 0, us) — e~“fo(uou3)8(0, O, 0) 


-~eo | “eu fy (U3 (Us —_ v»))6(0, Vo, 0)dv. 


(9) 
men e'—"8  duof(U2(us — v3))0(0, 0, vs)dus 
and 
A Ui, 0, U3) = e—"6(0, 0, U3) — eO( Uy, 0, Qo) — e"— "ify u3u,)0(0, 0, (0) 
(10) oo | e's Aur fy (uy (ug — 1r3))0(0, 0, v3)dv3 


— e% e'—" fuss fy (u3(uy — 1) )A(r,, 0, O)dry. 
eo 


Substituting (9) and (10) in (8), we see that 6(1;, ws, v3) is uniquely deter- 

mined when @(u;, 0, 0), 6(0, us, 0) and @(0, 0, us) are given. We may 
simplify this solution formally by remarking that, since @(u,, We, Us) Is a 

linear functional of the initial values, it may be written as the sum of four 

solutions 

(11) 6 = 0) + 0; + 62 + 9s, 


where 4 is any particular solution such that 6)(0, 0,0) = 6(0, 0, 0), and the 
initial values of 6, #2 and 4; are given by the following table 


6, 8. 0; 
On U;-axis 6(u,, 0, 0) —Ao(u,, 0, 0) 0 0) 
* Use * 0 910, Us, 0) —45(0, we, O) 0) 
Us 0 0 6(0, 0, wg) —4,(0, 0, ws). 


5. A solution % is readily found by writing 
(12) A = 40, 0, Q)e™ + Aglg+Aygug 


and substituting in (1), we find the following conditions for the constants 
At, do, A3: 
Aiko + Ai — Ae + 3 = O, 


AoA3 + Ae = Az a 3 = 0, 
AsA1. + Az — AL +3 = O. 
The general solution of these equations is 


; I 1+ 3¢ _. 
_ ail aia <1 bios * 3 i 
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where ¢ is arbitrary. For instance, making t = + i V3 and adding the two 
resulting expressions (12), we may write 

% = (0, 0, 0) cos VB(u, + ue + us). 
~ 6. Writing @(u;, 0,0) — 4(u,, 0, 0) = h(u,) so that h(O) = 0, the solution 
6,(U1, U2, U3) has the values h(u;), 0, 0 on the three codrdinate axes. Equa- 
tion (9) gives 6, (0, w2, us) = 0, (10) becomes 


6; (14, Q, U3) = eh(uy) = of e"—" -4usfi(u3(uy _ V;)h(v;) dv, 


and substituting in (8), we find 
O,(W1, Us, Us) = er? h(u,) — sus f ef, (us(ur — v1))h(v,)dry 
0 


_ dus f ‘enn 1(Us(Uy — 0;))h(v;)dvy 


v0 


om) 


+16uzus | ei" s(us(u =a) doy f en" 1(us(w1—03))h(0s)dosf 


0 


Changing the order of integration in the repeated integral, this becomes 


(14) = 0, (a, Ue, Us) = ene | h(us) oe { P(u, — V1, Us, us)h(oi)des | 
where 
P(u, — Vy, U2, U3) = 16u.u; | ef (u3(wy — 01))fi(u2(ur — w1))dwy 


"1 
— 4ure™—"f(u2(u, — v1)) — 4use"™"fi(us(ui — 01)) 
or, making w; = v, + (u; — )2, 


D(U, — Vy, Us, Uz) = 16ugu3(uy — 0) 
1 
(15) Xx { ef (us(Uy — 01) 2)fi1(Ue(Uy — 01)(1 — x))dx 


— 4ure"—"f(u2(uy — v1)) — 4use™“fi(us(ur — v;)). 


The corresponding expressions for 6, and 6; are found by cyclic permutation 


of the variables. 
7. In some cases, 6;(%;, U2, Us) may be expressed as a contour integral. 


From (12) and (13) it follows that a solution of (1) is given by 


1+3¢ 1—3/ 


1 e-| + tot Us 
(16) 6,(uy, Us, Us) = si he 1 7" t+1 “fF (t)dt, 
where the contour C encloses t = 0, but neither ¢ = 1 nor ¢ = — 1, and f(¢) 


i 
i 
/ 
' 
: 
; 


a ee 
ate a 


Fe AE Neh Rp aS See alah. 


ee 
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is holomorphic inside C. For wu; = 0, the integrand is holomorphic inside 
C, so that 6,(0, u2, us) = 0 and in particular 0,(0, uw, 0) = 6,(0, 0, us) = 0. 
For uw. = u; = 0, we find 


1 . 
h(uy) = 0:(u,, 0,0) = , ; | ef (t)dt. 


Let f(t) = yo," converge for |! < rand deform C into the circle |t] =p <r; 
then 


v+l 


it : y 4(v+1)!° 


1 =. Ct" =. Cu 
h(w,) = sa o ot ope FO 
aol =p mw, v=0 b 
When 
h(uys) = >> au," 
vy=l1 


is given, it follows that c, = (vy + 1)!a,,, and 


@ 


(17) ft) =Swt+ Ylaut’, 


vy=0 


provided that this series has a radius of convergence greater than zero. 
For instance, when h(u,) = e“ — 1, then f(t) = 1/(1 — 2). 














SOME PROPERTIES OF CIRCLES AND RELATED CONICS. 


By James H. WEAVER. 


Let there be given two circles C, and C, with centers O, and QO, respec- 
tively. The locus of the center of a circle tangent to C; and C, will be 
two confocal conics, £; and H,, with foci O,; and O,. Conversely, with 
every two confocal conics there may be associated two circles having the 
common foci as centers, and with radii 7; and 72, such that r; + r. = 2a 
and r, — r; = 2a’, where a and a’ denote the semi-major axes of the two 
¢onfocals. 

Theorem I: If from any point P on the radical axis of the two circles 
C, and C,, tangents be drawn to C;, C2, E, and H,, the points of contact 
lie on four straight lines, two of which pass through O, and two through 
Or. 

Proof: Let the points of contact of the tangents to C, and C; be B, B’, 
A, A’ and to FE, be D and D’ (See Figure). 





Since P is on the radical axis of C; and C,, PA = PB = PA’ = PB’, 
and the four points A, B, A’ and B’ lie on a circle C; with center P, and 
which cuts C, and C, orthogonally. Therefore O,B and O,A are tangent 
to C;. Let O0,B and O,A intersect in D,’. Then Dy’ is on the conic F, 
because it is the center of a circle tangent to C; and C,. But PD,’ bisects 
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the angle formed by 0,B and 0.4. It is therefore tangent to F;, and D; 
=D. Therefore D and A are collinear with O. and D and B with O,. 
Similarly it may be shown that all the points of contact of the tangents 
from P lie on the lines OoA, OA’, O,B and O,B’. 

The two following theorems follow immediately. 

Theorem II: The four points of contact of the tangents from P to F, 
and H, determine a quadrangle the vertices of whose diagonal triangle 
are the centers of C; and C, and P’ the conjugate of P with respect to the 
system.* 

Thcorem III: The four lines on which the points of contact lie deter- 
mine a quadrilateral, the sides of whose diagonal triangle are the line of 
centers of C; and C, and the polars of P with respect to £, and H,. 

Since this triangle is self polar with respect to C3, P is its ortho center. 
The two following theorems may be easily proved analytically. 

Theorem IV: The polars of P with respect to /; and H, pass through 
the centers of perspective of C, and (Cs. 

Theorem V: The perpendiculars from P to the polars of £; and M1 
intersect these polars on the circle of similitude of C; and (>. 

Moreover a circle C; on PP’ as diameter will pass through this point 
of intersection. We therefore have 

Theorem VI: The polars of P with respect to EF, and H, intersect the 
polars of P’ with respect to H, and FE, respectively on the circle with PP’ 
as diameter. 





* The polars of P with respect to C;, (2, FE; and H, intersect in P’ on the radical axis of C; 
and C,. This may be easily proven analytically. 


Oxn1o STATE UNIVERSITY. 











INTEGRALS IN AN INFINITE NUMBER OF DIMENSIONS. 


By P. J. DANIELL. 


1. In a recent issue of the Annals of Mathematics* there appeared a 
paper by the author on ‘A General Form of Integral.’’ In it a method was 
given whereby integrals could be defined for functions of general elements 
(p) which could theoretically be of any character. The author was then 
unable to give a definite example in which the elements (p) were points in 
a denumerably infinite number of dimensions. According to Hildebrandt,+ 
a definite example, which does not reduce to an infinite series or to an 
integral over a finite number of dimensions, is still lacking. Even Fréchett 
did not give any example which was sufficiently general. Since the publica- 
tion of his previous paper, the author has found two examples, and this is 
now an account of them. The first is a generalization of the Lebesgue 
integral in the interval (0 <2 <1); the second an infinitely multiple 
Stieltjes integral of positive type. The author hopes to publish soon a 
still wider generalization of the Stieltjes integral. 

For the purpose before us it is necessary to use certain properties 
of points and functions in a denumerable number of dimensions. Some of 
these properties are obtained by Fréchet§ in his thesis to which reference 
will be made by means of notation F., p. 40, for example, referring to 
page 40. 

The elements (p) are points in a denumerable number of dimensions, 
that is to say, having a denumerable number of codrdinates, 


p= (2,, Ze, *** Zap ** -), 
Fréchet (F., p. 40) defines the “‘écart’’ of two points p, p’, to be 


/~ | 2. — 21 | l [Tn — On’ | wwe 
(P,P) Tee, 2,17 + nt ’ 


n!1+ |2a—2n 
and the class of points, for which this écart is defined, he calls (£,). 
By F., p. 45, a function f(p) of elements p of class (Z,) is said to be 
continuous, if lim f(p,) = f(p), as the sequence {p,} approaches p. 
Daniell’s theory was based on a class of functions, 7», satisfying the 
following requirements: Each function must be bounded, and the class 


*P. J. Daniell, Annals of Mathematics, vol. 19 (1918), p. 279. 
+ T. H. Hildebrandt, Bulletin of the American Mathematical Society, vol. 24 (1917), p. 116. 
t M. Fréchet, Bulletin de la Société de France, vol. 43 (1915), p. 249. 
§ M. Fréchet, Rendiconti di Circolo matematico di Palermo, vol. 22 (1906), pp. 1-74. 
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; T, is closed with respect to the operations (op. C) multiplication by a 
constant, (op. A) addition of two functions, and ‘‘logical addition and 

multiplication”’ of two functions. It simplifies the theory, if we notice 

that when 7) is closed with respect to (op. C) (op. A), then closure with 

' respect to ‘logical addition and multiplication” is equivalent logically to 


closure with respect to (op. 4), the operation of taking the modulus. 


For, on the one hand, 
f =fv0o-fa 0, 


and 0 = 0 X f belongs to 7); on the other hand, 
fvg=2lf+gt+if—g)] 
fAage=ialft+g-if—-g)}. 


We shall choose the class 7) to be the class of functions 


S(p) = f(ai, 2;, +++ Xe), 
q which are functions of the finite number of variables, x,, x;, --- 2,, (chosen 
from the variables, x,, %2, --- 2,, ---) and bounded and continuous in the 
domain considered, that is to say, in the first case, in the finite domain 
1 (0 <a; <1, ---0< 2, < 1), and in the second case, for all finite values 
4 of z;, 2;, --:, r,. If f and g are two such functions, e. g., f(r;, «++, 2,), 
g(Xp, «++, X,), their sum will be a function of x;, 7;, «++ 7, >, +++ &, (where 
some of these variables may be identical) and f + g will be also bounded 


and continuous. The class 7 will evidently satisfy all the required closure 
conditions. 
2. Simple Integral. For any function 


S(p) = f(zi, Xj, +++, Lr) 
of class 7) we define 


] ] 
I(f) = f a [ fe. eS ee 













This definition is possible since f is a continuous function of a finite number 
of variables. Then J/(f ) is finite and satisfies the conditions, 


(C) I(cf ) = cl(f ), if c is any constant, 
(A) I(fi + fe) = (fi) + Ife), 
(P) I(f) => 0, if f(p) > O for all p. 


We need to give an extended proof for (L) only, namely, 
(L) If fi: > fe > --- > O = limf, for every p, 
then 

lim I(f,) = 0. 
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In the first place, 
I(f)| < max | f(p) |. 
Pp 


In this case I(f,) < max f,(p), or 


lim I( fn) < lim max f,(p). 

nw nO p 
The condition (L) will be satisfied if max f,(p) approaches 0 with 1/n. 
Assume that it does not, then we can find ak > 0, such that max f,(p) > k 
for all n. But f,(p) is continuous and therefore attains its maximum at 
least once (F., p. 45), or the set £,, of points such that f,(p) > k contains 
at least one point. Moreover, since f,.;(p) < f,(p) for all p, the set En; 
is contained in the set F,,. The sets EF, are closed, for if {p,} (r = 1, 2, ---) 
is a sequence of points contained in £,, approaching p as a limit, then 


Fn(pr) > k, , = R, 2, ey 


f.(p) = limf,(p,) > k, 


or p belongs to E,. 

The set (0 < x, < 1)(n = 1, 2, ---) is compact by F., p. 42, and it 
follows by F., p. 7, that there is at least one point common to every E,, 
that is to say, there is a point p, such that f,(p) > k for all n. This is 
contrary to the hypothesis, that lim f,(p) = 0 for all p. Then our assump- 
tion must be incorrect, or 


lim max f,(p) = 0, 


n P 


and thus (L) is proved. Our integral satisfies all the required conditions 
for functions of class 7. We can then extend it to all summable functions 
according to the methods laid down by Daniell (1. ¢.). In particular, any 
function which can be obtained from functions of class TJ) by successive 
operations such as multiplication by constants, addition, forming the modu- 
lus and taking the limit of a sequence of functions bounded in their set, 
will be summable. For if K is any constant, ¢(p) = K is a member of 
class 7), and summable; and we make use of Daniell, theorems (7-2, 7-3, 
7-4, 7-7). 

For example any continuous function is summable. For (1) it is bounded 
(F., p. 45) or a finite K can be found such that | f(p) | < A for all p; (2) 
it is the limit of a sequence of functions of class 7’, bounded in their set. 

If p = (21, to, + * Xn, Xng1, **+), Consider the function 


S.(p) = f(r, U2, *** Iny 0, 0, ++). 


This function is of class 7’) and |f,(p)| < K, for all n and p. 
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Dn = (21, La, -** In, 0, 0, -+-), 
tn(p) = f(pn) and the “écart”’ 


] Tn+1 


(DP, Pn) = (n+ 1)!1L+ Pasi -_— 


approaches the limit 0 with 1 x. Or, since f(p) is continuous, 


f(p) = lim f(p,) = lim f,(p). 


’ 


3. Measure of a Set. Corresponding to any set of points, £, contained 
in the interval Ey, (0 <2, < 1)(n = 1, 2, ---), we can define a function 
equal to 1 on £, and equal to 0 otherwise. We define the measure of a set 
as the integral of this corresponding function (if it is summable). This 
measure will be non-negative, additive, and bounded. It is convenient to 
introduce a symbol ‘‘/”” to denote either of the inequalities <, ==, and in 
what follows, it does not necessarily denote the same throughout. The 


function corresponding to the interval, a,lr,lby, ---, a,lrlb,, O S Ino S 1, 
O<2,.2 <1, --- (where OS a, <b, <1, --- O<a, <b, <1), is a 


limit of functions, bounded in their set, belonging to class 7, and the meas- 
ure of this interval is 


(hy — ay)(bs — ao) +++ (b, — ay). 


If we are given a sequence of such intervals, the measure of the limiting 


interval l 
a,laylb,, «++ AnlZnlb,, Ans lEns Dari, -°°; 


is the limit of the infinite product, 
(by — a,)(b2 — ay) «++ (b, — ay) +e. 

Let u, = 1 — 6, + a,, then 0 < u, < 1 and the product becomes 
(1 — u;)(1 — wo) --- (1 — u,) 


This infinite product converges if the series of non-negative terms 
Uy tue +--+ +u, +--+ converges, and diverges to 0, if the series is 
divergent. In either case the interval is measurable. 

For example, the interval 


A (0 = 2. <= l)(n = ® ya ree), 
is measurable and has the measure 1, while the interval 
E, (0 =4%, = 1—e)(n = 1, 2, ---)(e > 0), 


has the measure 0 however small the positive « may be. It would seem 
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as if the intervals EF, approach A as e approaches 0, leading to a contra- 
diction, but this is not the case. Consider the point 


oes (3, it iy 13, ree), 
This point lies in A, but no e > 0 can be found such that p lies in E,. 
In fact, A is rather the outer limiting set of all sets of the type 


(0 =27, =1—e,)(n = 1, 2, ---), 


and we can make the measure of this interval approach 1 as nearly as we 
please, by making the series Ye, convergent and its sum sufficiently small. 

Even in a triple integral, it is difficult to find examples, in which the 
integration can be performed analytically, if we disregard cases which 
reduce to simple integrals immediately. It is yet more difficult for an 
infinitely multiple integral. The following example is unsatisfactory be- 
cause it is obtained by an infinite series of simple integrals. Let A be a 
point contained in Ep, 


A = (dj, G2, +++, Qn, **"), 
then consider 
%1— a; ! 1 | In — An | 
(p) = écart (p, A) = coe fe ree, 
S(P) / ) 1+ 2,-a, id Tali+|t,—a,|* 


I( f ) will be 


@ 


1 
e—1- XL =, log (1 + a,)(2 — a,). 


n=1 


If A = (0, 0, ---) or (1, 1, 1, ---), 
I(f) = (e — 1)(1 — log 2). 
4. Multiple Stieltjes integral of positive type. Let 8,(/), 8.(t), --- be any 


denumerable set of functions of ¢, defined and nondecreasing from t = — « 
tot = + x, and such that 
B,(— ©) = lim B6,(t) = 0, 
t_-@ 


B,(+ ©) = lim @,(¢) = 1. 


Lemma 1. Let B,(t)(t > 0) denote 
f dg,,(t) _ B,(t) ana Br(- t) = 0. 


Given any e, > 0, we can find M, so that 
B,(M,) > 1 — ea. 
For B,(t) = 1 — [1 — 8,(8] — B.(— 0), and 
lim 11 — 6,(t)] = 0, lim 8,(-—) = 0. 


i 
i 
; 


TNT a i ata ip 
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Lemma 2. Denote B,(M,) by B,, then 0 < B, <1, and if M; = M/, 
M; =M;j,---,;M,=M,’. 
Ce) ... 0 =~ BM, ---B, Qi ~ B)+(/ — B) + --- + (B,’ — B,). 


For 
B,'B;’ --+ B,’ — B:B; +--+ B,’ = (B; — B,)B;’ --- B,’ 


= B/ — B,, 
BB; i B,’ —_ B;B;B,! lk tg — (B,’ _ B;) BB,’ Pie's a 


= B;' — B;, 
and so on. 
5. Definition of integral. As before we choose the class 7) to be the class 


of functions of a finite number of variables (x;, ---, x,), bounded and con- 
tinuous for all finite values of these variables. We defirie 


Uf) = f+ f Seis ty ++, we)dB er) «++ dBCe) 


This definition is possible since f is continuous and bounded, and 
B(xi, ©, +++, Zr) = B(xi)B(@;) -- + B(ar) 
is a limited function of positive type, 1. e., such that 
A:A; «++ A,B(xi, +++, Lr) = 0. 


To justify the infinite limits we denote 


[oe Se Si 800d ae) = 155 Mo 


Then, if M,) = M;, --- M,’=M,, 
[I(f; Mi, Mj, --- M,!) — I(f; Mi, My, --» M)| 
< max |f| - [B,'B;' --- B,’ — B;B; --- B,] 
= max |f| - [((B/ — B) + --- + (BY — B,)], 


by Lemma 2. Then by Lemma 1, given any e > 0, we can find M,, M,;, 
---, M, so that for all M;’ = M;, ---, M,’ = M,, the last expression in a 
bracket is less than «. The integral, so defined, satisfies the conditions 


(C)(A)(P) and 


| I(f) | = max | f(p) |. 


‘ To prove that condition (LZ) is also satisfied, we know, in the first place, 
that given any set of positive numbers M,, M2, --- Mn, ---, the domain 


lea |S MM, (n = 1,2, ---) 
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is a finite domain (F., p. 42) and is therefore compact. By the same 
method of reasoning as we employed before, we can prove that given any 
e > 0 and any set of positive numbers M,, Mo, ---, Mn, ---, we can find q, 


so that 
I( fa; Mi, -+-)<2¢ = (G2q). 
Choose the numbers M,, M2, ---, using lemma 1, so that, 
B,(M,) > 1 — 37», (n = 1, 2, ---). 
Then if f, is a function of class 7, and f, = 0, 


I( fa) — (fa; Mi, M2, ---) < max fo(p) -9(3™ + F* + ---) 
< 20 max fo(p),; 
< 2n max fi(p) -(q iad y, 2, 3, ne. ). 


Choose 7 = e + max/;(p), then we can choose M,, Mo, ---, so that for all ¢ 
I( fa) — I( fa; Mi, M2, ---) < 4¢, 
and then with this choice made we can find q so that 
I( fa; Mi, M2, -+-)<2e (G2). 
Then combining these, given any « > 0 we can find q, so that 
i. I(fq) <e« (q = %), 
or limit J(f,) = 0. 
' As before, we can extend the definition to all continuous, bounded 
functions and to all functions obtained by a succession of operations of 
addition, multiplication by a constant, taking the modulus, and taking the 
limit of a sequence of functions bounded in their set. 
Example. Let 
Bn(t) a f e~*"dt, (n = 1,2, -:: *); 


ie) 


then 


+00 
Bn( ©) -f e~""*dt = 1. 


ee} 


If f(p) is any bounded continuous function in £,, the integral 


ie) 


+00 +0 —r S22 
uf) =f af -++ f(@,1 Ve, +++ Un, ++ )e 1 dx, ---dt,-:: 


can be defined, and we may add the convention that when =z, is divergent, 
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Brit) its 0, 


= 1, t> 1, 


then this more general integral reduces to the case first considered. 

Note. In finding an example of the simple integral in an infinite number 
of dimensions, the author desired to invent one which could readily be 
evaluated. For this reason it was somewhat unsatisfactory. But if we 
wish a genuine example and do not require its evaluation we may set up 
the integral, 


I(f) = fo fi toderder ++ dy 


F(p) = le — (p, AD}? 
(p, A) = écart between p and a fixed point A. 


Rice Institute, 
Houston, TEXAS. 
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ON THE DIFFERENTIABILITY OF THE SOLUTION OF A DIFFEREN- 
TIAL EQUATION WITH RESPECT TO A PARAMETER. 


By J. F. Rirt. 


There will be given in this note a proof of the differentiability of the 
solution of a single differential equation, of the first order, with respect to a 
parameter, which does not employ the mechanism of any existence proof. 
All other treatments of this problem which the writer has seen consist in 
studying the behavior of the derivatives with respect to the parameter, of 
the successive approximations to the solution which the existence proof 
produces. The method usually followed in treatises on analysis is based 
on the Cauchy-Lipschitz process. Bliss* has recently given a very general 
treatment of this problem, using the Picard existence proof. Moulton7 
has also given a proof which is based on the Picard process. 

The method given here can also be used in the proof of the differentia- 
bility of the solution of a single differential equation with respect to the 
constant of integration. It does not seem possible to give a simple gen- 
eralization of the method for systems of differential equations. 

Let the equation be 


(1) Y — H(z, y, a), 


where f(z, y, a), f,(x, y, a) and f.(x, y, a) exist and possess conjoint con- 
tinuity with respect to all three variables for 


StSmth yw-kSysymtk a Sasa 


We assume also that for every a in the interval (a, a2) there exists a function 
y(x), defined on the interval (a, x +h), satisfying equation (1) in this 
interval, assuming only values which lie between y — k and y + k, and 
taking on the value y for z = %. The continuity of f,(x, y, a) implies the 
satisfaction of the Lipschitz condition. Hence there will exist only a single 
solution of (1) for a given value of a, which reduces to yo for x = 2p. 

We shall show that this solution possesses a derivative y, with respect 
to a, which satisfies the equation 


(2) © ya = fila + Su 


* Bulletin of the American Mathematical Society, Oct., 1918. 
+ Major Moulton’s paper was issued in photostat form by the Technical Staff of the Ordnance 
Department. 
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Let y; be that solution of the equation for the value a; of the parameter, 
which reduces to y for x = 2%. We have 


(3) £ us — ) =F(@, vy &) — fw, y, a). 


Hence if a; + a, and y; + y, we have 


(4) d (H=2) = f(x, Y1, @1) — f(z, Y; a1) Yi—Yy rY f(z, Y; a1) — f(z, Y; a) 
dx\a,;—a) Yi—Yy a,—a a,—a ; 
Let 
U _ f@, Y1; a1) — f(z, Y; a) v = f(a, Y; a) — f(x, Y; a) 
ee ' a,—-a4 











respectively, for y; + y and for a; + a, and 
U = fy (2, Y; a1), df — fa(x, Y; a), 


respectively, for y; = y and for a; = a. 
Then 
a(m-V\_ puny 
(5) (2-4) - "ace, * 
even when y; = y. 
We have 


(6) U =f, [z, y + 0:1(yi — y), a], V = f.{z, y, a + 62(a; — a)], 


where 6; and 62 lie between 0 and 1. 

The function U is conjointly continuous in all of its arguments. This 
is evident from the definition of U, except in the case of y; = y. For that 
ease, the continuity follows immediately from the first of equations (6). 
Similarly, V is continuous in all of its arguments. 

We have from equation (5), since y; — y = 0, for x = 4%, 


(7) ns px Ud« fe —Udz Var. 
a; —a x9 
In this last equation, U and V can be regarded of functions of x, a and ay, 
the functions y and y; being known. Since the functions U and V are 
bounded, the ratio of y; — y to a; — a is also a bounded function of x, a 
and a;. Hence, as a; approaches a, y; approaches y uniformly with respect 
to x. We see from equations (6) that U and V approach, uniformly with 
respect to x, the functions f,(x, y, a) and f,(x, y, a) respectively. When 
a continuous function approaches a limit uniformly, the indefinite integral 
of the function approaches uniformly the indefinite integral of the limit. 
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Thus the first member of equation (7) approaches a limit y,, and we have 


- Sta fe Si hud “ 


0 


Ya 


Equation (2), which was to be obtained, is found by differentiating this 
last result. 

The method employed above can be used to prove that the solution 
y is differentiable with respect to its initial value y. We shall not go 
into the details. 


WasuHIncTon, D. C., 
Apr I, 1919. 











NOTE ON THE DERIVATIVES WITH RESPECT TO A PARAMETER OF 
THE SOLUTIONS OF A SYSTEM OF DIFFERENTIAL EQUATIONS. 


By T. H. Gronwa tu. 





1. For a single equation, Dr. Ritt has solved the problem indicated in 
the title by a very simple and direct method which presupposes only that 
the solution of the equation has been proved to exist, but makes no use of 
the properties of the particular type of approximations on which this 
existence proof is based. Being founded on the integrability of a linear 
differential equation of the first order by quadratures, Dr. Ritt’s proof 
cannot be extended immediately to a system of equations. It is the purpose 
of the present note to show how this difficulty may be overcome; similar 
proofs of the differentiability of the solution with respect to the initial 
values of both dependent and independent variables are also given. 

2. In the following, the subscripts \, u, v will take the values 1, 2, ---, n. 
Let a be a parameter, and consider the system of differential equations 


dy, 
(1) — = FA@5 Yay +++ Ynj @) 


with the initial conditions 
(2) y=y° for x= 2%; 
we assume that all the functions 


_ af, _ of, 
Siu | = ay, and Sov a da 


are continuous for 


(3) mSresuth, y{Y—k sy =y + k,, a, =a 


IIA 


do. 


We also assume that it has already been proved that the equations (1) 
possess a unique system of solutions with the given initial conditions, defined 
on the interval (2, 2) + h) and each y, assuming, for x% = x = % +h and 
every a in (aj, a2), only values between y,° — k, and y,°+k,. Then the 
partial derivatives dy,/da all exist and satisfy the differential equations 


d dy, ot . . OY. ° eee e 
(4) = (2) — Lifuvl@; Y1, °°", Yn; a) da + f(z; Y1; » Yn; a) 
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with the initial conditions 
OY, _ > 
(5) * si 0 for x = 2%. 
We begin by proving the following lemma: when, for % =x =a%+h, 
the continuous function z = 2(x) satisfies the inequalities 


(6) O<z = [ (Me + Ade, 


where the constants M and A are positive or zero, then 
(7) 0 = 2 = Ahe™, (% SxsHMt+h). 


In analogy to the process of integrating a linear differential equation of the 
first order, we make z = e“*-*).¢; let the maximum of ¢ on the closed 
interval (x, % + h) occur at x = 2;. For this value of x, (6) gives 


O<emerm.¢ = f ” (MeMa-e 4. Ada, 
whence by the first theorem of the mean 
0 < gree... £t. f i Me™? dx + f ” Ade 
= Su, (CM — 1) + Alas — %), 
0 S fax = A(X1 — %) = AN, 


max =~ 


or finally 


from which (7) follows at once. 
By (1) and (2) we have 


y, = y + f file; Y1, °**, Yn; ajdx; 


denoting by y,’ the solutions of (1) where the parameter a has been replaced 
by a’ (ay =a’ S a) but the initial conditions remain unchanged, it follows 
that 


Y, — Y= f [files yr’) +++) Yn’s @) —S(@; Yr, ***, Yn; a)]dx 


and consequently 


/ x , 
Yr tet Y, rd Yu yr Y, ? d 
= - = . - 
(8) a’ — @ f | = i a’ -— @ +3 | ? 
where | * _ md (x; Nin re Nav Qyr)s ;# — le (a; Novy = i Nnov 3 Qoy) 


and the arguments 7,,, @,, are intermediate between y, and y,’, a and a’ 
respectively. 
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Now denote by M a constant not less than any of the expressions 
n\f,,»|, and by A a constant not less than any of the expressions |f,,| for 
all values of 2, y1, +++, Yn, @ in the region (3). Moreover, denote by 
z = 2(x, a, a’) , where 2 is variable, the greatest of the n expressions 






/ 
Y — Yi, 
|a’—a)’ 














for fixed values of a and a’ (+ a), this z is evidently a continuous function 
of x in (%, % +h). With these definitions of M, A and z, (8) immediately 
leads to (6), the lemma becomes applicable, and (7) gives 







(9) Ye — Ue) = Ahe™. 
ao = 6 | 






In particular, it follows that the y, are uniformly continuous functions of a. 
By the existence theorem, the system of differential equation 

dY, 
dx 






(4’) = Labok®; Yi, °°", Yn; a)Y, + f(s; Yr» ***,) Un; a) 







with the initial conditions 
(5’) Y,=0 for z= 2% 







has a unique solution for x in (x9, % + h) and ain (a;, a2). Our theorem is 
therefore proved if we show that 












« 
da fe 


From (8), (4’) and (5’) it follows at once that 


eh ee Pies LE Hh 
a’ —-a y Ee, J | D7. ( a’ me r) 
> } m eT aa) Fi + fo — fy | a 


(10) 


(11) 


and on account of the continuity of y, in respect to a and the continuity of 
fv» fo» in their arguments, we may make each of the n expressions 


|e Fur ot Pe +f, Ie 


less than any assigned e by taking |a’ — a| sufficiently small. Denoting 
now by z = 2(2, a, a’) the greatest of the n expressions 





aa 
e, wy), 
Se = <2 | 


this z is a continuous function of x for fixed values of a and a’, (11) leads to 
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(6) with A = e, and (7) gives 


a y 


; < ehe™ 
SS = 








uniformly for a, a’ in (a,, a2), and this last inequality is equivalent to (10), 
which proves the theorem. 

3. We now proceed to prove that the partial derivatives dy/dy,° all exist’ 
and satisfy the differential equations 


d OY, —_ " ° OY, 


with the initial conditions 


OY, | LA=p 
eg Ex = 


(18) ay, OA +7 


for Z = 2. 


This follows immediately from the preceding theorem by the substituting 
Weary, 
which gives the differential equations 


dz, 
7 = f,(x; 21 + yr®, +++, Zn + Yn’; @) 





with the initial conditions z, = 0 for x = a. Regarding y,° as the param- 
eter in the preceding theorem, we find 


d ({ dz,\ _ dz, 
ata) , EnARs+ an) 


with the initial conditions dz,/dy,° = 0 for x = 2, whence (12) and (18). 
4. Finally, supposing the continuity and existence conditions which 
hold in (3) to be fulfilled also in the extended region 


M—-h Sxseunth, y° —-ksy=yt+h, a =A S&S Qe, 


the partial derivatives dy,/dx» all exist and satisfy the differential equations 


d (dy,\ _ . os 
(14) (5) — Lifun(@; Yt» ***, Yn; a) O2Xo 


with the initial conditions 


0 
(15) oY» — f(xy: 9, =++, yn? @) = for, = = 2. 
OXo 


Let y,’ be the solutions of (1) when 2» is replaced by a’, all y,° remaining 
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the same; then we obtain in the same manner as (8) was found 


,--2 - [© Ya'y 29 Yn's @) — Sol} Yr) +++) Yn @) 2 
Xo — 2X Lo — Xo 


1 0 
a = J FAC; Yr'y +++, Yn’ 5 ade 


=f +t Ms . ces aaa dz — A 
Using the auxiliary system 
with the initial conditions 


- . . 
| ~_ — f,(xo; yr’, oul Yn"; a 


the proof then proceeds exactly as before. 

















ON QUATERNIONS AND THEIR GENERALIZATION AND THE 
HISTORY OF THE EIGHT-SQUARE THEOREM. ADDENDA. 


By L. E. Dickson. 
H. Scheffler* gave an erroneous 16-square formula 
Ya,”)(2b7) = TA?, As = Asbo — Aisbis + ---, Ars = — Asdizg + Aisbe + ---, 


whence LA,” has the term — 4aQ5b.b,3. The sign + before aysbyg in As 
is probably a misprint as it causes many cases of failures of the formula. 

S. A. Corey communicated privately a special 16-square formula. In 
his identity{ take c; = c. = 1 and let to»_; be conjugate to te, and ren—, 
conjugate to re,. Then 28,8,’ = S,., where S, denotes a sum of r squares. 
Evidently 2S; = S3 + Ss = Sis’. As each of the numbers the sum of 
whose squares is S,’ take the hypotenuse of a right triangle, whence 
S3’ = S,”’. Thus Sis'Si6’ = Sie. 

* Die Polydimensionalen Gréssen und die Vollkommenen Primzahlen, Braunschweig, 1880, 


p. 94. 
+ Amer. Math. Monthly, 26, 1919, 72. 
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